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Abstract

In this paper, we study the boundedness of the fractional integral operator and their commutator
on Herz spaecs with two variable exponents p(-),q(-). By using the properties of the variable ex-

ponents Lebesgue spaces, the boundedness of the fractional integral operator and their commu-
tator generated by Lipschitz function is obtained on those Herz spaces.
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1. Introduction

Let 0<u<n, Qel”(R")xL"($"*)(r=1) is homogenous of degree zero on R", S™* denotes the unit

sphere in R". If
() Forany x,zeR",onehas Q(x,1z)=Q(x,2);

1
(||) "Q"Lw(]Rn)er(Sn*l) = Sl.]]lg (-[Sml Q(X' Z’)|r dO'(Z'))r < 0
The fractional integral operator with variable kernel T, is defined by

“Corresponding author.

How to cite this paper: Abdalmonem, A., Abdalrhman, O. and Tao, S.P. (2016) Boundedness of Fractional Integral with Va-
riable Kernel and Their Commutators on Variable Exponent Herz Spaces. Applied Mathematics, 7, 1165-1182.
http://dx.doi.org/10.4236/am.2016.710104



http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2016.710104
http://dx.doi.org/10.4236/am.2016.710104
http://www.scirp.org
http://creativecommons.org/licenses/by/4.0/

A. Abdalmonem et al.

Q(X,Xx-y
TQ,‘,f(x)szan(y)dy,

The commutators of the fractional integral is defined by
m Q(X,X-y m
(0770, J109= L 5 00 b)) 1 )

When u =1, the above integral takes the Cauchy principal value. At this time =0, T, , is much more
close related to the elliptic partial equations of the second order with variable coefficients. Now we need the
further assumption for Q(x,z). It satisfies

L,HQ(X, 2')do(z')=0,vxeR"

For r>1, we say Kernel function Q(x,z) satisfies the L' -Dini condition, if © meets the conditions (i),
(i) and

Il @ ( )dé' <00
° g
where @, (5) denotes the integral modulus of continuity of order r of € defined by

w,(8)=sup ‘(LM

xeR" ,‘p‘<¢)

Q(x p7)-(x2)[ do(z))

where p isthe arotationin R"

lo|=

when Q=1, T, , isthe fraction integral operator
f(y)
| | dy.

Tﬂvﬂf (X):J. y|

The corresponding fractional maximal operator with variable kernel is defined by

Mg, f (X)=sup (x,x-y)|dy.

We can easily find that when Q=1 M, ¢ is just the fractional maximal operator

n-u J-\x y\<r

ror

Mg | =sup——-

>0 r” H J.‘x yl<r

p F(y)|ay

Especially, in the case x=0, the fractional maximal operator reduces the Hardy-Littelewood maximal
operator.

Many classical results about the fractional integral operator with variable kernel have been achieved [1]-[5].
In 1971, Muckenhoupt and Wheeden [6] had proved the operator T, , was bounded from L” to L".In 1991,
Kovacik and Rakosnik [7] introduced variable exponents Lebesgue and Sobolev spaces as a new method for
dealing with nonlinear Dirichet boundary value problem. In the last 20 years, more and more researchers have
been interested in the theory of the variable exponent function space and its applications [8]-[14]. In 2012, Wu
Huiling and Lan Jiacheng [15] proved the bonudedness property of T, , with a rough kernel on variable
exponents Lebesgue spaces.

Recently, Wang and Tao [16] introduced the class of Herz spaces with two variable exponents, and also
studied the Parameterized Littlewood-Paley operators and their commutators on Herz spaces with variable
exponents.

The main purpose of this paper is to discuss the boundedness of the fractional integral with variable kernel

T,, and their commutators [bm,TQvJ are bonuded on Herz spaces with two variable exponents or not.
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Throughout this paper |E| denotes the Lebesgue measure, y. means he characteristic function of a
measurable set S —R". C always means a positive constant independent of the main parameters and may
change from one occurrence to another.

