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Abstract 
 
Changes in the factor prices have important impacts on characteristics of investments, such as the expected 
lifetime, the factor intensity and the factor productivity of new capital goods. Considering both changes in 
factor prices as well as technical progress, different effects arise at either high substitutability or low substi-
tutability in production. It can be shown that for a production function close to the Cobb-Douglas case, 
higher interest rates and technical progress will decrease the expected lifetime, the capital intensity and pro-
ductivity, while the reversed outcome occurs at lower substitutability between factor inputs. 
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1. Introduction 
 
Technical progress plays a decisive role in many growth 
models. Since the late 1950s, technical progress has been 
incorporated in growth theory in a more rigorous way. 
This paper deals with the investment in capital goods and 
more specifically the role of factor prices and technical 
progress in the investment process. The investment can 
be designed with various capital/labour ratios, but when 
the investment decision has been made the factor inten-
sity is assumed to be fixed over the investment´s total 
life time (Johansen [1], Salter [2], Solow [3], Bliss [4]). 

The model contains two types of technical progress. 
Firstly, there is a labour-augmenting factor, which enters 
the production function and secondly there is a capacity 
increasing factor, which is assumed to increase the out-
put capacity over time of an existing capital good in use 
(Johansen, [5]). 

The labour-augmenting factor is assumed to embody 
the new technique as well as other factor improving 
measures during the year when the investment is in-
stalled. The capacity increasing factor implies either that 
the capital equipment is used more intensively or that the 
labour connected to different equipment is getting more 
productive over time.  

Work by Lundberg [6] indicates that this process can 
be explained by a more experienced and trained labour 
force. Further, Arrow [7] assumes that the efficiency of 
labour can be related to the rate of investments, while 
Uzawa [8] assumes that the efficiency of labour is a 
function of the training and educational staff of the firm. 

Other studies incorporate the utilization of capital as 
well as work effort in a theoretical model (Burnside and 
Eichenbaum, [9], Imbs, [10]. Bahk and Gort [11] found 
that a plant´s output increased with more than 1 per cent 
each year over the plant’s first 14 years. Their explana-
tion was that the increase in output was due to learn-
ing-by-doing effects. 

Technical progress imply that industrial plants are 
heterogeneous and Bartelsman and Doms [12] conclude 
in an empirical study, where longitudinal micro data on 
productivity were used, that the productivity gap be-
tween the best and worst plant could be 6 to 1. 

Models with endogenous lifetime of capital goods 
have been investigated since 1960s. More recent studies 
with endogenous vintage lifetime are Hsieh [13], Bitros 
[14] and Boucekkine, del Rio and Martinez [15]. 

Many studies show that there is a large heterogeneity 
between firms’ productivity and factor equipment (Abowd 
et al. [16], Haltiwanger, Lane and Speltzer [17], Baily et 
al. [18]). One of the explanations to this heterogeneity is 
that the firms utilize the technology in different ways. 
This means that we will have different production func-
tions, where the elasticity of substitution varies between 
firms and between industrial branches. 

The effects of a variable elasticity of substitution have 
been investigated during the last decade (Miyagiva and 
Papageorgiou, [19], Dupuy and de Grip, [20]) and many 
of these studies are based on research findings by de La 
Grandville and Klump. In de La Grandville [21] it is 
shown that an increase in production caused by a de-
crease in the factor prices is an increasing function of the 
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elasticity of production. 
Further, it is shown in Klump and de La Grandville 

[22], that the productivity is an increasing function of the 
elasticity of substitution. If two firms use the same pro-
duction function, but one of the companies exhibits a 
higher elasticity of substitution in production, that com-
pany will show a higher productivity, even when the 
companies use equal capital intensities. 

The interpretation of these studies is that companies, 
which show a greater flexibility and larger substitutabil-
ity between factor inputs, will be able to show a higher 
productivity. 

