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Abstract

By making use of a geometry of preferences, Abe (2012) proves the Gul and Pesendorfer’s utility
representation theorem about temptation without self-control. This companion paper provides a
similar proof for the Gul and Pesendorfer's utility representation theorem about temptation and
costly self-control. As a result, the both theorems are proved in the unified way.
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1. Introduction

There is a large and growing literature on temptation and self-control in economics [1] [2]. Gul and Pesendorfer
[3] propose basic models of choice under temptation and provide preference foundations for the models. We
provide an alternative proof of the main theorem in [3], that is, the Gul and Pesendorfer’s utility representation
theorem about temptation and costly self-control. The proof makes use of a geometry of preferences and goes as
follows. We first extract behaviors that display temptation and self-control. We then characterize the intuitive
notions of temptation and self-control geometrically. Finally, we prove the utility representation theorem using
the characterization. The proof highlights the reason why the self-control part can be written by sum of com-
mitment utility and temptation utility. The proof also provides the refined testable implications of the Gul and
Pesendorfer model.

This geometric approach is taken by the companion paper, [4], to prove the Gul and Pesendorfer’s utility re-
presentation theorem about temptation without self-control. As a result, we prove the two representation theo-
rems by an intuitive and unified approach.

This paper is organized as follows. Section 2 summarizes the Gul and Pesendorfer’s utility representation
theorem. In Section 3, we explore our notions of temptation and self-control and derive those cone representa-
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tions. Section 4 proves the Gul and Pesendorfer’s representation theorem using the result of Section 3. In Sec-
tion 5, we discuss relation between our approach and the Gul and Pesendorfer’s approach.

2. The Gul and Pesendorfer Theorem

Let Z be a compact metric space of prizes. Let A be the set of all Borel probability measures over Z and be en-
dowed with the topology of weak convergence. Let .4 be the set of all compact (with respect to the topology
of weak convergence) subsets of A and be endowed with the topology induced by the Hausdorff metric. For any
ae[01] and ABeA,welet aA+(l-a)B:={zeA|z=ax+(1-a)y,xeAyeB}. A typical element A
of A is called a menu (of lotteries).

Let C be the set of continuous affine mappings from A to real numbers; that is, f eC if and only if f is
continuous on A and satisfies f (ax+(l—a) y) =af(x)+(1-a)f(y) forall x,yeA andforall «<[0,1].
Throughout this paper, we say that f is cardinally equivalent to a function g when f =ag+ f for some posi-
tive « andreal S.

We call the following model of utility function the Gul and Pesendorfer model.

Definition 1. A utility function U on menus is said to be a Gul and Pesendorfer model if it is a function of the
form:

xeA

U (A) = maxfu (x)+v(x)} - maxfv(y)} @

for some u,veC.
Gul and Pesendorfer [3] provided preference foundations for this model. Let - be a binary relation over A.
We say that - is
* upper semi-continuous if the sets {Be.4|B A} are closed,
* lower semi-continuous if the sets {Be.4| A B} are closed,
* continuous if it is upper and lower semi-continuous.
We consider the following axioms.
Axiom 1 (Preference). = isacomplete and transitive binary relation.

Axiom 2 (Continuity). - is continuous.

Axiom 3 (Independence). A>~B and a<(0,1) imply aA+(1-a)C>aB+(1-a)C.
Axiom 4 (Set Betweenness). A~ B implies A AUB~ZB.

Axiom 1 is a standard revealed preference axiom. Axioms 2 and 3 are variants of the von Neumann and Mor-
genstern axioms adapted to the preferences-over-menus setting. Axioms 4 is viewed as intuitive notion of costly
self-control behaviors under temptation as we explain below.

Imagine a situation in which an individual first chooses a menu and then selects an alternative from that menu.
Suppose that the individual evaluates a menu by its best element. Such an individual's behavior is represented by
a utility function U of the form U (A)=max,_,u(x) for some ueC. Observe that an individual with this
type of utility function follows a regularity called Strategic Rationality: A~ B implies A~ AUB.! Clearly,
any strategically rational decision maker does not exhibit a desire for commitment, where by “desire for com-
mitment' we mean that an individual strictly prefers a subset of a menu to the menu itself.