2. Definition of Function Spaces with Variable Exponent

In this section we define the Lebesgue spaces with variable exponent and Herz spaces with two variable ex-
ponent, and also define the mixed Lebesgue sequence spaces.
Let E be a measurable setin R" with |E| > 0. We first define the Lebesgue spaces with variable exponent.
Definition 2.1. see [1] Let p(-): E-—> [1,oo) be a measurable function. The Lebesgue space with variable

exponent Lp(‘)(E) is defined by

(%)

f Pl

L0 (E)={ f is measurable: fE (M] dx < oo for some constant 7 > 0
n

The space LU (E) is defined by

loc

P(E)= {f is measurable : f e L") (K)for all compact K < E}

The Lebesgue spaces L") (E) isa Banach spaces with the norm defined by

. (™"
[ Flls6) = inf n>0:fE(#] dx<1

We denote
p_=essinf{p(x):xeE}, p, =esssup{p(x):xeE}.

Then P(E) consistsofall p(-) satisfying p_>1 and p, <.

Let M be the Hardy-Littlewood maximal operator. We denote %(E) to be the set of all function
p(-)e P(E) satisfying the M is bounded on L") (E).

Definition 2.2. see [17] Let p()q() € P(E). The mixed Lebesgue sequence space with variable exponent

1) (L"(')) is the collection of all sequences {fj}ojo_o of the measurable functions on R" such that

H{ f. }TO o) = inf {77 >0: qu(_)(Lp(_)) H%}To] < 1} <®

Noticing g, <o, we see that
© < a()
qu(.)(Lp(.)) ({ f; }j:o) = ;w fj|

Let B, ={xeR":|x|<2"},C, =B\B,;, 1, = 1c, ke Z
Definition 2.3. see [16] Let « eR, p(-),q(-)eP(R”). The homogeneous Herz space with variable ex-
ponent K")‘({“(')(R”) is defined by

)
i -

Loc

LI0]
L40)

() < °°}

where
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|t

) H{Z“ il

Remark 2.1. see [16] (1) If g (- eP(R”) satisfying (g,) <(g,),,then
Kz () < K3 (R")

190(1P0) = inf {77 >0: %

) If a,(-),9,()eP(R") and (), <(q,),, then qz—(')eP(R”) nd qz()>1 Thus, by Lemma 3.7

ql(') ql(')
and Remark 2.2, forany f e K';‘('_‘;(') (R"), we have
” a() . . ()| . . w ()P
5 (zk |f;(k|]2 ¥ {2k |f;(k|J s (2k |m|} e
k=—c0 n L?(') k=—c0 n Lm k=—o0 n Lm
where
(qz(')] 2ka|f75k|gl
0 = Q1(') _ n
h
(%(JJ 2|t
q1(') . n
min p,,, iah <1
_ he =0
p. = "
max p,, gah >1
This implies that K% (R") < K720 (R").
Remark 2.2. Let heN,a, >0,1< p, <. then
o © P
2a, S(Zahj
h=0 h=0
where
min p,, Zahél
p. =
max p,, Zah >1
Definition 2.4. see [18] For 0< /<1, the Lipschitz space Lip,(R") is defined by
. F(x)- ()
Lip,(R")=<f:|[f| = su |—<oo 1.1
)|, - s 110 o

3. Properties of Variable Exponent
In this section we state some properties of variable exponent belonging to the class %(R") and
Qel”(R")xL(s™).

Proposition 3.1. see [1] If p(~)eP(R”) satisfies

[p(x)=p(y)< -y|=<y2

K
log (|x—y|)
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_c
Iog(e+|x|)

Ip(x)-p(y) <

(Y=

then, we have p(-)e B(R").

Proposition 3.2. see [15] Suppose that pl(~)e%(R”), Qel” (R")x LV(S"’l). Let O<u< , and

(P,

1 L _& . Then we have that for all f e LP0) (Rn) '

n(x) P (x)
[T f ||Lpz<-)(Rn) <c||f ||Lm<~>(Rn)

Proposition 3.3. Suppose that pl(-)e‘B(R"), beLipﬁ(R”), 0< p<1, QeL”(R")x Lr(S”’l).Let
O<u+mp< n L —/Hmﬂ.Then
(p1)+

1 — =
p(x) p(x) n

iy S 1l

define the variable exponent p,(-) by:

, and define the variable exponent p,(-) by:

‘[bm #]f

Proof

6770, 11 (9= L 20 ) -b () £ (y)dy

[x=y|
Q X, X—=Y
SLRJ x—y["" || ||f )|dy
Q X, X—Y
" ”Llp/, J.Rn| n 4~ mﬁ||f |dy

< C[blly, T sms (| f)

By Proposition 3.2, we get
‘[bm o] f

Now, we need recall some lemmas
Lemma 3.1. see [13] Given p(-):R" —[1,0) have that for all function f and g,

Joo

Lemma 3.2. see [19] Suppose that 0<u<n, r>1, Qel”(R")xL'(S"*) satisfies the L'-Dini con-
dition. If there exists an 0<, <1/2 suchthat |y|<a,R then

e 5 1B, [Tt (Dl <CIBIE, -

()9 ()] x < C ] o) o)

1

o(xx-y) 0| " ot " (o)
d C | ds

-y X R im0

J.R<\x\<2R

Lemma 3.3. see [20] Suppose that x € R", the variable function q(x) is defined by :£+
q

then for all measurable function f and g, we have
" f (X) g (X)"L"(')(R") <C "g (X)"Lq(R") f

Lemma 3.4. see [21] Suppose that p(-)e B(R") and 0<p <p’<oo.

(X)"La«)(Rn)
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1) Forany cube and [Q|<2",allthe xeQ, then: ||;(Q ||Lp(_) ~ |Q|]/p(x)
2) For any cube and |Q|>1, then ||;(Q ||Lp(') ~[QF™ where
p, =lim . p(x)

Lemma 3.5. see [22] If p() IS %(R”), then there exist constants ¢;,0,,C >0 such that for all balls B in
R" and all measurable subset S <R

lzaloery p| Bshaogen) (|S|T
—— e = Bl 2L
|5l ery ~ 18I el ey~ LIBY

|5 oo e (|s| J"Z
s G AP of M
A RO

Lemma 3.6. see [13] If p(-)e %(R”), there exist a constant C >0 such that for any balls B in R". we
have

1
E”%”LM»(M) Zallojen) <€
Lemma 3.7. see [16] Let p(-),q(-)e P(R"). If felP0 then

i?)(‘)qt) ) " f "i;(')q(') ) < H' f |q(»)

min(||f < max(||f tﬁmq(-) :||f||i?)(~)u<~))

LP(')

4. Main Theorems and Their Proof
Theorem 1. Suppose that O< u<n, p-nd,<a<ng, Qel” (R”)x L (S”’l)(r > p;) ,

4().% () e P(R") with (q,) >(q,),.And let p,(-)eB(R") satisfy O<,u£(pn)

=£  Then the operators T, is bounded from Kra) (R") to

M

and define the vari-

able exponent p,(x) by

=
—_
bed
~
k=]
N
—_
>
~—~—
>

Kot (R):
P2l
Theorem 2. Let be Lipﬁ(R”),meN. Suppose that 0< x <n,(x+mpB)-nd, <a <nd,
QeL“‘(R”)x Lr(S”’l)(r> p;), q1(~),q2(')e7>(R”) with (q,)_ >(q,), . If p1(~)e‘B(R”) satisfy
n 1 1
(p), P(x) p(x)

mutators [bm,Tw] is bounded from K;‘l'(‘?)(')(R”) to K;‘Z'?_Z)(')(R”).

—HF mp . Then the com-
n

O<u+mp< and define the variable exponent p,(x) by

Proof of Theorem1:
Let f e K'Zl’(‘g(‘) (R”) . We write

Since
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. (")
[2k |Tﬂyﬂ(f);(k}2
n P2()
0

Lozl
. () - a()
ka ka
2 _ZTQ,y(fj)Zk 2 ZTQ,,U(f,)Zk
< L < ==
Thy + 7o + 103 Tha
P2() )
L92() L%2()
™ aa(-) " a2()
ke ka
20 > To, (1) 2 2 > To, (1) 2
4 j=k-1 T j=k+2
Ty Ths
p2() P2()
qu() LqZ(')

where

k-2 *
T = {zka _ZTQ,,J ( fj))(k }

=
I‘\
8

|qz(-)( Lpz(-))

k+1 *
The = {Zka _ZTQ,p(fj)Zk }
k=—0c0

|q2(-)(|_p2(-))

s = {2“’ > 7o, (1) 2 }

k=—o0 |QZ(')(LP2('))