The main findings of this study are that an increased 
interest rate will decrease the expected length life of an 
investment and decrease the capital intensity in period t 
in the new investment when the profit function is con-
cave and there is no labour-augmenting technical pro-
gress. Furthermore, the expected lifetime of an invest-
ment and the capital intensity will decrease in period t 
when the wage rate increases.  

Including Harrod-neutral technical progress in the 
model means that the effects of changes in the factor 
prices on factor intensity, factor productivity and ex-
pected lifetime of the investment to a large extent depend 
on the magnitude of technical progress and the value of 
the elasticity of substitution in production. Contrary to 
the effects in the case with no technical progress, it can 
be shown that expected lifetime and factor intensity can 
either rise or fall when interest rate rises and technical 
progress occur, and the outcome depends on the value of 
the substitution parameter, that is, on the substitutability 
between factor inputs. 

The rest of the paper is organized in the following way. 
In Section 2 the model is derived and there is also a dis-
cussion of the equilibrium conditions for the model. Sec-
tion 3 presents different comparative statics results both 
in a more formal way, as well as from model simulations. 
Lastly, Section 4 includes conclusions of the study. 
 
2. Formulation of a Model 
 
This study investigates the investment behaviour of firms 
in a competitive market. The firm is a price taker in 
goods and factor markets, firms maximizes profits in 
every period and production functions exhibit constant 
returns to scale. 

The model assumes intertemporal optimization and 
this means that the firm has to form expectations for dif-
ferent factors such as the wage cost, the maintenance 

costs and the productivity change over the lifetime of the 
investment. 
 
2.1. The Investment Decision 
 
The decision to invest in new equipment will in most 
cases influence the factor intensity and factor productiv-
ity. But, there is also of some interest to study the opti-
mal lifetime of the investment. The following model 
takes this into consideration in a specific way. 
 
2.1.1. Technical Progress 
The model uses a CES-production function with a la-
bour-augmenting factor,  . 

   
1

1 e t
t t tq A k l

  
     

        (1) 

where t  is investments in vehicles and  employ-
ment in period t1.  

k tl

The model also includes a Hicks neutral technical 
progress factor, exn

tq , where x is the expected increase 
in output capacity during the lifetime of the capital good 
and n is the planned length of life of the capital good. 
 
2.1.2. Operating Costs 
Over the length of life of an investment there arise oper-
ating costs in terms of wage costs and maintenance and 
repair costs. These costs are assumed to increase during 
the lifetime of the capital good. 

The maintenance costs are assumed to be linked to the 
labour costs. The operating costs for a capital good of a 
specific age is then formulated e ,tw here tw  is the 
wage-rate at period t, γ is the expected wage increase 
during the lifetime of the capital good and c is a mainte-
nance cost factor. 

 c n   w

d

d

 
2.2. The Ex Ante Model 
 
The entrepreneur calculates with a certain wage increase 
and a maintenance-cost during the investment’s length of 
life. 

  e
t n

c v t
t t

t

w l v


                (2) 

Production over time, in terms of value added, from 
the specific investment can be written 

 e d
t n

x v t
t t

t

p q v


                 (3) 

1In the following sections and in the simulation parts the efficiency 
parameter, A, is assumed to be positive, while the distribution parame-
ter, δ, can take values between 0 and 1. The model is investigated for 
production functions close to a Cobb-Douglas case, ρ→0, or closer to a 
fixed-proportions case, ρ→∞. 

and the expected discounted profit of an investment is 

      e e e
t n

x v t c v t r v t
t t t t

t

p q w l v


           (4) 
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2.2.1. The Expected Length of Life 
The production function is homogenous of degree one, 
which means that Equations (1) and (4), can be written in 
intensive form: 

   
1

1 e t
t

t t

q k
A

l l

  


          
     

     (5) 

and 

      e e e
t n t n

x v t c v t r v t
t

tt t

pq
PV w v

l


 
       

 
  d





 (6) 

where PV is the present value per man hour of future 
surplus. 

