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Abstract

The study is motivated by the observation that the distribution of income across countries varies as a function of
time. It would not be unreasonable to assume that there exists a statistical equilibrium distribution of income
with a certain mean and variance, towards which the ensemble of countries considered tend to converge, and
there is a speed of adjustment towards this said equilibrium. In order to quantify this process, the evolution
through time of income around its trend is modeled using a classic stochastic differential equation. The model
describes the diffusion of shocks across space, via an income adjustment process with noise. The dynamics rely
on two opposing flows: (i) a factor equalization process, and (ii) a counteracting diffusion process. It is hypothe-
sized that these flows follow simple evolutionary laws that can be described with five parameters—parameters
that can be estimated from historical data with some accuracy. The dynamic behavior of the model is analytically
derived. Both the extent and speed of adjustment of income are analyzed. An empirical application of the pro-
posed model to the evolution of the distribution of income for 25 countries in the European Union tests the va-
lidity of the proposed method and suggests that diffusion may be a preferable technique for the analysis of in-

come dynamics.
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1. Introduction

While much attention has been devoted in the economics
literature to the explanation of the shape of income distri-
bution at a given point in time by reference to steady state
arguments [1-3], the dynamics in question have been rela-
tively ignored. The main objective of this paper is to help
fill this gap by introducing a diffusion model that allows to
incorporate dynamics which are typically neglected when
looking at convergence of incomes. We explore a repre-
sentation for the dynamics in the evolving distributions
where the growth distribution of incomes can be generated
by a single stochastic process in which income follows a
Brownian motion. An empirical application to personal
income for 25 countries in the European Union helps fill a
second gap in the literature, as only few diffusion studies
have employed real statistical data when analyzing income
dynamics.

2. Theoretical Framework
Consider a region consisting of a constant number of

countries with different levels of personal income (wages).
The set of personal incomes forms a distribution which
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evolves over time. Given wage differentials, labor (capital)
migrates from low-wage (high-wage) to high wage (low-
wage) countries. As capital/labor ratio declines in high-
wage countries, wage growth decelerates and the opposite
in low-wage areas. This process is reinforced as technol-
ogy and knowledge capital flow from rich to poor coun-
tries [4]. A counteracting force exists, in the form of eco-
nomic, political and institutional blockages and faster
population growth which cause bottlenecks and generate
divergence in the system[5,6]. In view of the above, it is
assumed that there exists an equilibrium distribution of
personal income with a certain unknown mean and vari-
ance, determined by the tension between counteracting
forces of convergence (migration of labor and flow of
ideas) and divergence (bottlenecks to flow of labor, capital
and ideas). Given an exogenous shock, the ensemble of
country incomes considered tend to converge to this
long-run equilibrium’.

'Equilibrium in this paper refers to a statistical equilibrium, which is
characterized by a stationary probability distribution of personal in-
comes. This equilibrium can also be associated with level of personal
income which is in line with potential incomes and output which in
themselves are due to natural, technological and institutional con-
straints.
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3. The Model

A classic attempt to describe the distribution of income is
due to Gibrat [7], where it is proposed that income is
governed by multiplicative random processes, with luck
having a permanent effect’. It would not be unreasonable
however, to assume that due to competition amongst sup-
pliers and demanders of labor, labor which is paid an un-
reasonably low wage would search and find a better-paid
job, and labor who is paid an unreasonably high wage,
would be pressured to accept a lower wage, or risk getting
replaced by someone who is willing to accept the lower
wage. Thus, one might include a drift term in the model,
representing mean reversion. In general, one can study a
Markov process generated by a matrix of transitions from
one income to another, where the Markov process can be
treated as income diffusion. Then one can apply the gen-
eral Fokker-Planck equation to describe evolution in time
of personal income. Hence, assuming that personal in-
come behaves like a stochastic process and that it is con-
tinuous and Markovian, we consider the most natural
candidate; a classical linear stochastic differential equa-
tion driven by Gaussian white noise:

dS, +A(u~S,)d, =2¢dB, (1)

where S, is personal income. A denotes velocity of ad-
justment to stationary equilibrium interpreted as income
adjustment rate’, u denotes the mean of the stationary
equilibrium distribution, £ >0 is a constant diffusion
parameter, and B, is the Brownian motion.

