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Abstract

New theorems of asymptotical stability and uniformly asymptotical stability for nonautonomous
difference equations are given in this paper. The classical Liapunov asymptotical stability theorem
of nonautonomous difference equations relies on the existence of a positive definite Liapunov
function that has an indefinitely small upper bound and whose variation along a given nonauto-
nomous difference equations is negative definite. In this paper, we consider the case that the Lia-
punov function is only positive definite and its variation is semi-negative definite. At these weaker
conditions, we put forward a new asymptotical stability theorem of nonautonomous difference
equations by adding to extra conditions on the variation. After that, in addition to the hypotheses
of our new asymptotical stability theorem, we obtain a new uniformly asymptotical stability theo-
rem of nonautonomous difference equations provided that the Liapunov function has an indefi-
nitely small upper bound. Example is given to verify our results in the last.
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1. Introduction

Difference equations usually describe the evolution of certain phenomena over the course of time. These equa-
tions occur in biology, economics, psychology, sociology, and other fields. In addition, difference equations also
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appear in the study of discretization methods for differential equations. Realizing that most of the problems that
arise in practice are nonlinear and mostly unsolvable, the qualitative behaviors of solutions without actually
computing them are of vital importance in application process. The stability property of an equilibrium is the
very important qualitative behavior for difference equations. The most powerful method for studying the stabil-
ity property is Liapunov’s second method or Liapunov’s direct method. The main advantage of this method is
that the stability can be obtained without any prior knowledge of the solutions. In 1892, the Russian mathemati-
cian A.M. Liapunov introduced the method for investigating the stability of nonlinear differential equations.
According to the method, he put forward Liapunov stability theorem, Liapunov asymptotical stability theorem
and Liapunov unstable theorem, which have been known as the fundamental theorems of stability. Utilizing
these fundamental theorems of stability, many authors have investigated the stability of some specific differen-
tial systems [1]-[9].

We know that several results in the theory of difference equations have been obtained as more or less natural
discrete analogues of corresponding results of differential equations, so Liapunov’s direct method is much more
useful for difference equations. Actually, some authors have utilized the methods for difference equations suc-
cessfully [10]-[20]. Using the method, S. Elaydi [10] and J.P. Lasalle [11] gave the classical Liapunov stability
theorem for autonomous difference equations. In [12] [13], the authors extended the technique to generalized
nonautonomous difference equations and put forward the classical Liapunov stability theorem for nonautonom-
ous difference equations. In [14]-[17], the direct approach was extended to some special delay difference sys-
tems to investigate the stability properties. In [18]-[20], how to construct Liapunov function for difference sys-
tem or hybrid time-varying system was exploited.

Consider the following nonautonomous difference system

o = F(N,X,) (1.1)

where f:NxB, — By, f(n0)=0, f(n,x) iscontinuous in x and x e B,, :ixGRkMx"s H!. As shown
in [12] [13], using Liapunov’s direct method to study the asymptotical stability of the zero solution of system
(1.1) relies on the existence of a positive definite Liapunov function V (n,xn) which has indefinitely small
upper bound and whose variation AV (n, xn) along the solution of system (1.1) is negative definite.

Sometimes it is not easy to determine the positive definite Liapunov function for a given equations in applica-
tions. If we further require that the function has indefinitely small upper bound besides its negative definite vari-
ation, the work would become more difficult to do. In this paper, we weaken the Liapunov function to positive
definite and also weaken the negative definite variation to semi-negative definite on orbits of Equations (1.1),
then we put forward a new Liapunov asymptotical stability theorem for difference Equations (1.1) by adding to
extra conditions on the variation. Subsequently, provided that all the conditions of our new asymptotical stability
theorem are satisfied, we obtain a new uniformly asymptotical stability theorem of nonautonomous difference
equations if the Liapunov function has an indefinitely small upper bound.

2. Some Lemmas

In this section, we introduce the following lemmas, which play a key role in obtaining our results.
Lemma 1 Suppose that there exists a function g (n, xn) satisfying the following conditions:
() g:NxB, ->R,g(n0)=0, g(n,x,) is C' with respect to the second argument x,
(ii) the sequence {x,} < B, ,and
(iii) nlirpwg (n,x,) exists.
Then, there exists a positive integer sequence {ni} with n, > 400 as i— +oo such that
lim Ag(ni,xni):o.
Proof. We first prove that for arbitrary constant a >0 there exists a sufficient large integer N, e N for

every positive integer fi> N, such that
|Ag(ﬁ,xﬁ) <a. (2.1)

Suppose that this conclusion of inequality (2.1) does not hold, then there exist @ >0 such that for arbitrary
N’e N there exists a positive integer m> N’ such that
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|Ag(m,x, )|z & (2.2)

By the continuity of Ag, we obtain that either Ag(m,x,)>a or Ag(m,x,)<-&. Without loss of
generality, we only consider the first case. For the above &, there exists a positive integer increasing sequence
{N/} such that Ag(mi,xmi)zé for arbitrary m, >N;. Let PeN" denote a constant. By the discrete

analogue fundamental theorem of calculus [10], we get
P-1
g(m +P, X, )= 9(M, X, )= 2 A0(M + j, X, ,; )= Pa.
(m+P )= (mox, )= S (m 5, )

Note that {N.’} is a positive integer increasing sequence and f, > N, , then the above inequality contradicts

to the exists of lim g (n, X, ) Therefore, the conclusion of (2.1) is proved.

Denote g, :% with i=1,2---. By the conclusion of (2.1), for each i, there exists a sufficiently large
N; e N such that

1
<=, 2.3

5 (2.3)
for each positive integer n, > N,. Then we can select special n, <n,,, and construct an increase sequence

20(n%)

{n,} . Thisimplies n, >+ as i — -+ and IlmAg( y n):0.

Lemma 2 Assume that there exists a function g (n, xn) satisfying the following conditions:

(i) 9:NxB, > R,g(n0)=0, g(n,x,) is C*(k>2) with respect to the second argument,
(ii) the sequence {x,} < B, ,and

(iii) nILrP g(n,x,) exists.

Then, for each fixed r (1s r<k), there exists a positive integer sequence {ni“)} with ni(’) —> 400 as
i — +o0 such that

lim A" g( (,))zo.

i—>+0 n

Proof. We first prove that for arbitrary constants a >0 there exists a sufficient large integer N, € N such
that for every >N, there exists

(fi.%;)
The case of r=1 is proved by (2.1) in the proof of Lemma 2.1. Suppose that inequality (2.4) holds in the
case of r-1 (2 <r< k) but is not true in the case of r. Then there exist constants & >0 such that for arbi-

<a. (2.4)

trary N'eN there exists a positive integer A" > N’ such that |A" (ﬁ('),x~(,) )‘ > 4. Similarly to the state-
n

i) > a0,

i+1

ment below inequality (2.2), there exists a positive integer sequence {ﬁi(’)} such that f

Let (x—l denote the maximum integer not exceeding X and PeN' denote a constant. Same as above,
without loss of generality, we only consider the case A"g (n 0 ) > 4d. By the discrete analogue fundamental
theorem of calculus [10], we get

(2.5)

where te {0,1, 2{2—‘—1}
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r-1 ~(r) _Alr- ~(r i IS_ $ r (1)
Al )g(n,( +t'Xﬁ§')+t) A" gl A" + > ﬁ.('hﬂ} ZA()g(n, + ], ﬁi(r)ﬂ.)
R
(2.6)

> A" g

s <[ E][€] €] 2]

2
If A" g (ﬁfr) {gw,x_m m] <0 and te {012(;1} , from inequality (2.5), we obtain

=1
=
+
1
N | O
]
>
=y
=
—
N[O
—
~
+
Qy
/N
~—+
|
—

A(r—l)g(ﬁi(f) +t,xﬁ_(,) t)s—é{;—l. (2.7)
If A" Yg| A"+ P X 1|20 and te 3P , P +1, 3P +2,---,Pt, from inequality (2.6), we
2 ﬁgfum 4 ' 4 4
obtain
R |P
gfn th,xn(r)+t >a Zl (2.8)

Inequalities (2.7) and (2.8) imply that

Al'flg (nl(r) +t, Xni(r)+[ )

S e

Since ﬁi(’) — 400 as i — +oo, we select ni(r) +t> N, . This leads to a contradiction because of the inductive
assumption for (2.4) in the case of r—1. Therefore, the conclusion of (2.4) is proved.

Similarly to the second part of the proof of Lemma 2.1, for each r (1<r< k) , We can construct a sequence
{ni(’)} with n{") — 400 as i—+o0 such that lim A'g (ni(r), X

i—>+o0

m):O. This completes the proof of Lemma

2.2.

According to Lemma 2.2 we prove the following result.

Lemma 3 Assume that there exists a function g (n, xn) satisfying the following conditions:

(i) 9:NxB, »>R,g(n0)=0, g(nx,) is C'(k>1) and A*g(n,x,) is uniformly continuous with
respect to the second argument x,

(ii) the sequence {x,} < B, ,and

(i) lim g(n,x,) exists.

Then, there exists a positive integer sequence {ti} with t — +o0 as i— +oo such that

i a0 (% 0l oo ol o s o)) 0 20

Proof. Let us first prove

lim A%g(n,x,)=0. (2.11)

n—>+o0

Suppose that this is not true. Then there exist a constant ¢ > 0 and a strictly increasing integer sequence {n,}

such that n — +c0 as i—+wo and A"g(n:,xnf)

>c, i=12,. By the uniform continuity of A“g(n,x,),

there exists a constant ¢ >0, when

Xp =X

<¢ forany i=12,---, then

Akg(n:,xnr)—Akg(n,xn)

c
<_
2



L. M. Zhang, C. F. Zhang

From the above inequalities, we get |Akg(n,xn)

>%. This is a contradiction to (2.4). Then equation (2.11) is

proved.
The result of (2.11) implies the boundedness of A“g(n,x,) on NxB,, . It follows that A**g(n,x,) is

uniformly continuous on the same domain. And as shown above, we obtain lim A**g (n, X, ) =0. Then we see

recursively that
lim A"g(n,x,)=0. 1<r<k (2.12)

N—-+o0

On the other hand, by Lemma 2.2, there exists a sequence {t;} with t, —>+c0 as i— -+ such that
lim A*'g(t, %, )=0. 1<r<k (2.13)

i—>+0

From (2.12) and (2.13) we easily get (2.10). The proof of Lemma 2.3 is complete .

3. New Asymptotical Stability and Uniformly Asymptotical Stability Theorems

In this section, we propose and prove the new asymptotical stability and uniformly asymptotical stability
theorems of system (1.1). First of all, we introduce a special class of function and then give the definition of
positive definite function. Subsequently, we introduce the various stability notions of the equilibrium point x*
of system (1.1). These definitions are very useful for obtaining our results besides the above Lemmas.

Definition 1 A function ¢ is said to be class of K if it is continuous in [O, H), strictly increasing, and
#(0)=0.

(Dgfinition 2 The function V (n, xn) is positive definite if there exists a function ¢ € K such that

V()2 6(]x,])
forall (n,x,)eNxB,,.
Definition 3 Let x(no):xnO be an initial condition of system (1.1) and x(n,no,xno) be a solution such
that x(ny,ny, X, )= X, - The equilibrium point X" of system (1.1) is said to be:
(i) Stable if given £>0 and n, >0 there exists ¢ = 5(g,n0) such that ||xnO —x*” <9 implies

”x(n, N X, )— x“ <¢ forall n>ng, uniformly stable if § may be chosen in dependent of n, .

(i) Attracting if there exists u=u(n,) such that

lim x(n,n X ):X*, uni-

Ny
nN—+oo 0 0

Xoo —x*||< 4 implies

ny

formly attracting if the choice of 4 is independent of n,.

(iii) Asymptotically stable if it is stable and attracting, and uniformly asymptotically stable if it is
uniformly stable and uniformly attracting.

Theorem 1 Consider nonautonomous difference Equations (1.1), where f:NxB, — B, is C"(k 21)
with respect to the second argument x and satisfies f(n,o) =0. Suppose that there exists a C*™ positive
definite function V (n,x,):NxB, —R" such that

(i) V(n,0)=0,

(i) AV (n,x,)<0,where AV (n,x,)=V(n+Lx,,)-V(nx,),

(iiiy A**V(n,x,) isbounded ontheset NxB,,

(iv) U(n,xn)::—(|AV(n,xn)|+|A2V(n,xn) +-~+|AkV(n,xn)
tion ¢ defined by Definition 1.

Then the zero solution of system (1.1) is asymptotically stable.

Proof. By conditions (i) and (ii), the origin of system (1.1) is stable according to the references [12] [13].
Therefore forany nyeN and he(0,H) thereexists & =35(ny,h)>0 such that a solution x, = x(n, Ny, xno)
of system (1.1) satisfies |x,[<h forall n>n, if ||xnO ||< & . In the following part, we prove that every solu-

tion x, with |Ix, <o satisfies lim x, =0.

nN—+w0

+|Ak”v (n,x,)

)s—¢(||xn||), where the func-

By condition (ii) we know that V (n,x,) is monotonically nonincreasing. Hence the limV (n,x,) exists.
no+x©
From condition (iii) we know that A**V (n,x, ) is bounded, which implies that AV (n,x,) is uniformly con-
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tinuous. According to Lemma 3, there exists a integer sequence {ni} with n, - +o0 as i — +owo such that

AV(nan,) s Xo,

_Iim{

1>+

+ANV (n, x
2% (n.x, )

+---+‘Akv(ni,xnl)

+‘Ak*1v (n. X )

} 0. 3.1)

According to the definition of function U (n,xn) and Equation (3.1), we get _IimU(ni,xni):O, which
implies
limx, =0. (3.2

Now we prove
lim x, =0. (3.3)

n—>-+o

Suppose that (3.3) is not true. Then there exist a constant 0<c<h and an integer sequence {m,} with
m, — 4w as | — +oo such that ||xmI || >c VI=12,--. Then, by the definition of positive definite V (n,x,)

vi=infV (my,x,, )= inf g(|x, ) >0 (3.4)
On the other hand, by (3.2) there is an integer j such that V (nj,xnj )<% This is because V is continuous

with respect to the second argument and V (n,0)=0. Thus, by condition (ii), V(n,xn)<% forall n>n,.

Clear, m, >n, for sufficiently large I such that V (mI X ) < % which contradicts to the definition of v given

by (3.4). Therefore, (3.3) is proved. According to Definition 3, we obtain that the zero solution of system (1.1) is
asymptotically stable.

In addition to the hypotheses of Theorem 1, we can obtain that the zero solution of system (1.1) is uniformly
asymptotically stable if V (n,xn) has an indefinitely small upper bound as in the classical Liapunov
asymptotical stability theorem of nonautonomous difference equations.

Theorem 2 Provided that the hypotheses of Theorem 1 are satisfied, the zero solution of system (1.1) is
uniformly asymptotically stable if positive definite function V (n, xn) has an indefinitely small upper bound.

Proof. Since V (n,xn) is positive definite and has an indefinitely small upper bound, there exist functions

o.w €K suchthat o(|x,[)<V (nx,)<w(|x]) forall (nx,)eNxB,.Foreach &< (0,H), there exists a

5=05(¢) such that w(5)<e(e). Denote n, >n, and ||xn1||<§, then we have |x [ <& forall n>n. If
this is not true, then there exists a n, >n, such that n >n, and ||xnl ||<§ imply & <|x,|<H . However,

AV (n,x,)<0 impliesthat V (n,x,)<V(n,x,) for n>n,.Then we obtain that
(o(g)S(p( )SV(HZ,XnZ)SV(nl,an)Sl//("an")Sl//(5)<(0(5).

This is a contradiction. Since all the conditions of Theorem 1 are satisfied, the zero solution of system (1.1) is

an

asymptotically stable. Therefore, for the above &, (), there exists lim x(n,ny,x,)=0 when |x [<3.
nN—+w0

4. Example

In this section, we provide an example to illustrate the feasibility of our results.

Example 4.1. Consider the following difference equations
3
2 2\2
f :(UM]: —Wn+2h(n)wn(urI +Wn3)2 @)
Wn+1 2

u, —2h(n)u, (u? +w?)

n n n

2n-tanh(n)-
where h(n)=%{1+ n tann((r:])Jralr)ctan(n)] and (u,,w,)eB, :{(un,wn)eR2|Ju§+wn2 gH}. Obviously,
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f is C' with respect to (u,,w,) on NxB, and satisfies f(n,0,0)=0. Denote V (n,u,,w,)=u;+w and
W, =(u, W) This function which satisfies V (n,0,0)=0 is clearly positive definitt on R® and is C°
along the solutions of system (4.1), and

vV (n,u,,w, ) < 2|W, | (4.2)
Moreover,

AV(n’unlwn) un+l+Wn+1 Ug—Wﬁ
2 2
( w, +2h(n)w, (uf+w§)2J +{un—2h(n)un(uf+wﬁ)gj —uZ-w?
=—ah(n)(u2 +w )§+4h2(n)(u§+w§)“

5 3

=—4h(n )( u? + Wﬁ){l—h(n)(uf+wf)2j.
2
For (n,u,,w,)eNxB, and H :(gja,we obtain AV (n,u,,w,)<0, then the zero solution of system (1.1)
is stable. At the same condition, we also get
Uz, + w2, = (uZ +w2)—4h(n)(u? + )g+4h2(n)(un2+w§)4
s(u2+w ) hz(n)<u +W )
<5(u + W ) V(u,,w,)eB,

Now, we calculate A*V (n,u,,w,).For (u,,w,)e B, we have

ANV (n,u,,w,)=AV (n+L,u,,,W,,; )- AV(n,un,wn)
:—4h(n+1)( 2+ M) +4h2(n+1)( 2+ W§+1)4
+4h(n )(u +W) —4h*(n )(uﬁ+w§)4.

Then we get |A2V(n u,,w, )| <8( n+lJrW,M)JrS(u,f +wn2)£48 us +W? ), which means that A’V (n,u,,w, )
is bounded on the set N xB, . Now, we only need to verify the example whether satisfies condition (iv) of

5 3 g
Theorem (3.1). Denote ¢(r)=2r2 (l—rZJ, r {0,[%}3} Then ¢(r) is a class of K function. From the
above analysis, we obtain

AV (n,u,,w, )

yYns

_an(m)(u +an)2 [1_h(n)(u§ + W )2]

>2(u? ernz)g [1—(u§ +W§);J2¢(Ju§ + W2 ) V(u,,w, )€ B,,.

Then,
U(n,u,,w,) =|AV nu,,w, | |A2V (n.u,,w,)

1Yn

2¢(1/u§+w§), v (u,,w,)eB,.

Thus condition (iv) of Theorem (3.1) is fulfilled. The zero solution of Example 4.1 is asymptotical stable.

>[AV (n,u,,w,)
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Inequation (4.2) implies that V(n,un,wn) has an indefinitely small upper bound. Then the zero solution of
Example 4.1 is also uniformly asymptotically stable.
We also can utilize Polar coordinate transformation to prove the above conclusion. Let u, =r, cosé, and
w, =r.sing, , then system (4.1) transforms the following form:
I, €0S6,,, =—T,sing, +2r h(n)sing,, 43)
.. SinG,,, =r cos, —2r'h(n)cosd,. '

The square of the first equation adding the square of the second equation in system (4.3) yields

rZ, =12 —4h(n)rS +4h*(n)r?,

n+l — 'n
5 5\3
Denote z, =r? and we get z,,, =z, —4h(n)z2 +4h*(n)z,. Under the conditions of 0<z, g(gj <1

<z, and lim z, =0. By Definition 3, we obtain the zero solution of the

n—-+o0

n+l

and %sh(n)sl, we obtain z

original system (4.1) is asymptotical stable and uniformly asymptotically stable. This confirm the correctness of
utilizing Theorem 3.1 and Theorem 3.2 to judge Example 4.1.
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