The discounted surplus of an investment in terms of 
net present value is, 

   1 e 1 er x n r c n k

t t

pq p k
V w

l r x r c l





                             


   (7) 

where  is the price of the investment good. kp
Dropping the time notation and assuming p = 1, dif-

ferentiation of (7) gives: 

   e er x n r c nV q
w

n l
    

 


         (8) 

and the first-order condition becomes 

e c x nq
w

l
                        (9) 

Figure 1 shows Equation (9), when γ, c, x > 0 and γ + 
c – x > 0. 

The difference between exnq l  and  is the 
quasi-rent in each period generated by an investment and 
the discounted value equals the capital requirement per 
hour. 

 e c nw  
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Figure 1. The ex ante length of life2. Baseline scenario: w = 
1, r = 0.10, A = 1, δ = 0.6, ρ = 0.2, x = 0.015, γ = 0.02, c = 0.04, 
eλ = 1. Equilibrium values: q/l = 1.68, k/l = 4.15, n = 11.6. 

2.2.2. The Marginal Product of Capital 
Maximizing the net present value (7) subject to the pro-
duction function gives 

     
1

1
e d

t n
x v t k

t

q k
v p

A






  
  

      (10) 

where 
  11 q k

A





 
 is the marginal product of capi-

tal (MPK). 
Marginal productivity of capital for a new investment 

and the expected development of MPK over time are 
shown in Figure 2. 

The firms invest in new capital until the discounted 
expected value of the marginal product of capital is equal 
to the price of the capital good ( = 1). kp

  MPK e d 1
t n

x v t

t

v


              (11) 

Equations (9) and (11) are necessary first order condi-
tions for profit maximization. One interpretation of these 
conditions is that Equation (11) concerns the intensive 
marginal, where the productivity of a new investment is 
determined, while Equation (9), concerns the extensive 
marginal, where the ex ante length of life is fixed. 
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Figure 2. The marginal product of capital. Baseline sce-
nario: w = 1, r = 0.10, A = 1, δ = 0.6, ρ = 0.2, x = 0.015, γ = 
0.02, c = 0.04, eλ = 1. Equilibrium values: q/l = 1.68, k/l = 
4.15, n = 11.6 and MPK = 0.1356. 
 
2Based on a numerical simulation of a system of equations, consisting 
of Equations (5), (9) and (11). The baseline scenario is characterized 
by a simple but still a fairly realistic description of some of the impor-
tant variables in an economy in a specific period, t. In the baseline 
scenario the wage-share for a new investment approximately equals to 
0.60 and the output-capital ratio roughly equals to 0.40. The la-
bour-augmenting factor, λ, is exogenously given and eλ = 1 implies that
λ = 0. Technical progress means that λt+1 > λt. 
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3. Concavity and Comparative Statics 
 
3.1. Concavity and Maximization 
 
The first-order conditions (9) and (11) and the produc-
tion function (5) give the following two equations: 

       

1
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(12) 
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
  





 (13) 

The ex ante model, (12)-(13), contains two endoge-
nous and two exogenous variables as well as seven pa-
rameters. 

Endogenous variables: ,  n k l  

Exogenous variables:  ,  w r
 ,  Parameters: ,  ,  , ,  ,  A x c     

The exogenous variables, w and r are determined by 
market forces. The parameters, ,  A   and  , are de-
termined by the existing technology, while ,  x  and c 

are in accordance with the entrepreneur´s expectations of 
the future wage, productivity increase and maintenance 
and repair expenditure. Further, the labour-augmenting 
factor,   is exogenously given. 

The profit function (7) is concave when 

 2 2
0 0

V V

n k l

  
 

 
 

and 
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The second order partial derivatives are presented in 
Appendix A. 
 
3.2. Comparative Statics 
 
There is of some interest to study the effects of variations 
in the factor prices on the endogenous variables, n and 

k l . 
Total differentiation of Equations (12) and (13) gives 
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    (14) 

where 
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3.2.1. Variation in the Wage Rate, w 
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Using (14) and solving for n w   gives 
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The implication of the model is that an increase in the 
wage rate will decrease the length of life of an invest-
ment and lower the capital intensity of the investment 
when the labour-augmenting factor is fixed, thus there is 
no technical progress. The first order condition (11) 
holds when the expected lifetime of the capital good de-
creases and the marginal product of capital increases in 
period t. The increase in the marginal product of capital 
implies that the factor intensity decreases due to dimin-
ishing returns to capital. 
 