More precisely, for the drift spread, it is assumed that
there exists some equilibrium distribution of wages with a
certain mean and variance, towards which the ensemble
of agents gravitate. Drift is driven by diminishing returns
to capital, which in turn leads to factor price equalization.
For the diffusion spread, noise is generated by diffusion
of knowledge and learning [10], [11], and limited by the
presence of obstacles in the form of trade barriers and
such. Random effects cause a spread of personal income
from high density towards lower density. This happens as
a result of learning and the phenomenon of catch up,
themselves due to economic integration [12]. The income
adjustment process is thus interpreted as depending on
learning speed which in turn is proportional to the mobil-
ity of factors of production and the speed with which di-
minishing returns set in*. This learning process generates
randomness in the system [13].

*See [8] and [9] for a review.

*For simplicity we assume this rate to be constant.

*Convergence in the context of our model would mean collapsing of
the cross-sectional distribution.
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3.1. Analysis of the Model

The second order partial differential equation associ-
ated with equation (1) can be expressed by:

o f
0s*

o 0
6—C+a(l(u—s)f)=g

@

where f denotes probability density and s denotes per-
sonal income’.

The time-development of the distribution can be ex-
pressed by:

(s—ul)z

a 20,2
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u, represents the initial mean of personal income distri-
bution and o represents the initial variance of the dis-
tribution and N is the normalization constant”.

4. Empirical Application
4.1. Data and Descriptive Statistics

Our data consists of labor compensation per hour of
work ($US PPP adjusted)’, for 25 countries in the Euro-
pean Union, recorded from 1976 up to 2007. Data was
compiled from Eurostat. The countries are: Austria, Bel-
gium, Bulgaria, Cyprus, Czech Republic, Denmark, Es-
tonia, Finland, France, Germany, Greece, Hungary, Ire-
land, Italy, Latvia, Lithuania, Luxembourg, Netherlands,
Poland, Portugal, Slovakia, Slovenia, Spain, Sweden,
United Kingdom. Table 1 shows the descriptive of log
labor compensation per hour of work.

>The process derived from the diffusion model evolves according to an
Ornstein-Uhlenbeck, but with a transition, such that the mean tends to
u, instead of 0. This type of model has been widely used in Biomathe-
matics [14], [15], [16], [17], [18] and [19].

By considerations of analytic tractability, the initial distribution is ap-
proximated to be normal.

"Controlling for inflation could produce different results.
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Table 1. Descriptive analysis.

N Years Minimum Maximum Mean Std. Deviation
All data 516 1976-2007 8.484 10.986 9.962 0.546
Used for fit 498 1978-2007 8.484 10.986 9.991 0.533

Table 2. Parameter estimates.

Parameter Value Std Error t-value
A 0.182 0.042 4.321
u 10.113 0.040 248.264
Uo 8.882 0.204 43.410
oy —0.084 0.058 ~1.450
€ 0.008 0.002 2.844

4.2. Estimation

A second order partial differential equation model has
been proposed to express the dynamics of personal in-

come. The model has five parameters: u,, u, ¢, 05,
and A. u, denotes the initial mean of the distribution,
and u denotes where the initial mean is heading. o, is

the standard deviation at time zero, & represents the
diffusion parameter, and A determines the income ad-
justment rate. To examine the behavior of the model as
t—o, one observes that f(is,¢) — f, (s) where

(s-u)?*

f(s.0)> 1, N %e oo r (s) 4)

and that limE[f] =u
t—o

The model has been applied to the wage distribution of
the population as a function of time. Tables 2 reports

estimates for the five model parameters u,, u, ¢, 05,

and A, along with the standard errors and t-values, us-
ing the first and second moments of the distribution.

Figure 1 graphically illustrates the evolution of the
density over time, superimposed on histograms which
describe the time evolution of the distribution in the data
(for selected years). The solid and dotted curves in this
Figure illustrate the distributions as predicted by the
model and data respectively. The vertical axes denote
frequency, and the horizontal axes measure wages in
logarithms.

The following observations can be made concerning
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our results:

1). The mean and variance of the distribution are clear-
ly evolving, corresponding to our theoretical predictions.

2). The value for the income adjustment rate A is
positive as expected.

3). The value for the diffusion parameter ¢ is small
and positive as expected.

4). The diffusive limit, i.e., the limit as ¢# — oo of the
variance is: limo] =&/A The results predict that if we
start with a normal distribution and let the model drive the
distribution, the distribution variance will tend toward a
constant &/A and concentrated around a mean u.