And 7=y, +1y, +1;,, thus

o ()
i 2T, () % e
k=—x n P2()

L92()
That is
"Tg,y ( f ) K-a.?z)(-)(Rn) <Cp=C [7711 +m, t 7713]-
p2(
This implies only to prove 77,;,7,,, 7, <C | e (a1) Denote 7, =||f oo
Now we consider 7,,. Applying Lemma 3.7
‘ k+1 qz(«) ‘ k+1 (q%)k
I a ZTn,u(fj)Zk .12 ZTQ,,,(f,-))(k
j=k—1 <C i=k-1
k:z—oo i k;oo ™
L% LP2()
(a8
0 k+1 2ka T, f
SCZ ‘Qy( J)Zk‘
k=—0| j=k-1 m
LP2()
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where
. a2()
213 T, () 2
j=k-1
0;)_ <1
( 2) Ua
()
a2()
(0) = o
ke k+1 2
2 ZTQ'”(fj);(k
j=k—1
Q). >1
( 2) Ui
()
L92()
By the Proposition 3.2, we get
) kel da()
" 2 ZTQ,ﬂ(fj)Zk o ke |2k f ()¢
j=k-1 j
2 <€ X
k=—o0 m k=—oj=k-1f| Th e
P2()
L9%2()
_ 21 f 4.
Since f e K*%0 (R"), then we have ZJ| <1, and
pu() n
1 LP0)
. i« a()
2 |f;(j| <1
j=—o i L10]
Lal)
By Lemma 3.7 and Remark 2.2, we get
k+1 %) q%)k
2 X Tau () 2 o o Y0 @
z j=k-1 <C z ( | lkq
L m k=—o Ui L)
p2() 1l
L%2()
G
- K ql(')
<C Z (MJ <C
k= h LPC)
"t
(a2)K

Hence (p,)..(p,) <(d)k,and g. =min @ , this implies that
e 1),

Ths 5077130"]c

a0(s)
Now, we estimate of 7,, using size condition of f; and Minkowski inequality, when j<k-1 we get,

Q(x,x-y) Q(x, x)|

s

()

dy

LPZ(')(R")

“TQ,/J ( fj )Ik

(720 (z) < IBJ fi (y)
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Since r > p, we define the variable exponent L :£+ L , by Lemma 3.3 we get
r

Q(x,x—y)_Q(x,x)| - Q(x,x—y)_Q(x,x) " " _
_ n-u n—u k = _ — — Zk LPZ(X)(R“)
CEE R i PR IS
Q(x,x-y) Q(x,x)
< - _
PRV RS I
. 1 1 1
According Lemma 3.4 and the formula ———=————=, then we have
P, (X) P, (X)
-1 1
"Zsk Lpz(x)(Rn) z")(Bk Lpz(x)(Rn) Bk|r z")(Bk Lpl(x)(Rn) Bfr n (1.2)

By Lemma 3.2, we get

lotx-y) _o(x)| ol 1 )
<CR‘' I ds
" |X_y|n_ﬂ |X|n_# "L’(R")

k-1 1
27y

0

R (1+ TMMJ
5

<c 2 )

It follows that

<C2[, ,(y)dy|z,

[To. (1) 2 (L3)

) L

By the Equation (1.3) and using Lemmas 3.1, 3.5, 3.6, 3.7, we can obtain

k=2 () k=2 (o )k
S ()4 el 1)
— <C =
k;w i k;w m
L%E)) LP2()
| (@)
ey |25 27l ciz (RSN
k=—0 j=—0 771 Ll(IRn) K Lpl K= 771 Lpl BJ |_pl By LP)
el o
< 5[ T; o k=2
SCZ ZkQZL L, A0 SCZ 2ka221kn51
_ (@)
a () (q1)
<cy | ¥ (2 i k|J
k=0 | == h
LPi0RO=)