3.2.2. Variation in the Interest Rate, r 

0nV

r


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
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In this case an increase in the rate of interest will 
lower both the capital intensity of an investment and the 
lifetime of the capital good. The first-order condition (11) 
holds also in this case when the marginal product of 
capital increases in period t and the expected lifetime 
decreases. 
 
3.3. Steady-State Properties of the Model 
 
An economy displays steady-state properties when the 
capital-output ratio, the wage-share and other relevant 
variables remain constant over time. It can be shown that 
the derived model, that is, Equations (5), (9) and (11)3 
will follow a steady-state path when the wage rate 
changes at the same rate as the technical progress. 

Equation (11) shows a constant output-capital ratio 
when the expected lifetime is constant. 
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         (11) 

The link between the wage rate and the productivity is 
displayed by Equation (9). 
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A fixed expected lifetime implies 
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Lastly, differentiation of the production function (5) 

gives 
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Equation (15) holds when 
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The derived model will, thus, generate equal growth 
paths for the productivity, capital intensity, labour aug-
menting factor ( ) and the wage-rate. This means that 
the wage-share, wl q , and the output-capital ratio ( q k ) 
for a new investment will remain constant. 
 
3.4. Changes in the Wage Rate and Technical 

Progress 
 
When the rate of technical progress equals the change in 
the wage rate, the model predicts a steady-state path of 
important variables. However, when the wages increase 
faster than the technical progress, the effects on n, k l  
and q l  depend on the magnitude of technical progress 
and wage change, as well as the value of the substitution 
parameter. 

There is now a possibility to use the two first-order 
conditions, (9) and (11), and the production function, (5), 
to derive an explicit relationship between the wage to 
technical progress ratio and the optimal lifetime of the 
capital good4.  

Plug (9) and (11) into (5) and solve for ew   

      
1
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   

 

 

(16) 

The graphical representation of Equation (16) in Fig-
ure 3 reveals that there are two solutions. 

The RHS of Equation (16) is increasing in n for lower 
values of n and decreasing for higher values. A given 
wage to technical progress ratio then implies that there 
are two solutions.5 However, concavity of the profit 
function (7) requires that the Hessian determinant is 
positive (see Section 3.1) and this condition holds when 
the RHS of (16) is decreasing in n. Thus, the profit- 
maximizing lifetime is to be found at the descending part 
of the curve.  

A higher wage to technical progress ratio corresponds 
then to a lower optimal lifetime of a capital good. When 
there is no technical progress a higher wage gives the 
same outcome, which is in accordance with the result in 
Section 3.2. 

3Instead of investigating Equations (5), (9) and (11), Equations (12) 
and (13) could have been used. 
4In Sections 3.4 and 3.5, x, γ = 0. 
5Using different starting values in Matlab, numerical simulations of 
Equations (5), (9) and (11) will generate two solutions. 
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Figure 3. Expected lifetime of a capital good. Benchmark 
scenario: r = 0.10, A = 1, δ = 0.6, ρ = 0.2, c = 0.04, w = 1, eλ = 1, 
(w/eλ = 1). Benchmark equilibrium: q/l = 1.67, k/l = 4.05, n = 
12.83. 

 
The solution to Equation (16) depends highly on the 

chosen values of the parameters in the model. The ex-
pected lifetime will be lower for a given wage to techni-
cal progress ratio when  ,  , c and r become lower, 
while the lifetime increases when A rises. 

However, when calibrating the model in order to mir-
ror different real-world situations, for n, k l  and q l , 
there are usually minor problem arising. 

The productivity, q l , of a new vintage is influenced 
by changes in the wage rate and the expected lifetime of 
the capital good. Assuming that q l , w and n are func-
tions of t, differentiation of (9) gives: 

 d d d d d

d

q l t w t n
c

q l w t
            (17) 

The absolute change in productivity depends on the 
magnitude of the wage change and the change in life-
time.  