5. Final Remarks

A methodology has been proposed which is a more
transparent way to quantify the dynamics of income, as it
avoids the complications associated with dynamic infer-
ence and statistical regression fallacy inherent in stan-
dard cross-section tests [20-22]. The present study is in
the spirit of probabilistic models of Krugman [23] who
studies city sizes, Axtell [24] and Hashemi [25,26] who
study firm sizes, and Hashemi [27,28] who studies in-
come and rate of unemployment. Our suggestion is that
these models could provide interesting insights as well, if
applied to spatial dynamics of personal income.

One fruitful extension of the present study would be to
relax the homogeneity assumptions of the model pa-
rameters. Another interesting extension would be to ex-
amine if the driving forces of convergence and diver-
gence are the same for other components of income such
as profit, interest and rent. We hope the present study
illustrates that the endeavor is promising.
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Figure 1. Actual vs. predicted distribution.

Copyright © 2011 SciRes.

F. HASHEMI

6. Acknowledgments

The author acknowledges Mark Hannay’s assistance in
the Estimation section of this paper.

7. References

[1] R. Barro, “Economic Growth in a Cross Section of Coun-
tries,” Quarterly Journal of Economics, Vol. 106, No. 2,
1991, pp. 407-443. doi:10.2307/2937943

[2] N. Mankiw, D. Romer and D. Weil, “A Contribution to
the Empirics of Economic Growth,” Quarterly Journal of
Economics, Vol. 107, No. 2, 1992, pp. 407-437.
doi:10.2307/2118477

[3] D. Quah, “Empirics for Economic Growth and Conver-
gence,” European Economic Review, 1996.

[4] R. Mallick, “Convergence of State Per Capita Incomes: An
Examination of Its Sources,” Growth and Change, Vol. 24,
1993, pp. 321-340.

[S] O.Blanchard and L. Katz, “Regional Evolutions,” Brook-
ings Papers on Economic Activity, No. 1, 1992, pp. 1-61.

[6] R. Barro and X. Sala-i-Martin, “Technological Discus-
sion,” Convergence and Growth Economic Growth, Vol.
2, 1997, pp. 126.

[71 R. Gibrat, “Les Inegalite Economiques,” Sirey, Paris,
1931.

[8] V. Yakovenko and B. Rosser, “Statistical Mechanics of
Money, Wealth, and Income,” Reviews of Modern Phys-
ics, Vol. 81, No. 4, 2009, pp.1703-1725.

[91 A. Toda, “Income Dynamics with a Stationary Double
Pareto Distribution,” Physical Review, Vol. 83, 2011, pp.
1-4.

[10] J. Hirshleifer, “Evolutionary Models in Economics and
Law: Cooperation versus Conflict Strategies,” Economic
Approaches to Law series, Vol. 3, 2007, pp. 189-248.

[11] D. Levine, “Is Behavioral Economics Doomed? The Or-
dinary versus the Extraordinary,” Max Weber Lecture,
20009.

[12] J. Sachs and A. Warner, “Economic Reform and the
Process of Global Integration,” Brookings Papers on
Economic Activity, 1995, pp. 1-95.

[13] D. Fudenberg and D. Levine, “Learning and Equilibrium,”
Annual Review of Economics, Vol. 1, 2009, pp. 385-419.
doi:10.1146/annurev.economics.050708.142930

[14] A. Okubo, “Diffusion and Ecological Problems: Mathem-
atical Models Perspectives,” Springer Verlag, New York,
Vol. 14, 1980.

[15] L. Ricciardi, “Diffusion Processes and Related Topics in
Biomathematics,” Springer-Verlag, New York, 1977.

[16] R. Taylor, “Predation, Population and Community Biol-
ogy Series,” Chapmann and Hall, Kolberg, 1984.