Desire for commitment is an implication of temptation. An individual may strictly prefer menu A to menu
AUB to avoid succumbing to temptation that is anticipated as follows: The individual anticipates that he/she
will be tempted to select an alternative when facing menu AU B, and this alternative is undesired for him/her.

Axiom 4 relaxes Strategic Rationality and allows a possibility that A > AUB = B. Suppose that B contains a
tempting alternative. We can view AUB =B as meaning that when facing menu AU B, the individual uses
self-control and can resist the temptation. We then interpret A= AUB as meaning that exercising self-control
is costly.

Gul and Pesendorfer [3] showed the following representation theorem.

Theorem 1. - satisfies Preference, Continuity, Independence, and Set Betweenness if and only if it has a
Gul and Pesendorfer representation, that is, there exists a Gul and Pesendorfer model U such that Az- B if and
only if U(A)>U(B).

!See Kreps [5].
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3. Geometry of Temptation and Self-Control

This section explores some geometric properties of 7~ that satisfies Set Betweenness (and von Neumann and
Morgenstern type axioms). Specifically, as in [4], we extract behaviors that display temptation and self-control
and geometrically characterize the behaviors. All lemmas in this section are proved almost in the same way as
Abe [4] and hence omitted.

Lemma 0. (Gul and Pesendorfer ([4], Lemma 1)). > satisfies Preference, Continuity, and Independence if
and only if there exists a continuous affine function U : A — R that represents - .2°

We define u by u(x):=U ({x}) for all xeA as in [3]. Since u represents preferences that the individual
would like to commit to, it is called a commitment utility. Any commitment utility defined in this manner is
continuous and affine from Lemma 0.

Consider a nontrivial preference relation -, that is, there are x,y e A such that {x} > {y} . Set Between-
ness induces the following four strict partial orders.*

A weak temptation relation T is defined by yTx if {x}>{x,y}.
* Astrong temptation relation T~ is defined by yT'x if {x}>{xy}~{y}.
A weak resistance relation R is defined by xRy if {x,y}>{y}.
* Astrong resistance relation R” is defined by xRy if {x}~{x y}>{y}.

Two temptation relations display a desire for commitment in a binary menu. Suppose {x} - {y} . We view
{x} >{x,y} as meaning that the individual desires to commit to {x} because y is more tempting than x. Two
resistance relations display self-control. We view {x, y} - {y} as meaning that the individual selects x when
facing {x,y} . This means that when y tempts him/her, he/she uses self-control and resists the temptation.

The next fact is worth pointing out, and we may use this fact repeatedly without warning below: When =
satisfies Set Betweenness, {x}>{y} implies (i) exactly one of either yTx or xR’y holds and (ii) exactly
one of either xRy or yT x holds.

The following properties of four relations are the fundamentals for our geometric approach.

Lemma 1. Suppose that = satisfies Preference, Continuity, Independence, and Set Betweenness. Then, the
following hold.

e Fourrelations T, T", R, and R" are Asymmetric and Transitive (that is, strict partial orders), and they sa-
tisfy Strong Independence.’
» The weak temptation relation T and the weak resistance relation R are Strong Archimedean.®

We now consider geometric representations of the four strict partial orders. Define four cones corresponding
to the four relations as follows.’

* A weak temptation cone is defined by 7 ={A(y-x)|4>0,yTx}.

* Astrong temptation cone is defined by 7~ ={4(y-x)|4>0,yT x}.
* A weak resistance cone is defined by R ={1(y-x)|4>0,xRy}.

A strong resistance cone is defined by R" = {ﬂ(y— x)| 2 >0, xR*y} .
Temptation cones are defined as the set of “tempting directions”, and resistance cones are defined as the set of
“resisting directions”. Corresponding to Lemma 1, those cones possess the following properties.

2Gul and Pesendorfer [3] consider an extended preference relation over lotteries of menus that is defined in an obvious way and show that
Axioms 1 to 3 naturally induce the same properties to the extended relation. They then obtain a function U as a von Neumann and Morgens-
tern preference-scaling function for expected utility representation of that relation and show by construction that U is indeed a continuous
affine function.