In order to eliminate different level effects when the 
substitution parameter changes, the parameters A and δ 
in the production function are calibrated to maintain the 
benchmark equilibrium for n, k l  and q l  in the sys-
tem of Equations (5), (9) and (11). 

The effect on the lifetime of a change in the wage to 
technical progress ratio depends to a large extent on the 
value of the substitution parameter. The model predicts 
that a higher wage to technical progress ratio implies a 
lower lifetime6, but a higher   means that the change 
in the lifetime diminishes. Figure 4 shows the effect of a 
higher wage to technical progress ratio on the optimal 
lifetime at two different values of the substitution pa-
rameter.  
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Figure 4. Changes in wage to technical progress ratio (cali-
brated model). At A (benchmark equilibrium): w/eλ = 1, ρ = 
0.2 or 0.4, n = 12.83; At B: w/eλ = 1.01, ρ = 0.2, n = 12.41; At C: 
w/eλ = 1.01, ρ = 0.4, n = 12.47. 
 

The effects on the capital intensity can be found by 
investigating Equation (11) and the equation can be written: 

 

 
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






 
  

  


      (18) 

The RHS of (18) is decreasing in n, which means that 
a lower lifetime corresponds to a higher MPK. 

Differentiating MPK = 

 

 

1

1
q l

k l

A








 
  
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to t gives 

 
 d d

d MPK d d d1
MPK

q l k l
t t t

q l k l


 
 
   
 
 
 

   (19) 

A higher MPK then implies 

 d d

d d

q l k l

t
q l k l

 t              (20) 

The inequality (20) implies that a positive change in 
q l  corresponds to either a negative or positive change 
in k l . 

In order to indicate the effects on n, k l  and q l  
when there is an increase in wage and technical progress, 
numerical solution of Equations (5), (9) and (11) will be 
performed.  

Table 1 presents changes in n, k l  and q l  for a 
given change in the wage to technical progress ratio 
when the substitution parameter increases7. 

6At the descending part of the RHS of (16). 
7
The elasticity of substitution, σ = 1/(1 + ρ). 

Copyright © 2011 SciRes.                                                                                   TI 



 
208 C.-G. MELÉN 

Table 1. Effects of a higher wage and technical progress 
ratio when deλ/dt > 0, (calibrated model). 

  Changes in 

  n k/l q/l 

ρ = 0.20 (σ = 0.83) – – + 

ρ = 0.25 (σ = 0.83) – + + 

Notes: r = 0.10, c = 0.04; w1 = 1.00, w2 = 1.03; (eλ)1 = 1.00, (eλ)2 = 1.02; 
There is a turning point for k/l at ρ = 0.21. 

 
A higher wage to technical progress ratio implies a 

lower expected lifetime of the investment and for a pro-
duction function close to the Cobb-Douglas case the 
capital intensity will decrease while the factor productiv-
ity will increase. However, for firms with lower substi-
tutability in production, the capital intensity as well as 
the factor productivity will increase. 

The simulation results indicate that firms characterized 
by different elasticity of substitution will react differently 
with respect to the capital intensity when the wage to 
technical progress ratio changes. 
 
3.5. Changes in the Interest Rate and Technical 

Progress 
 
The RHS of (16) will shift downwards when the interest 
rate rises. The effects on the expected lifetime of a rise in 
the interest rate depend on the magnitude of technical 
progress as well as the value of the substitution parame-
ter. When there is no technical progress a higher interest 
rate gives a lower lifetime and this result is shown in 
Figure 5. This specific outcome is in accordance with 
the result in Section 3.1. 

The effects on MPK can be shown by investigating 
Equation (18). 

 
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 
  

  


 

The RHS of (18) is decreasing in n and an increase in 
the interest rate will shift the curve upwards, which is 
shown in Figure 6. 

A lower elasticity of substitution implies a lower sub-
stitutability in production. In order to compare the effects 
of a change in the interest rate at different values of ρ, 
the model is calibrated in the same way as in the previ-
ous section and the benchmark equilibrium is maintained 
for n, k l , q l  and MPK. 

Figure 6 shows that a lower substitutability in produc-
tion implies a lower change in MPK for a given change 
in the interest rate. Depending on the value of the substi-
tution parameter, the expected lifetime will either de-
crease or increase when technical progress exists and the 

interest rate rises. 
The change in the productivity can be found by inves-

tigation of Equation (17) and d d 0w t   implies 

 d d d
0 when 0

d

q l t n

q l t

    
  
    

  

The effect of an increased interest rate on the capital 
intensity will depend partly on the magnitude of the 
technical progress, partly on the value of the substitution 
parameter. 

Equation (15) can be written 

 
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 (21) 
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Figure 5. Increase in the interest rate. Benchmark scenario: 
w = 1, r = 0.10, A = 1, δ = 0.6, ρ = 0.2, c = 0.04, eλ = 1. Bench-
mark equilibrium: q/l = 1.67, k/l = 4.05, n = 12.8. 
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Figure 6. The effect on MPK and the expected lifetime of an 
increased interest rate when deλ/dt > 0 (calibrated model). 
At A (benchmark equilibrium: r = 0.10, eλ = 1, ρ = 0.2 or 0.4, 
MPK = 0.1383, n = 12.83; at B: r = 0.11, eλ = 1.02, ρ = 0.2, 
MPK = 0.1457, n = 12.78; at C: r = 0.11, eλ = 1.02, ρ = 0.4, 
MPK = 0.1452, n = 12.89. 

Copyright © 2011 SciRes.                                                                                   TI 



C.-G. MELÉN 
 

209

Table 2. Effects of a higher interest rate when deλ/dt > 0 
(calibrated model). 

  Changes in 

  n k/l q/l 

ρ = 0.20 (σ = 0.83) – – – 

ρ = 0.30 (σ = 0.77) + – + 

ρ = 2.10 (σ = 0.32) + + + 

Notes: w = 1, c = 0.04; r1 = 0.10, r2 = 0.11; (eλ)1 = 1.00, (eλ)2 = 1.02. Turn-
ing points for n and q/l at ρ = 0.28 and for k/l at ρ = 2.0. 

 
A negative change in q l , means that k l  will de-

crease when  d e d 0t  , while the change in k l  is 
ambiguous when the productivity increases. 

In order to show possible outcomes of an increased 
interest rate when the substitution parameter increases, 
numerical solutions of Equations (5), (9) and (11) are 
presented in Table 2. 

In the case with higher interest rate and de d 0t  , 
the effects on the three variables will change sign when 
the elasticity of substitution decreases. 
 
4. Conclusions 
 
The result of the presented investigation indicate that 
changes in the factor prices to a large extent influence 
the expected length of life and the factor intensity of a 
capital good. However, the effects depend highly on the 
value of the elasticity of substitution and the existence of 
technical progress. 

An increased interest rate or wage rate will decrease 
the optimal lifetime of a capital good and the factor in-
tensity when there is no technical progress. 

Existence of technical progress means that the effect 
of a higher ew   on factor intensity depends on the 
elasticity of substitution. A function close to Cobb- 
Douglas production function implies that the factor in-
tensity is decreasing in ew  , while the reversed out-
come arises at lower values of elasticity of substitution. 

A higher interest rate and occurrence of technical pro-
gress means that different turning points exist for the 
optimal lifetime, factor intensity and factor productivity 
at different values for the elasticity of substitution. One 
important implication of these results is that an economic 
policy aiming at increasing investment in the economy, 
has to take into consideration that effects of changes in 
the factor prices to a large extent can depend on technical 
progress as well as the degree of substitutability in pro-
duction. 
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Appendix A: 
Second-Order Partial Derivatives 
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8((1 – ) (k/l)– +  (et)–)(–1) (1 – ) (k/l) – < 1 when et > 0 