where

()
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‘o a()
2k ZTQ,;: ( f] )Zk
j=—o
a4, ) <1
( 2) Ui
pzf(;
2 _ (-
(q2 ) k= B G2(-)
2 ZTQ-# ( fJ' )Zk
d,), . L >1
( 2) ™
()
L92()
_ 21| f 4.
Since f e K;‘(f';(') (R“) , then we have ZJ| <1, and
Ui .
LPC)
- ()
j=—o i 10}
Lal)
Now if (g,) <1, then we have
- a0) ()
ke A ( )+
i ’ jz‘wTQ'”(fj)Zk i ki (i-k)(n6;-a) 2 fjlk| . )
— <C Ui L1
k=—o0 A k=—c0| j=—c0 T
p2() LR gr)
)
() *
<c i 2¢i fJ)(k| i olikNma-a) | o o
j=—o i k=j+2
LPl(')ql(')(]R")
2
where g, = m|n (qz)
v (),
If (q,), >1, then we have
K2 az(*)
" 2« _ZTQ,u(fj)Zk
j=—x
k:z—oo 771
()
a2()
2
o T (2
© a ' 2 (@).) |((o),)
coy| oIt [—2 : "k'} | el ()
k== j=—o0 ™ j=—
La0a0)(r)
¢ "
. [nE
°° 20(J f. 0 i —a (q1)+
|y i $ S| e
j=— 771 k=j+2
1

L ()'h()(R")
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2
where g. =min (qz)k

, this implies that
keN (q1)+

m, <Cm <C " f ”Kgﬁ(.)(ﬂkn)

Finally, we estimate 7,, by Lemma 3.7, we get

%() (a2

0

> g,,,(f,-))(k

j=k+2

2ka

el
>

L) LP2()

.[ Q(x,x-y)

|X y|n " fj (y)dka

2y

1
2 |7

Lpa()

(1.4)

Note that, when xeC,, j>k+2, then |x—y|~|x|. Therefore, applying the generalized Holder’s In-

equality, we have

Q(x,x-y) Q(x,x-y)
———=f (y)ldy<|f|l .o 1,
CIJ =y o<l ]”LMU =y o
Define the variable exponent ,i = £+% by Lemma 3.3, then we have
pl(') r pl(')

Q(x,x- .
X ¢ (<], f2Cnx- ), |2
&l x= =[50

Q(X,X-

] (—J)fj(w dy
G |X_y|

1

%y da(y’))}r

i

2
ez el | o do
]

, in
<C27 8| o |2 o 27 ||Q||L°°(R”)><Lr(3"’1)

in
<C2 M8 | [0 2

. 1 1 1 =
According L 3.4 and the f la ——=——-=,weh N o 1Bil "
ccording Lemma an e Tormula pl'() pl'() r Wwe nave }(BJ L0 ZB, L"l(‘)| i

Q(xx-y) o
é[j |X _ y|nfy fj (y) dy = 2 e || fi ||Lp1(') ZB] LF'i(‘)

<1 we can obtain
216}

L"ll(')

From Equations (1.4), (1.5) and using Lemma 3.7, and

2 ja _ | ()
Sy

()

Then we get

(1.5)
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. g2(-)
® 2 zTﬂvﬂ(fJ')Zk
j=k+2
k:z—oo T]l
P2()
L2()
(a2
0 0 i(n— f
<cy |2y 2 g | e
K=o j=k+2 ™ Lm(~)(Rn)
Note that
"ZBk Lp2() <Cc2™ "XBk |||_Pl(') see [9].
Then we have
- a2(")
e 2ka _EZTQ'” ( fJ )Zk
j=k+
k:z—oo 771
p2()
L92()
_ (a2)e
0 o . f i —
SONFADIA o 2" 283 sic 2 "ZBk L0
k=—ow0 j=k+2 771 Lpl(')(R")
_ (aB)c
<C i 2k i oi-K)u 1 "ZBk L0
K=o j=k+2 Ui Lm(-)(Rn) X, L0
- -(q§)k
< C - 2ka < 2(k—i)(”52’ﬂ) _J
k;o j:kz+z h Lm(~)(Rn)
: 1 (qg)k
i @) ||(a),
<C i i ok=i)(ndy-u+) [2 fjlkq
K=—oo| jok+2 Th )
where
" ()
2« Z TQ,# ( fi )Zk
j=k+2 < 1
(q2 )7 , Ui
PZT(-))
3 3 LQZ y
(qz ) k= . aa(")
2 Z To ( fJ' )Zk
j=k+2 > 1
(q2 )+ ! m
n2()
La2()

Since (q,) >(q,), and a>u-nd,,asthe same 7, we have
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Tha SCI]1SC"f

K (2)

This completes the proof Theorem 1.
Proof of Theorem 2
Let belip,(R"), fe K‘;l'(‘g(')(R“) . We write

© ©

FO)= 21 ()7 = 2 f; (x

~

From definition of K';" () (R”)

()
)
o2 [om T, () )
b™ T, |(f , =infi{n>0: A <1
R e a1 P
L920)
Since
()
26" T, J(F) )
n ()
L92()
. () - ()
21 3 [b™ Ta, )(F) 2 21 3 [b™ Ta, J(F) 2
< e < I
Moy 155 + 153 U
() P2()
L92() L92()
» () ()
2| (6™ 7o, )(F) 2 213 (0" To, ](F) 2
i j=k-1 + j=k+2
UPy M3
P2() p2()
L92() L%2()
where

Ty = {zka 3 [b" 7., () 2 }

k== |qz(~)(|_pz(-))

o = {Zka % [bm!Tﬂ,y](f)Zk }w

mz(-)(,_pz(-))

Ny = {2ka i [b™To, J(F) xi }w

j=k+2 k=—o0 ,qz(-)(Lpz('))

ANd 77 =17, +1,, + 1,5 . The similar to prove of Theorem 1

o™ o, J(F)

K

‘(’?)(')(R“) <Cp=<C [’721 Tl + 7723]

a,
P2

Hence 771,775,773 <C "b"rsipﬁ(na") f||K‘;1’é’_ﬂ)(’)(R")' Denote 77, = "f ko)

First we estimate 7,,. Note that [bm,TQI#] is bonuded on Lp(')(R“) (Proposition 3.3), similarly to esti-

()
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mate for 7,, in the proof of the Theorem 1, we get that
kel ()
2 2 [ T )1 2
3 = <C

K=o m

alo
NS

That is

My < C771 "b”[]ip/;(R") <C "b”EP/’(Rn) K.glv(q‘i)(.)(Rn)

Now, we estimate of 7,, . Using size condition of f; and Minkowski inequality, when j<k-1 we get,

.7, ]]- JRH%T—;:,Y)(b(x)—b(y))“‘ f(y)dy
S b B, 1)

" Q(x,x-y
<, 2 e

" Q(x,x-y)
B, 20

f(y)dy

We have that

Q(X,X—y Q(X,X
‘[bm’Tﬂv/l]Zk LP2() S C”b"r:lp/, IBj fJ (y) ( n—(;ﬁmg) - nﬁ(;ﬁmz) |Zk dy (16)
|X - y| |X| LDZ(')(R")
The similar way to estimate of T, , in the proof of Theorem 1, we get that
N:bm’TQ,y]lk Lpz(-) - C ”b"rlzpﬂ 2"‘" Bj fj (y)dy”ZBk Lpl(x)(]Rn) (17)
By (1.7) and lemma 3.7, we obtain that
K2 (") K2 az(")
2ka Z [bm,TQ,y](fj)Zk ; 2ka Z I:bm,TQV#:I(fj)Zk
= < j=—0
= AL = mlbll,
()
L920) LP2()
- () ()
2| ke & ok fj 2| ke S fj —kn
<C Z 2 z 27— "Zk "Lpl(') <C Z 2 T ”sz Pi() 4:» 0]
k=—0 j=—o 771 Ll(Rn) k=—o0 j=—0 771 Lpl(-)(]Rn) L

k=2 X,
i

(q (qZ)k
0 . 1 0 . f 0
DN AN ilLei ||ZBk||LDi(')] <CY |2y |+ L }
k=—0 i) L")

V4
j=—o k=—o0 j=—o ™ LM(')(R” |ZBk LPiC)

—_

s (a8 )

i a()]|(a),
T
LAt o)

—

k-2

(2
f; } i z oli-K)(ns-a)
LRl (R”) k=—

Th j=—0

<cy 2”22””51

J =—00

=
I
8
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where
) K2 d2(+)
W 2k j_w[bm,Tﬂ,y](fj);(k
q)_ - = <1
2 m ol
sz())
2 _ L92
(qz ) k - » ()
o |7IEE
q +! — m >1
2 m o,
P2()
L92()

Since (q,) >(q,), and a>-nd,, the similar way to estimate 7, in the proof of Theoreml, we can

obtain that

2ka

<CZ szknala

=—0| j=—0

” al)
) f]Zk|
Ui

()
where g. = min-——, this implies that
keN (ql)+

s < C ol 1) < C 0T an) ¥l e

Finally, we estimate 77,,. Note that, when xeC,, j>k+2,then |[x—y|~|y|, we can obtain that

[b". T, ]

x—Y|

—y

|Q(x,x—y)|

< ||b||T|p/, J.R” X — n

gy T (Y)dy
y| (u+mp)

Then we have

N Q(x,x-y)|
[b Qu ‘ " "Llp/, IR"W f (Y)dy
Applying the generalized Holder’s Inequality, we get

J. (%, x - y)|
P

(y)ay <[5 o

x|

IRnQ(X’—XLly)(b(X)—b(y))m f(y)dy

Q(x,x-y m m
< Sy, ()

Q(x,x-y)
o emp) A

dy

(1.8)
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1 1

Define the variable exponent ——=~+—<—
1 () r 1 ()

by Lemma 3.3, then we have

Mf ((y)dy

& =y

Zj

<[]
=il L n—(p+mp)
x—y]|

1

Q(x, y'>|'da<y'>)]

| in
<C2 N | Bl 27 1oy

. 2
<cg e g, oo 23] { JI zrn_ldr (.LH
i

| in
< C271(n7(ﬂ+mﬂ)) || fj "Lpl(') ||ZJ "Lﬂ(.) 2r

1 1 1
=————=,we have

-1
According Lemma 3.4 and the formula ——=— . Then we get
P () Py ()

i{|LPiC) |BJ

Xs,

o ~ | 4e

Jn =in
2r2r

dy<2 "],

LPiC)

Q(x x— y)
Loy fi(y)

i(n—(uemp)
<2 3]0

X,

LPi()

By (1.8), we can obtain that
(1.9

illme) |25 || st

[b".T,,, c2 ™0 fr ¢

Then by (1.9) and Lemma 3.7, we have

Y a() " a()
2 2 [0 T () 2 X [ T ()
z j=k+2 _ < C z j=k+2 _
[Pl [Pl
P2()
1920 LP2()
where
- az(")
2|y [b™ 7o, )()) 2
(qz )7 , j=k+2 _ < 1
[P,
3278
(a9)k = ol
2| > [b™ 7o, () 2
(QZ )+ e p >1
[l
P2()
L%2()
Furthermore, when « >(,u+m,B)—n , hote that |;(Bk 1720 sCZ‘k(‘””‘”) Xo,|| m) S€E [9], the similar way

to estimate 7, , we get
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. da()
2k ; [bm,Tw](fj)Zk
j=k+2
— [l
p2()
L92()
(@)
00 f
SC 2ka 2 #*mﬂ ) - ,
k;w ,Zk;z A Z8; || i) "753k Lpzw]
: ()
0 f
<C Y |2k S griln-twma) )i oK)
k;w ,Z;H:z n () 28y s |ZBk ||LPl ]
- ()
© o X f. -1
<cy (2o y ey
k;o J-:Zk;2 o) 233 pu0) ||ZBk Ll
- (@)
O | pka X o jk)(u+mp) f; ||ZBk "._m(-)
<C Z 2 Z 2 — T
il I GLER D] V2N e
_ (q3)k
© f
<C 2ka 2 (k=) nbz ﬂ*mﬁ))
k;w J;rz ’71 L0 (zn)
r 1 qg k
P () {|(a),
<C Y| 3 o twem)a) {2 iz J
| e h ,_m(-)va(~)(Rn)
We can conclude that
w» fh(')
L2 2 [ Tau () 2
Z j=k+2
m
koo Th "b”Lipﬁ
0 *
aj t
<CZ szJnSZ (u+mp)ra) {M\J <C
=—0| j=k+2 Ui Lpl(')ql(')(R")
3
k
where g, :min(qz) , this implies that
keN (ql)+
Ty < Cn]-”b":]ipﬁ(R") <C ||b||Tipﬁ(R") ‘g(_)(')(R")

This completes the proof Theorem 2.
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