SAlternatively, we can rely on [6] to prove Lemma 0. Kopylov [6] applies the mixture space theorem to = that is restricted on the set of all

~

convex menus and directly obtains U as a von Neumann and Morgenstern expected utility of the restricted - . He then uses the property

~

that every menu is indifferent to its convex hull, which is indeed implied from Axioms 1 to 3, and extends U naturally over A .
“The fact that these orders are strict partial orders is proved in Lemma 1 below.
°A binary relation R is said to be Asymmetric when xRy implies —(yRx), Transitive when xRy and yRz imply xRz, and satisfies

Strong Independence when xRy if and only if [ax +(1-a) z] R[ay +(1-a) z} :

°A binary relation R is Strong Archimedean if xRy and x'Ry’ imply thatthereisan « e (0,1) such that

[ax +(1-a) y’] R[ay +(1-a) X'] .

"We need a linear space for defining those cones. Here, we take the linear space (over R ) as the set of all finite Borel sighed measures over

Z.
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Lemma 2. Suppose that - satisfies Preference, Continuity, Independence, and Set Betweenness.
Then, the following hold.
e Fourcones 7, 7", R,and R" are convex cones that represent their corresponding relations, respec-
tively.®
« TNR =RNT =0.
 The weak temptation cone 7 and the weak resistance cone R are faceless.’

4. A Geometric Proof for the Gul and Pesendorfer Theorem

In this section, we prove that any regular self-control preference relation admits a Gul and Pesendorfer repre-
sentation.

If - satisfies Axioms 1, 2, 3, and 4 and there are x,y e A such that {x}>{x,y}>{y}, we say that
is a self-control preference relation. A self-control preference relation - is regular if both 7° and R” are
nonempty.*°

We first obtain two functions that represent temptation and self-control.

Lemma 3. There exist v,we C such thatforany x,yeA with {x}>{y},

o {x}>{xy} ifandonlyif v(y)>v(x).
o {xy}>{y} ifandonlyif w(x)>w(y).

Proof. We can prove this lemma in much the same way as in Abe ([4], Section 4), and hence omit the detail
of proof here. A sketch of proof is provided in Appendix. In there, the proof goes as follows. We openly sepa-
rate 7 from R" and obtain v from their separating hyperplane. Similarly, we openly separate R from 7~
and obtain w from their separating hyperplane.m

We call function v a temptation utility and w a self-control utility.Suppose that u(x)>u(y) M Then, by Set
Betweenness and Lemma 3, v(x)>v(y) implies w(x)>w(y). With this fact, we can show the following.

Lemma 4. The self-control utility w must be written by w=au-+bv+c for some constant a,b >0 and
celR.

Proof. As stated above, when u(x)>u(y), v(x)>v(y) implies w(x)>w(y). Hence, we find that
v(x)=v(y) and w(x)=w(y) must imply u(x)=u(y). Then, we can apply Harsanyi’s [7] aggregation
theorem and_obtain some constant &b, e R such that u=aw+bv+¢. Furthermore, we show below that
a>0 and b<0.

Because 7~ is a regular self-control preference relation, we can take x',y’,x",y"eA such that

(X} = {X,y'}~{y'} and {x"}~{x",y"}>{y"}. From Lemma 3, we have u(x')>u(y’'), v(x')<v(y’),
w(x)<w(y'), u(x")>u(y"), v(x")=v(y"), and w(x")>w(y") . Let «,B€[0,1] be such that
V(axX +(1-a)x")=v(ay' +(1-a)y") and w(Bx'+(1-B)x")=w(BY +(1-B)y"). Then,since

u(ax' +(1-a)x")>u(ay' +(1-a)y") and u(BxX +(1-pB)x")>u(By +(1-B)y"), Lemma 3 and Set Bet-
weeness imply w(ax'+(1-a)x")>w(ay' +(1-a)y") and v(BxX+(1-B)x")<v(BY +(1-B)y").
Therefore, by the Harsanyi additive representation u = aw+bv+¢, we find b<0<4&. Then, by rearranging

the representation and putting a=1/a,b= —6/é,c =—¢/a, we obtain the desired result. m

Lemma 4 means that the indifference curve of w lies between those of u and v when they pass a common
point. From Lemma 4 together with Lemma 3, we further find the following fact that the self-control utility and
the temptation utility exactly characterize temptation and costly self-control. The proof is immediate and thus
omitted.

8Consider a binary relation R on a domain. Let C :={/1(y—x)|/1 >0, ny} .We say that C represents R when A(y'—-x")eC for some
A>0 and x',y inthedomainof Rimply x'Ry’.

°A face of a convex cone C is a nonempty convex subset F of C such that s,teC and as+(1-a)teF for some ae(0,1) imply
s,t e F . A convex cone C is said to be faceless if C is the only face of C.

From Lemma 2, this is equivalent to the fact that there are x',y’,x",y" e A such that {(x}={X,y}~{y} and {x"} ~{x"y"} = {y"} .
This is consistent with the concept of regularity proposed in Gul and Pesendorfer [3].

"This commitment utility u is defined in Section 3.
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Lemma5. w(x)>w(y) and v(y)>v(x) ifandonlyif {x}>{x,y}>{y}.
We now characterize U using w and v. The next lemma essentially characterizes the functional form of U.

Lemma6. U ({x,}) iscardinally equivalentto —v over {yeA|w(x)>w(y)andv(y)=v(x)}.*

Proof. It immediately follows from Lemmas 1 and 5 that U ({x}) is a continuous affine function over
{yeAlw(x)>w(y)andv(y)>v(x)}. Then, from Continuity, U ({x,}) must be a continuous affine func-
tion over A(x):={yeA|w(x)=w(y)andv(y)=v(x)}.*

Let us now show that, for any y,zeA(x), U({x,y})>U({x,z}) if and only if v(z)>v(y). Suppose
u ({x y})>U ({xz}) but v(y)>v(z) . Assume the existence of x'eA such that {x}>{x’} and
v(x)=v(x') ** Consider translations t(1)=(Ax+(1-4)z)-x" for each Ae(0,1). We assume that
Ax+(1-2)y—t(A) e A.* Note then, under our supposition v(y)=>v(z), that
V(Ax+(1-4)y—-t(2)) 2 v(Ax+(1-21)z-t(A))=v(x")=v(x) for all translations because v is a continuous

affine function and hence satisfies Independence and Translation Invariance.’* On the other hand,
w(x)>w(Ax+(1-21)y—t(1)) forany 2 close to 1 because

w(x)=au(x)+bv(x)+c>au(x')+bv(x")+c=w(x") andw is continuous. Hence,
Ax+(1-2)y-t(A)eA(x) forany A closetol. Fixsucha A.We then have

U ({x})=U ({Ax+(1-2)y—-t(4)}). Hence, from Set Betweenness, U ({x})=U ({xAx+(1-4)y—-t(4)}).
However then, since U ({x,-}) is a continuous affine function over A(x), U({x,y})>U({x,z}) implies
U ({xAx+(1-2)y=t(2)})>U ({x Ax+(1-2)z-t(2)}) =U ({x.x}) =U ({x}), where the last equality fol-
lows from Lemma 3. This is a contradiction. Therefore, U ({x,y})>U ({x,z}) mustimply v(z)>v(y). Si-

milarly, we can prove the converse implication. m

This lemma says that the ranking of {x,y} and {x,z} is determined by the temptation ranking of y and z
when both y and z are more tempting than x but the individual can resist the temptations.”” Hence, we can plot
indifference curves of U ({x}) on A as in Figure 1. This observation leads us to the desired form of represen-
tation.

Suppose {x} > {x,y}>{y}. Take a z such that w(x)=w(z) and v(y)=v(z). These lotteries are plotted

in Figure 1. Then, {x,y}~{x,z}~{z}. Recall from Lemma 4 that an appropriate scale-normalized commit-

ment utility is the difference between the self-control utility and a scale-normalized temptation utility:
au+c=w-bv. Therefore, we can calibrate utility value of {x,y} by the difference between the self-control
utility of z and the normalized temptation utility of z. By the way of choosing z, we can hence calibrate utility

2We can similarly show that U ({ x}) is cardinally equivalent to w over {y eAlw(y)=w(x)andv(x)= v(y)} )

“To see it, note that U ({x,}) is continuous on A . It is hence uniformly continuous. Define U by U(y)=U({x,y}) for all
ye {y eA| W(x) > W(y) and v(y) > v(x)} . This is uniformly continuous and hence has a unique uniformly continuous extension over the
closure of that domain (Kelly [8], Theorem 26, p. 195]), where A(X):= cI{yeA|W(x)>w(y)and v(y)>v(x)} because w,veC and
{y eAlw(x)>w(y)andv(y)> v(x)} #@ . Moreover, since U is affine, so is its extension.

¥Assuming the existence of such x’ is without loss of generality. See Appendix for the detail.
BThere is no loss of generality as for the footnote above. See Appendix for the detail.
Function fon A satisfies Translation Invariance if f(x)> f(y) implies f(x+t)> f(y+t) for any translationt, or equivalently for

any signed measure t such that t(A)=0 and x+t,y+teA.Asin[9],any fe(C satisfies Translation Invariance.

YSimilarly, the ranking of {x,y} and {x,z} isdetermined by the self-control ranking of y and z when x is more tempting than both y and

z but the individual can resist the temptation.
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Figure 1. The Marschak-Machina triangle and Indifference curves of U ({x,}).

value of {x,y} by the difference between the self-control utility of x and the normalized temptation utility of y,
that is, w(x)—bv(y).From Lemma 4, again, this means that utility value of {x,y} is measured by the Gul
and Pesendorfer form (i(x)+V(x)-V(y) ifwedefine G=au+c and V="Dv.

Formally, we prove the following. R

Lemma 7. Define U and V by U:=aU+c and V:=bv. Let (i be the singleton restriction of U .
Then, U isarepresentation of - anda Gul and Pesendorfer model. R

Proof. Since U is cardinally equivalent to U, it is clearly a representation of 2~ .We now show that U is
a Gul and Pesendorfer model restricted on binary menus. Then, this lemma immediately follows from the exten-
sion result of Gul and Pesendorfer [3]."* Assume that {x} = {x,y} = {y}." Assume also that there is a z such
that w(x)=w(z) and v(y)=v(z).” Then, u(x)>u(z)>u(y), v(y)=v(z)>v(x),and
w(x)=w(z)>w(y). Moreover,

aU ({x,y})+c=aU({x,z})+c=au(z)+c=w(z)-bv(z)=w(x)-bv(y)=au(x)+bv(x)+c—-bv(y)

where the first equality follows from Lemma 6, the second from Lemma 3, and the third and the last from
Lemma 4. This completes the proof.m

Remark. Until now, we have focused on regular self-control preferences. Let us comment about the other
cases. As heretofore, suppose that - satisfies Axiom 1, 2, 3, and 4.

We first consider the case that {x}>{y} implies {x}~{x,y} or {x,y}~{y} This case is the degenerate
case of no self-control preferences. Suppose that there exist x',y’,x",y"e A such that {x'} > {x",y"} ~{y'}
and {x"} ~{x",y"} = {y"} . We can observe such a situation in Figure 1 by rotating the indifference curve of w
around x in anticlockwise direction and placing it over the indifference curve of v. But, Figure 1 indicates that it
is incompatible with Continuity. Hence, in this case, there is no case other than the two extreme cases:
{x} = {y} implies {x}~{x,y} or {x}>{y} implies {x,y}~{y}. Inboth cases, Theorem 1 is trivial.

Let us then consider the case of self-control preferences but not regular. There are three cases: (i) 7~ =&
and R" =0, (i) T°#@ and R =, and (iii) 7 =@ and R = .We note that the first two cases are
impossible. To see why intuitively, consider case (i). In this case, there is no x,yeA such that
{x} = {x,y} ~{y}. This implies that {x} >{y} ifandonly if {x,y}>{y}. Self-control utility w must be car-

BSuppose that u and v are continuous affine functions on A. Let U be a continuous function that represents some - satisfying Set Bet-

~

weenness and U (A)=max,_, {u(x)+V(x)}—max,, {v(y)} for all menus that have at most two elements. Then, that equation is valid for

all menus.

®The other cases are straightforward.

#In general, for arbitrarily fixed x,y with {x}>{x y}>{y}, there may be no such z. However, in that case, we can construct another
triple x",y",z"€ A having the requested property by mixing x and y with other lotteries. Hence, we can apply the proof presented here to
the constructed X", y",z" . We can then show that the shown result for x",y" is maintained for the original x,y by the construction of

"o

X", y" . See Appendix for the detail.
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dinally equivalent to u. We can observe such a situation in Figure 1 by rotating the indifference curve of w
around x in clockwise direction and placing it over the indifference curve of u. But, Figure 1 indicates that it is
incompatible with Continuity.

Consider finally case (iii). In this case, {x}>{y} implies {x}>{x,y}>{y}. Hence, > restricted on sin-
gletons is equal to R and the inverse of T. Therefore, commitment utility, self-control utility, and (—1) x tempta-
tion utiliztly2 2are cardinally equivalent. In this degenerate case, we can easily prove Theorem 1 by constructing v
directly.“™

5. Discussion

We provided an alternative proof of the Gul and Pesendorfer’s utility representation theorem about temptation
and self-control. In what follows, we clarify relations between our geometric approach and the Gul and Pesen-
dorfer’s original approach.

Gul and Pesendorfer [3] proved the theorem in a way different from ours. Their approach is constructive.

They directly define the temptation utility by v(z):= [U ({x*, y*})—U ({x*,(l—é) y + 52})}/5 for an arbitra-
rily fixed x",y"eA with {x"}-{x",y"}~{y"} and for sufficiently small &> 0. Observe from Continuity
that {x"} > {X",(1-5)y" +5z} - {(1-5)y" +5z}. Combining this with the fact that

u ({x*, y*})—U ({x*,(l—d) y' +§z}) = [U ({x*})—U ({x*,(1—5) Y+ 52})} —[U ({x*})—U ({x*, y*}ﬂ , tempta-
tion utility v is viewed as measuring marginal utility for commitment. They showed under the conditions of
Theorem 1 that v is indeed well-defined, continuous, and affine. This part serves as a building block to establish
the desired representation.?®

The constructive approach and the geometric approach taken here bring us additional but different benefits
beyond just establishing the representation theorem.?* The former directly tells us how to calibrate temptation.
On the other hand, the latter directly defines temptation and self-control in terms of preferences, so that it di-
rectly relates temptation and self-control utilities to particular intuitive properties of the underlying preferences.

The direct link between the two utilities and preferences promotes a better understanding of the Gul and Pe-
sendorfer model. It highlights the reason why the self-control part can be written by sum of commitment utility
and temptation utility. It is because we directly proved that all three dynamic considerations have linear structure
and self-control considerations lie between commitment and temptation.

Moreover, the link provides the refined testable implications of the model. Our characterization of T, T", R,
and R™ will be used to test the Gul and Pesendorfer model. First, it is helpful to design an experiment or a
questionnaire. Since Independence and/or Set Betweenness are written in terms of choices over all menus, test-
ing literally them entails a comprehensive examination of choices that uses not only small menus but large me-
nus. The properties of T, T*, R, and R" provide simple testable implications of the model that are written by
menus that include at most two elements.

Second, more importantly, because temptation utility v and self-control utility w are characterized by T, T",
R, and R", the properties of those relations are testable predictions of a model with linear temptation utility
and/or linear self-control utility. This means that if an individual’s choices do not obey the prediction of the Gul

"Take an x" eargmax,_, u(x) arbitrarily. We can prove that U ({x}) is a continuous affine function over A as uin the first part of the
proof of Lemma 6.Easy (but tedious) calculation then shows that, on binary menus, U is the Gul and Pesendorfer model with u and v, where
v(y)=u(x)-U ({x*, y}) forall yeA.

Z\\e note that our geometric approach does not work well in this degenerate case. Specifically, in the proof of Lemma 7, we cannot take a z
by which we calibrate utility value of {x,y} .

ZKopylov [6] proved Theorem 1 for a more general choice object than the one considered here and applied it to characterize various models
associated with temptation. In his proof, he also constructs the temptation utility directly in the same spirit with Gul and Pesendorfer [3] by

v(z)= [U (cuc.)-u (C” U((1-s)c. +§{z}))]/5 ,where C* and C. are some convex menus such that C*-=C"UC. =C. . As Gul
and Pesendorfer [3] did, he directly proved that U (A) can be written by the defined wvin the form of Theorem 1.

#As Gul and Pesendorfer ([3], footnote 6) conjecture, there is another approach to prove Theorem 1 which is based on a representation
theorem characterizing a general model called a finite additive expected utility representation. See Dekel, Lipman, and Rustichini [10] for
the case of finite Z and Kopylov [11] for a more general choice object.
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and Pesendorfer model, then the properties of T, T", R, and R” may be useful in exploring the nature of ob-
served violations and in considering a minimally extended model that accommodates the violations.?
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Appendix

Proof of Lemma 3 (Sketch). We first claim:

Claim 2. span(7)=span(R)=span(A-A).

Since 7,R cspan(A—A), we have span(7),span(R)<span(A—A). We can show A-A cspan(7)
in the same way as the proof of Lemma 3 in [1]. Hence, span(A—A)cspan(7 ). A similar argument proves
span(A—-A)cspan(R).

Claim 3. There are two linear functional L; and L, on span(A-A) such that:

L (t)>0=L,(r) forall te7 andall reR".
Le(r)>0>Lg(t) forall reR andall te7 .

Note from Lemma 2 that 7~ (resp., R ) is a faceless convex cone and misses convex set R” (resp., 7).
Putting it together with Claim 2, we can openly separate 7 from R" over span(7) (: span(A—A)) and
R from T~ over span(R) (=span(A—A)). This proves Claim 3.

Define functions v and w on A by v(x)=L;(x-x") and w(x):=Ly(x—x") for an arbitrarily fixed
X" eA. By construction, those functions are affine. Furthermore, for any x,yeA with {x}>{y}, it holds
that {x}>{x,y} if and only if v(y)>v(x), and that {xy}>{y} ifand only if w(x)>w(y). Finally, we
claim:

Claim4. v,weC.

For f=v,w,welet M, (A):=argmax,., f(z) and U, (A)=max,,, ,u(z). It then follows from the

construction of vand wthat forall x,yeA, U, ({x y}) >U ({x y}) >U, ({x y}) . We can prove that v is con-

tinuous with the topology of weak convergence as in the supplement to the proof of Lemma 5 in [1]. In there, we
used two properties of U: (1) U is upper semi-continuous and (2) av(x)+(1-a)v(z,)>av(y)+(1-a)v(z)

implies U({ax+(1—a)zn,ay+(1—a)z})zU({ax+(l—a)zn}). The latter property is guaranteed by the

above fact that U ({x,y})2U, ({x,y}) forall x,yeA.

Similarly, using lower semi-continuity of U and the fact that UW({x, y})zu ({xy}) forall x,yeA, we
can prove that w is continuous with the topology of weak convergence. m

Supplement to the proof of Lemma 6. As we showed in Section 4, U ({x}) is a continuous affine func-
tion over A(x)={yeA|w(x)=w(y)andv(y)=v(x)}.

Let us show that, for any y,zeA(x), U ({x y}) >U ({xz}) implies v(z)>v(y). The converse implica-

tion is similarly proved.
Step 1. We show that there exist x,x"e A suchthat {x}>{x} and v(x)=v(x').

By regularity, there are z,z'e A suchthat {z} ~{z,z'} > {z'}. Thisimplies v(z)>v(z').If v(z)=v(Z'),
then we have nothing to prove. Put x=z and x'=2z' in that case. Suppose v(z)>v(z'). Take y,y' €A
such that {y}>{y,y'} = {y'}. Thisimplies v(y")>v(y).Since {z}>{z'} and {y}>{y'},
{az+(1-a)y}>{az'+(1-a)y'} forany «e[0,1]. Moreover, since v is continuous, there exists a unique
a<(01) such that v(az+(1-a)y)=v(az'+(1-a)y’). Put x=az+(1-a)y and x'=az'+(1-a)y’.

This completes the proof of Step 1.

Step 2. Take x,x'eA with {x}>{x'} and v(x)=v(x') arbitrarily. Then, we show that for any
y.zeA(x), U({x,y})>U({x z}) implies v(z)>v(y).

Suppose to the contrary that U ({x,y})>U ({x,z}) and v(y)>v(z). Let
A(x Xy, z):=aff {x,x',y, zZ}UA(X) . Then, A(x,x’,y,z) isa convex set with two or three dimension because
U({xy})>U({x.z}) and U({x,x})>U({x,x'}). Since A(x,x',y,z) is a finite dimensional convex set, we
can take an algebraically interior point x" e A(x,x',y,z) (see, Holmes [15], p. 9). Hence, we can take a num-
ber ae(01) such that x,=ax +(1-a)x , X,=aX +(l-a)X', y,=aX +(1-a)y , and z, =
ax +(1-a)z are in a neighborhood of x" and x/ is an algebraically relative interior point. Moreover,

o

those lotteries satisfy {x,}>{x.}, v(x,)=v(x}),and {x,,y,}>{x,.z,}.

(24

Consider now translations t(4)=(Ax,+(1-4)z,)-x, for i1e(0,1). Note that there is a number
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2 €(0,1) such that Ax, +(1-1)y, —t(4) in the neighborhood of x for all ﬂe(I,l), since x! is an
algebraically relative interior point. Hence, Ax,+(1-4)y, —t(4) belongsto A forall e (/T,l). We further
show that A'x, +(1-2")y, —t(4")e A(x,) forsome A" e(Z,1). Since v(y)=v(z) and v is a continuous
affine function, v(Ax, +(1-2)y, —t(4))=v(ax, +(1-2)z, —t(2))=v(x,)=v(x,) for all 1e(Z.1).
Since w(x,)>w(x,)=lim, , w(ax, +(1-1)y, —t(2)), wecantakea A" e(Z,1) such that
w(xa)ZW(/i*xa +(1-27)y, —t([)). These two facts means A'x, +(1-1")y, —t(4")e A(x,) for some
A e(2.1).

Fix such a A" and consider the translation t(4"). Then, U ({x,})>U ({/i*xa +(1-27)y, —t(ﬁ*)}). By

Set Betweenness, U ({x,})>U ({xa,/l*xa +(1-27)y, —t([)}). However, since U ({x,.-}) is a continuous
affine function over A(x,),
u ({xa,/l*xa +(1-2)y, —t(/l*)})>U ({xa,/l*xa +(1-27)z, —t(/l*)})zu (% 1) =U ({x.}).
where the last equality follows from Lemma 3. This is a contradiction.
Step3.Forany x,y,zeA with y,zeA(x), weshowthat U({x,y})>U({x,z}) implies v(z)>v(y).
By Step 1, there are p,p’eA such that {p}>{p’} and v(p)=v(p’). Consider mixing ax+(1-a)p,

ay+(1-a)p, az+(1-a)p,and ax+(1-a)p’.We can apply the result of Step 2 to these lotteries. m
Supplement to the proof of Lemma 7. We legitimate what we wrote in footnote 20. Observe first that there

are p,p’eA such that {p}>{p’} and w(p)=w(p’). This can be proved as shown in Step 1 in the sup-
plement to the proof of Lemma 6, and we hence omit its proof. Suppose that {x}>{xy}>{y}. Let
X'=ax+(1-a)p, y=ay+(1-a)p, and z'=ax+(1-a)p’. Then, {x}>~{x,y'}>{y'}, {X}>{z'},
and w(x)=w(z') . By Lemma 3, v(y)>v(x) and w(x')>w(y’) . Since u(x')>u(z’) and
w(x')=w(z"), Lemma 4 implies v(z')>v(x"). We consider three cases. Case 1. v(y')=v(z'), Case 2:
v(y')<v(z'), and Case 3: v(y')>v(z'). For Case 1, we set x"=x", y"=y', and z"=1z". For Case 2, we
take the B e(0,1) such that v(ﬂx’+(1—ﬂ)z’)=v(y’) andset x"=x", y"=y',and z"=px'+(1-8)z".
For Case 3, we take the » (0,1) such that v(yx’+(1—y)y’)=v(z’) andset x"=x", y"=yx'+(1-y)y’,
and z"=1z".Then, {x”}>{x”, y"}>{y”}, W(X”):W(z”),and v(y"):v(z") in all cases.

Then, by proof of Lemma 7, we have aU ({x",y"})+c=au(x")+bv(x")+c—bv(y"). From this, it follows
that au ({x y})+c =au(x)+bv(x)+c—bv(y) inall cases. We now demonstrate it for Case 3.0bserve in this
casethat X" =ax+(1-a)p=alyx+(1-y)x]+(1-a)p and
y'=yxX'+(1-7)y' =a[yx+(1-y)y]+(1-a) p. Substitute them into
aU ({x",y"})+c=au(x")+bv(x")+c—bv(y"). Since U, u, and v are affine, we then immediately obtain
au ({x y}) +c=au(x)+bv(x)+c—bv(y). For the other cases, proofs are more direct since

X"=ax+(1-a)p and y"=ay+(1-a)p inboth cases.m
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