[17] M.-O. Hongler, R. Filliger and P. Blanchard, “Soluble
Models for Dynamics Driven by a Super-Diffusive Noise,”
Physical A, Vol. 30, No. 2, 2006, pp. 301-315.
doi:10.1016/.physa.2006.02.036

TEL


http://dx.doi.org/10.2307/2937943�
http://dx.doi.org/10.2307/2937943�
http://dx.doi.org/10.2307/2937943�
http://dx.doi.org/10.2307/2937943�
http://dx.doi.org/10.2307/2937943�
http://dx.doi.org/10.2307/2118477�
http://dx.doi.org/10.2307/2118477�
http://dx.doi.org/10.2307/2118477�
http://dx.doi.org/10.2307/2118477�
http://dx.doi.org/10.2307/2118477�
http://dx.doi.org/10.1146/annurev.economics.050708.142930�
http://dx.doi.org/10.1146/annurev.economics.050708.142930�
http://dx.doi.org/10.1146/annurev.economics.050708.142930�
http://dx.doi.org/10.1146/annurev.economics.050708.142930�
http://dx.doi.org/10.1146/annurev.economics.050708.142930�

(18]

[19]

(20]

(21]

(22]

F. HASHEMI

M.-O. Hongler, H. Soner and L. Streit, “Stochastic Con-
trol for a Class of Random Evolution Models,” Applied
Mathematics and Optimization, Vol. 49, No. 2, 2004, pp.
113-121. doi:10.1007/BF02638147

O. Besson and G. D. Montmollin, “Space-Time Inte-
grated Least Squares: A Time-Marching Approach,” In-
ternational Journal for Numerical Methods in Fluids, Vol.
44,2004, pp. 525-543. doi:10.1002/f1d.655

M. Friedman, “Do Old Fallacies Ever Die?” Journal of
Economic Literature, Vol. 30, No. 4, 1992, pp. 2129-2132.

D. Quah, “Empirics for Economic Growth and Conver-
gence,” The Economics of Structural Change, Elgar Ref-
erence Collection, Vol. 3, 2003, pp. 174-196.

L. Kevin, H. Pesaran and R. Smith, “Growth Empirics: A
Panel Data Approach a Comment,” Quarterly Journal of
Economics, Vol. 113, No. 1, 1998, pp. 319-323.
doi:10.1162/003355398555504

P. Krugman, “The Self-Organizing Economy,” Blackwell

Copyright © 2011 SciRes.

[24]

[25]

(27]

(28]

37

Publishers, England, 1996.

R. Axtel, “Zip Distribution of US Firm Sizes,” Science,
Vol. 293, No. 5536, 2001, pp. 1818-1820.
doi:10.1126/science.1062081

F. Hashemi, “A Dynamic Model of Size Distribution of
Firms Applied to U.S. Biotechnology and Trucking In-
dustries,” Small Business Economics, Vol. 21, No. 1,
2003, pp. 27-36.doi:10.1023/A:1024433203253

F. Hashemi, “An Evolutionary Model of the Size Distri-
bution of Firms,” Journal of Evolutionary Economics,
Vol. 10, No. 2, 2000, pp. 507-521.
doi:10.1007/s001910000048

F. Hashemi, “East Asian Economic Growth—An Evolu-
tionary Perspective,” Journal of Service Science and
Management, Vol. 4, pp. 280-283.

F. Hashemi, “A Dynamic Model for the Cross-Sectional
Distribution of Unemployment Rates,” Labour, Vol. 16,
No. 1, 2002.

TEL


http://dx.doi.org/10.1002/fld.655�
http://dx.doi.org/10.1002/fld.655�
http://dx.doi.org/10.1002/fld.655�
http://dx.doi.org/10.1002/fld.655�
http://dx.doi.org/10.1002/fld.655�
http://dx.doi.org/10.1162/003355398555504�
http://dx.doi.org/10.1162/003355398555504�
http://dx.doi.org/10.1162/003355398555504�
http://dx.doi.org/10.1162/003355398555504�
http://dx.doi.org/10.1162/003355398555504�
http://dx.doi.org/10.1126/science.1062081�
http://dx.doi.org/10.1126/science.1062081�
http://dx.doi.org/10.1126/science.1062081�
http://dx.doi.org/10.1126/science.1062081�
http://dx.doi.org/10.1126/science.1062081�
http://dx.doi.org/10.1023/A:1024433203253�
http://dx.doi.org/10.1023/A:1024433203253�
http://dx.doi.org/10.1023/A:1024433203253�
http://dx.doi.org/10.1023/A:1024433203253�
http://dx.doi.org/10.1023/A:1024433203253�
http://dx.doi.org/10.1007/s001910000048�
http://dx.doi.org/10.1007/s001910000048�
http://dx.doi.org/10.1007/s001910000048�
http://dx.doi.org/10.1007/s001910000048�
http://dx.doi.org/10.1007/s001910000048�

