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Abstract
This part of the paper is the continuotion of paper “Regular Elements of B, (D) Defined by the
Class Z,(X,10)-1".
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1. Introduction

This work is continuation of the paper “Regular Elements of B, (D) Defined by the Class %, (X,10)—1"
whose sections are labelled 1-2-3. In the introduction and the second section, some definitions and well known
results are stated with references. In Section 3 we give a full description of regular elements of the semigroup
B, (D) when an empty set is not included in D and  Z, = @.

In the present work our aim is to identify regular elements of thesemigroup B, (D) when JeD and
Z,=0.

The method used in this part does not differ from the method given in [1].

2. Regular Elements of the Complete Semigroups of Binary Relations of the Class
z, X,lO),When PeD and Zy=0

We denoted the following semilattices by symbols:
1) Q ={J}, where JeD (seediagram 1 of the Figure 1);
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2) Q,={&,T}, where TeD (seediagram 2 of the Figure 1);

3) Q,={<,T,T'}, where T,T'eD and DT cT' (seediagram 3 of the Figure 1);

4) Q, = @,T,T’,D}, where T,T’eD and F<=TcT' =D (seediagram 4 of the Figure 1);

5 Q={3,T,T\TUT'} where T,T'eD, T\T'#@, T'\T =, (see diagram 5 of the Figure 1);

6) QG:{Q,T,T’,TUT’,ﬁ}, where T,T'eD, T\T'#Q, T'\T=#@, TuUT'cD (see diagram 6 of
the Figure 1);

7) Q7:{®,ZG,T,T’,I5}, where T,T'eD, Z,cT, Z,cT', T\T'#J, T'\T=#J, TuUT' =D (see
diagram 7 of the Figure 1);

8) Q={&T,T"TUT,Z,D}, where ZcT, BcT'cZ, T\T'20, T\T=@, (TUT')\Z22,

z \(T uT');t @, TUT'UZ=D (see diagram 8 of the Figure 1);

TUT'
D
TV
T . T TUT
I T
%) %) %)
1 2 3 4 5 6 7 8

Figure 1. Diagram of all XI-subsemilattices of semi lattices of unions D.

Note that the semilattices 1)-8), which are given by diagram 1-8 of the Figure 1 always are Xl-semilattices
(see [2], Lemma 1.2.3).
Remark that

Qi :{Q};
Q,9,, ={{®,D},{@,zs},{@,27},{@26},{@,25},{@,24},{@,23},{@,22},{@21}};

Qo ={{2,24,26,2,,2,,0},{,2,,2,,2,,2,,5}.,{2.,2,.2,2,,2,,0},{2,2,,24,2,,Z,, D},

(2,25,25,2,,2,,0}.,{2.2,,25,2,,2,,0},{@.25,2,,2,,2,,0} {32, 2,.2,.Z,, 5}}.

Lemmal. Let ¢ be anisomorphism between Q, and D, semilattices, TeQ,, TeD/ and ¢(T)=T.
If X is a finite set and |Qil9xI | =m (i=12--,8) and Z, =y, then the following equalities are true:

1) [R(Q)|=1

(@) =m,-(2-
3) |R(Q3)|=m3.(2\ﬂ_1) ( 3T _ \Tw\) .
1) IR(Qu|=m, (27-1) (372" (421 -5P) 42,
5) [R(Q,)|=2-m, (z\ﬂf )(Z\T\T\ ) A,
6) [R(Qs)[=2m .(2\T\T\ )(Z\T\T\ )(\D\m \D\m\) x|
g1l -
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8) |R(Q8 )| —2.m, .(z\ﬂz\ _1)'(2\?\?\ _1),(3\2\(fvf’)\ B 2‘2\(“?/)‘)«6‘“5‘;

Proof. Let Z, =& . Then given Lemma immediately follows from ([1], Lemma 3). [l
Theorem 1. Let D ={29,28,27,26,25,24,23,22,21,D} €X,(X,10) and Z,=@. Then a binary relation

a of the semigroup By (D) whose quasinormal representation has a form « = UTE\/(D“)(YT“ xT) will be a

regular element of this semigroup iff there exist a complete a-isomorphism ¢ of the semilattice V (D,a) on

some subsemilattice D’ of the semilattice D which satisfies at least one of the following conditions:

: Z;(%;g x @)U (Y xT), forsome TeD and Y #& which satisfies the condition Y;" no(T) =2 ;

o a=(Y5xD)u(Y xT)u(Yg xT'), for some T,T'eD, @cT T, and VY ¢{@} which satis-
fies the conditions: Y5 LY 29(T), Y ne(T)=D, Y ne(T)=J;

o a=(Y5x@)u (Y xT)u (Y xT’)u(YO“ x Ij),for some T,T’eD, @cTcT' <D and
Y Y Ys 2 {@} which satisfies the conditions: Y5 LY 29(T), Y5 UY LY 2o(T'),

Y ne(T)2D, Y ne(T)23, Y7 np(D)=2;

o a=(Y5xD)u(Yy xT)u (Y xT) U (Y x(TUT')), where T, T'eD, T\T'#@, T'\T#J,
Y, Y ¢ {Q} and satisfies the conditions: Y5 LY 20(T), Y5 uY oe(T), Y ne(T)2d,
Y ne(T) =D,

o a=(Y5xD)U(YS xZe) (Y xT) (Y7 xT')u (Y x D), where, Y, YY" ¢ (@},
T.T'e{Z,,Z,,Z,}, T=T', TUT'=D and satisfies the conditions: Y; LYy 2 ¢(Z;),

Yo uYS Y 20(T), Yo U uY 20(T), Yy ne(Z) =D, Y ne(T)zD, Y ne(T)=D.

o a=(Y5xD) oY xT) UV xT ) U (Y x(TUT))U(Yy x D), where Y, Y, Yy" ¢ (D},

Te{Z,,2,, 24,25}, T'e€{Z,,2,,Z5,Z,}, T #T', and satisfies the conditions: Y LY 2¢(T),
Y5 UV 20(T), Y ne(T)2@, Y ne(T)=D, Yy ne(D)=d;

o a=(Y5xD)U(Y xT)U(Ye % Zg ) U (Y g < (T UZg)) U (¥ xT')U(Ys x D), where Y, Yy, Yy ¢ (@},

T\Z;#2D, Z\T#@, DcZ,cT' and satisfies the conditions: Y UY, 2 (Z;),

Yo UY 20(T), Yo uYS UY op(T), Y ne(Z) =D, Y ne(T)=d, Yne((T)=D.
Proof. Let Z, = . Then given Theorem immediately follows from ([1], Theorem 2). O
Lemma 2. Let D ={Zg,ZB,Z7,ZG,ZS,Z4,ZS,ZZ,Zl, f)} €X,(X,10) and Z,=@.Let R'(Q,) be setof all

regular elements of the semigroup B, (D) such that each element satisfies the condition a) of Theorem 1.
Then |R*(Q)|=1.

Now let a binary relation « of the semigroup B, (D) satisfy the condition b) of Theorem 1 (see diagram 2
of the Figure 1). In this case we have Q, :{Q,T}, where TeD and & cT. By definition of the semi-
lattice D it follows that

Qb ={12.2,}.{2.2,} {2.2,}.12.2,}.{2.2,} {12.2,}.{2.2,} {2.2,}.{@, D}}.
Itis easy to see |®(Q,,Q,)[=1 and |Q(Q,)|=9. If
0/~ (2.5}, D} ~[2.2,}, D} ~[2.2,}. D} - 2.2},
D, ={2,Z,}, D, ={3,2,}, D, ={2,2,}, D; = {©,Z,}, D} = {3, Z,},
then

896



Y. Diasamidze et al.

9
R'(Q,)=UR(DY) (1)
i=1
(see remark page 5 in [1]). -
Lemma 3. Let X be a finite set, D={7,,7,,7,,2,,2,,2,,2;,Z,,Z,,D{ €%,(X,10) and Z, =& . Let
R (Qz) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition

b) of Theorem 1. Then

R'(Q,)|= 9-(2‘5‘ —1)-2‘“5‘.
Proof. Let ZeD, D'= {@,Z} and a e R(D’). Then quasinormal representation of a binary relation «

has a form & = (Y5 x@)u (V" xT) for some TeD, Y =@ and by statement b) of Theorem 1 satisfies

the conditions Y5 2@ and Y,* nZ = . By definition of the semilattice D we have D2 Z,ie., Y 2@
and Y* D= . It follows that « € R(D]). Therefore the inclusion R(D’)<= R(D;) holds. By the Equality

(1) we have
R'(Q;)=R(D)). @

From this equality and by statement b) of Lemma 1 it immediately follows that

R (Q, )| -9. (2\5\ _1) ool

O
Let binary relation « of the semigroup B, (D) satisfy the condition c¢) of Theorem 1 (see diagram 3 of the

Figure 1). In this case we have Q, ={&,T,T'}, where T,T’eD and @ T <T'. By definition of the
semilattice D it follows that
Q4 ={{9.2,,0}.{2.2,,0}.{2,2,,b} {2.Z,.D},{2.2,,D}.{2,Z,,D},
{2,2,,0}.{2,2,,0},{@.,2,,2,}.{2.2,,2,} {22, 2} {2, 24, 2,},
(©,2,,2,}.{@.,2,,2,}{2,2,,2,}}.
Itis easy to see |®(Q,,Q,)[=1 and |Q(Q,)[=15.1f-1
D ={@,2,,D},0; ={@,2,,D},0; ={@,Z,,D}.,D; = {2, Z,, D},
D; ={@,2,,D},D; ={@,2,,0},0; ={@,2,,0},0; = {2,2,, D},
D, :{@,ZS,ZS},Dl'0 :{@,27,23},D1'1 :{Q,ZS,Z3},D1'2 :{Q,ZG,ZZ},
D, = {@,ZG,Zl},Dl’4 = {@,ZS,Zl},Dl'5 = {@,24,21},
then
. 15 ,
R'(Q)=UR(DY) ®
i=1
(see remark page 5 in [1] and Theorem 1).
Lemma 4. Let X be a finite set, D={zg,28,27,26,25,24,23,22,21,[')}ezl(x,lo) and Z,= . Let

R* (Q3) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition
c) of Theorem 1. Then

R’ (Q3)| = iZ:|R(D()|—

¥ (R(D;)m R(Dk’)(
i.k)eMs(Qs

( )

where

M4 (Q0)={(2:6).(36).(37).(3.8).(4.8).(58)}.



Y. Diasamidze et al.

Proof. Let D/={@,Y,\Y,"} (D<Y/cY/) be arbitrary element of the set Q,9,, and aR(D/). Then
quasinormal representation of a binary relation « has a form « = (Y“ x@) (Y‘” xT) (Y xT ) for some

T.T'eD, @cTcT', YY" ¢{D} and by statement c) of Theorem 1 satisfies the conditions
YEUYS DY, YYD and Y NY,"= 3. By definition of the semilattice D we have D 2Y,". From
this and by the condition Y; Y 2V, Y nY/=J, Y7 NY,"#< we have

YUY Y YYD, YE AD =D,

ie. aeR(Dj), where D; ={®,Yi’, D}. It follows that R(D/)< R(Dj), from the last inclusion and by
definition of the semilattice D we have R(D/)< R(Dj) forall (i, j)eM,(Q,), where
M, (Q,)={(2.1),(10,2),(11,3),(12,3),(13,3),(14,4),(15,5)}.
Therefore the following equality holds
8
R (Q)=UR(D). (4)
i=1

Now, let Di'={®,Yi,I52‘,D;={®,Yj,l5}c{Dl',D2',---,Dg}, D/#Dj and aeR(D)"R(D;). Then for
the binary relation « we have

YSOYE oY, Y AY, #D, Y ND =,
Y5 U oY, Y AY, =D, Y D =D
From the last condition it follows that Y7 UY[" oY, UY;.
1) Y, UY;=D. Then we have, that (Y5 UY" )Y (Y, LY, )NYT =DNYS = . But the inequality

(Yg uYT“)mYTa, = contradicts the condition that representation of binary relation « is quasinormal. So,
the equality R(D/)N R(D})z@ is true. From last equality and by definition of the semilattice D we have

R(D/)"R(D})=2 forall (i,j)eM,(Q,), where
M, (Q))={(14).(15).(17).(18).(2.4).(25).(2.7).(2.8),
(4.6),(4.7).(5.6).(5.7).(6.7).(6,8),(7.8)}
2) D/={@)Y,,D},D;={@Y,,D},D; ={@Y,LY,,D} = {D],D;,--.D;}, D/#Dj, D/#D;, Dj=Dy,
aeR(D/)nR(Dj) and aeR(Di)mR(D})mR(Dk) are true. Then we have
YEOYS oY Y AY, 23,V "D £,
Y5 OYE Y YYD, Y ND =D,
and
Yo Y Y, Y Y, #0, Y nD =,
Yo O DY, Y NY; 20, D=,
Y5OV Y Y Y A (Y uY)) £ DY D =@
respectively, ie., @ <R(D/)nR(D;j) or aeR(D/)"R(Dj)nR(D;) ifand only if
YUY DY UYL Y AY, =D Y AY B,V D #@.
Therefore, the equality R(D/)nR(D})=R(D/)R(Dj)nR(Dy) is true. From last equality and by defi-

nition of the semilattice D we have: R(D;)nR(Dj)=R(D/)nR(D})nR(D;) for all (i,j.k)eM;(Q,),
where

M, (Q,)={(1,2,6),(1,3,6).(2,3,6),(3,4,8),(3,5,8),(4,5,8)}.

898
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3) D/={@.Y,,D},D;={@,Y,,D},D; ={@,Y,,D},D{ ={@Y, UY,; UY,,D} = {D],D},--,D;} , D;, =D,

Lo

p.aefi,jkt}, p#q, aeR(D))nR(Dj)nR(D;) and aeR(D/)nR(Dj)nR(D;)nR(D;) are true.
Then we have

YEOYE DY, Y AY, =D, Y D%,
YSUYE DY, Y Y, 2D, Y D=,
Yy Y oY, Y Y, 23, Y nD=J
and
YSOYE oY, YA AY, 2D,V "D £,
YSOY Y, Y AY =D, Y ND =2,
Yo Y oY, Y Y, 28, Y NnD =,
Y5 UY DY, YUY, Y (Y OY LY, ) =B, Y AD =@

respectively, i.e, a<eR(D/)"R(Dj)nR(D;) and «eR(D/)nR(D;)nR(D;)nR(D/) ifand only if
Y5 UY DY, Y, UYL Y AY 2D Y AY 2B, Y Y, =D, Y ND =D,

Therefore, the equality R(D/)nR(Dj)nR(D;)=R(D{)nR(Dj)nR(D;)"R(D/) is true. From last
equality and by definition of the semilattice D we have:
R(D/)"R(D})nR(D;)=R(D))"R(Dj)R(D;)"R(D;) forall (i, jkt)eM,(Q,), where

M4 (Q3) = {(1! 21 31 6) 1 (31 4, 5, 8)} .
Now, by Equality (2) and by conditions 1), 2) and 3) it follows that the following equality is true

R*(Q3)|=iZ:|R(Di’)| | ;(Q)\R(D;)m R(D})

(i.K)

where

M4 (Q))={(26),(3.6).(3.7).(38).(4.8).(58)}.

L]

Lemma 5. Let D'= @,Y,D}, D”={®,Y’, 5}, where Y,Y’eD and Y'Y . If quasinormal repre-

sentation of binary relation & of the semigroup” B, (D) has a form a =(Y x@)u(¥ xT )u(Yy" x D)
forsome TeD, DcTcD and Y/,Yy ¢{D},then aeR(D')nR(D") iff

YUY oYY Y 23, Yy nD = Q.
Proof. If a € R(D")nR(D"), then by statement c) of theorem 1 we have
Y2 OYE Y, Y AY 23, Y ND =T,

YEOYE DY Y AY =B Y D= ©

From the last condition we have
YSOYE oYY NY 2B, Y D= (6)
since Y' oY by assumption. On the other hand, if the conditions of (6) holds, then the conditions of (5) follow,
ie. aeR(D)NR(D"). O

Lemma 6. Let D’={@,Y,5},D”={®,Y’, [')}c{Dl’,Dg,---,Dé}, Y'oY and X be a finite set. Then the
following equality holds

|R(D')m R(Dn)| —15. 2"V ~(2M _1).(3\5\\('\ _ Z‘D\Y").s‘x\lf)‘l

Proof. Let D'={@,Y,D},D"={@,Y',D}  {D],D;,---,Dj}, where Y'Y . Assume that

ae R(D’)m R(D") and a quasinormal representation of a regular binary relation « has a form

899
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a=(Y5x@)u(Yf xT)u(Yy xD) for some TeD, @Tc<D and Y/,Y," ¢{D}. Then according to
Lemma 5, we have
YUY Y Y AY #B, Y ND =D, @)
Further, let f, be a mapping from X to the semilattice D satisfying the conditions f, (t):tg for all
teX. f,, f,, and f,, are the restrictions of the mapping f, on the sets Y', D\Y’, X\D respec-
tively. It is clear that the intersection of elements of the set {Y’, D\Y’, X\ [3} is an empty set, and
Y'U(D\Y')U(X \D)=X . We are going to find properties of the maps f,,, f,,, f,,.

1) teY'. Then by the properties of D we have Y'cYj LY, ie, teY UY and tae{d,T} by
definition of the sets Y and Y;". Therefore f,, (t)e{Q&,T} forall teY’. By suppose we have that

YSNY =D, ie ta=T forsome t'eY.Therefore f,, (t')=T forsome t'eY.
2) teD\Y'. Then by properties of D we have D\Y'cDc X =YZ UY  UYS, ie, teYSUY UYS
and ta e @,T,f)} by definition of the sets Y5, Y and Y,°. Therefore f,, (t)e{@,T,f)} for all

te D\Y'. By suppose we have, that Y,* "D #@,ie. t"a=D forsome t"eD.If t"eY’. Then
t"eY'cY; UY. Therefore t'a e{Q, T} by definition of the set Y5 and Y,;*. We have contradiction to

the equality t"a =D. Therefore f,, (t")=D forsome t"eD\Y’.
3) te X \D. Then by definition quasinormal representation binary relation « and by property of D we have

te X\Dc X =YSUY UY/, ie. tae{@,T,D} by definition of the sets Y;,Y; and Y,”. Therefore
fr (t)e{@,T,l52 for all te X \D. Therefore for every binary relation a € R(D')nR(D") there exists
ordered system (fy,, f,,, f;,). It is obvious that for disjoint binary relations there exists disjoint ordered
systems. Further, let
f,:Y' > {@,T},f,:D\Y' > {@,1,D0},f,: X\D—>{@,T,D}
be such mappings, which satisfy the conditions: f,(t)e{&,T} for all teY’ and f (t')=T' for some
teY; fz(t)e{Q,T,D} forall teD\Y’ and f,(t")=D forsome t"eD\Y’; f3(t)e{®,T,D} for all
te X\ D. Now we define a map f from X to the semilattice D, which satisfies the condition:
f (t),if teY'\Z,
f(t)=1f,(t),ifteD\Y’,
fy(t),if te X \D.
Further, let g={J  ({x}x f(x)), Y/ ={tItB=2}, Y/ ={t|tp=T} and Y/ ={t|tp=D}. Then bi-
nary relation S may be represented by
B=(Y£xD)u(¥ xT)u (Y D)
and satisfy the conditions:
YUY oY Y AY 2B, Y nD =D
(By suppose f,(t')=T' for some t'eY and f,(t")= D for some t"eD\Y'), i.e.,, by lemma 5 we have
that BeR(D')NR(D"). Therefore for every binary relation aeR(D’)nR(D") and ordered system

(fm, f,s f3a) there exists one to one mapping. By Lemma 1 and by Theorem 1 in [1] the number of the
mappings f,f,, , f,,, f,, arerespectively:

1, 2\(Y’\Y)\ '(ZM _1),3\0\\('\ _Z‘D\Y",S‘X\D‘.

Note that the number 2" -(2‘” —1) : (B‘D\Y" ol ) 3% does not depend on choice of chains T<T'<T”

(T.,T'T"eD) of the semilattice D. Since the number of such different chains of the semilattice D is equal to
15, for arbitrary T,T'e D where @<T <T’, the number of regular elements of the set R(D')"R(D") is

equal to
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|R(D')m R(D")| —15. 2| -(ZM _1).(3‘5\\(" _ Z‘D\Y")-?)‘X“j‘.

Therefore, we obtain:
R(D;)AR(D;)| =15-2%"%I (2% -1 (3‘“3‘—2‘5‘23‘ 340

D\Z. D\zZ X\D|
07| _,0z3]) gx10)

O
N~
D)
Z
9
I—‘
U'I
N
&
£
—_
N
£

9

|—\
N
&
N
&

)OR(
)NR(D;) = -1)-
)NR(D;) = (2‘26‘ 1)
)AR(D;)| =15-2% %l (2% 1) (377 - 22l g7, 8)
)NR(D;)| =
)N R(D;)
(

)
( |
(020 ) -4,
( )

D\z D\z X\D
(3Pal gzl gkl

(2l _q

S\D\zl\ \D\zl\ 3\><\D\

D; )| =15-2%'% (2% -1

AR(D;)|=15-2%'% (2% -1). (3""21‘—2‘5‘21) i

Lemma 7. Let X be a finite set, D= zg,28,27,26,25,24,23,22,21,D}ezl(x,lo) and Z,=0 . Let
R* (Qa) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition
c) of Theorem 1. Then

R*(Q, )| - 15.(2\28\ _1) ) (3\5\23\ _ o0\ ) .90l

) (3\5\27\_2\5‘)\27\ _3\X\D\

15271
[
+15. (2\25\ ) 3\D\zs\_2\5\25\ 'S‘X\Ij‘
(
{
[

\D\zs\ _ 2\5\25\ .3\><\D\

+15.(2%l —1).
_3\X\D\
+15. (2%l _ 1) 3\0\23\ 2\0\23\ B\X\lj\

+15.( 2%l _ 3\D\zz\ Z\D\zz\ B\X\ﬁ\

)

[ )

( )

+15.(2% 1), (3‘“"24‘—2‘5‘24‘)
( |

( |

1)
15 (281 -1) (375127 1
_15.2/%5\%| . 2\28\ ) (3\D‘Z3\ _2\'5‘23‘).3‘)‘\5\
_15. 9%z 2\z7\ ) (3\0\23\ _2\0\23\).3\X\D\
) (32040
15. 2%\ . zwze\ (3\0\22\ _2\5\22\).3\X\D\
_99. 918\ | ( ol2| 1) ( ‘D\Zl‘_z"j\zl‘).g‘xm‘
15. 927 . 2\25\ (3\D\21\ _2\5\21\).3\X\D\
1)

(3\5\21\ _2\5\21\ )'S‘X\Ij‘.

_15.2%\zel 2\26\ -1

-15. 2\21\24\ (2\24\
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Proof. Let Z, = . Then the given Lemma immediately follows from Lemma 4 and from the Equalities (3).
O

Now let binary relation « of the semigroup By (D) _satisfy the condition d) of Theorem 1 (see diagram 4
of the Figure 1). In this case we have Q, ={®,T,T', D}, where T,T'eD and @<TcT'<cD. By de-
finition of the semilattice D it follows that

Q% ={{2.2,,2,,0}.{2,2,,2,,0}.{2,2,,2,,5}.{2,Z,,2,,D},
{2.2,,2,,0},{2,2,,2,,0}.{2,2,,2,,D}}.
Itis easy to see |®(Q,,Q,)|=1 and |Q(Q,)[=7.If
D ={@.2,.2,,D}, D; = {@,2,,Z,,D}, D; = {@,Z,,Z,,D},
={2.,2,,2,,0},0; ={2,2,,2,,0}, D; ={2,2,,2,,D},
D; ={@.2,,2,,D};

then
7
R'(Q.)=UR(D) ©)
i=1
(see Definition [1], Definition 4 and [1], Theorem 2). ~
Lemma 8. Let X be a finite set, D =1{Z,,2,,2,,2,,2:,2,,25,Z,,2,,D} €3,(X,10) and Z, = . Let
R (Q4) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition
d) of Theorem 1. Then

R'(Q, )| _7 .(2\28\ _1) ) (3\z3\zg\ _ olza\z ) . (4\0\23\ _ g0zl ) 4

92| _ 5lza\7i| ‘D\Zg‘ _3‘5\23‘)'4‘X\5‘

2%l 1

#7:(27-1) (s
( ) 3\z3\ze\_2\z3\zs\) (4\%\ \D\Za\),4\X\f>\
(201) )

+7+(2%l-1).
{29-1)
(241

327 _ olzel

4\0\21\ _3"3\21‘).4‘“5‘

(3\22\26\ _ olz2\z 4\D\zz\ _S\D\zz\ ) . 4‘X\Ij‘
(3\21\25\ _ 2\zl\z5\) (4\5\21\ _3\5\21\ ) ' 4\><\D\

(3\21\24\ _ g7z ) . (4\5\21\ _ 3\5\21\ ) ) 4‘X\Ij‘.

Proof. Let Z, =&. Then the given Lemma immediately follows from ([1], Lemma 10). O
Now let binary relation « of the semigroup B, (D) satisfy the condition €) of Theorem 1 (see diagram 5
of the Figure 1). In this case we have Q; ={&,T,T", TUT'}, where T,T'eD and T\T'#& and
T'\T = & . By definition of the semilattice D it follows that

Q ={12.2,.2,,2,},{2.2,,2,,2.}{2,2,,2,,D},{2.2,,2,,},{92,,2,, D},
{2,2,,2,,0}.{2.2,.2,,2,},{2.,2,,2,,0},{©.2,.2,,0}.,{2.2,,2,,D},
{2,2,,2,,0},{2,2,,2,,2,},{2.2,,2,,2,} (2. 25,2,,2,},{@.,Z5. 2, D},
{2,2,,2,,0},{@,2,,2,,0}.{2.2,.2,,D},{2,2,,2,,D} .{2,Z,,Z,, D},
{2,2,,2,,0}.

Itis easy to see |®(Q;,Q;)|=2 and |Q(Q;)|=21.If
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D, ={2,2,,2,,2,},D; ={2,Z,,2,,2,},D} ={,2,,2,,2,},D; ={D, 2,25, Z,},
D ={@.Z,.Z;,D},D; ={@,Z;,2,,D},D; ={2,2,,2,,D},D; = {@,2,,Z,,D},
-{2.,2,,2,,D}.,D}, ={2,2,,2,,D}.,D;, ={@,2,,2,,D},D}, = {7,2,,2,, D},
D, ={@,2,.2,,2,},D}, ={D,Z,.,2,,2,},Djs ={@,Z,,Z;,D},D}, = {2,Z5,Z,,D},
@,2,.2,,0},D, ={2,2,,2,,0},D, ={2,2,,2,,0},D}, ={&,2,,2,,D},
@,2,,2,,D},D,, ={@,2,,Z,,D},D}, ={@,2,,2,,2,} D}, = {2,252, 2,},
@,25,2,,2,}, D3 =19,2,,24,2,},D}, ={9,24,2,,2,}, D}y = 12,2,,25,2,},

-
-
={
Dy, ={@,Z5,2;,D
{
{
{

D}, Dy, ={@,2,,2;,D},D}, ={@,2,2,,D},D}, ={@,2,,Z;,D},
Dy, ={@.2,.2,,0},D;, ={@,2,,2,,0},D% ={2,2,,2,,b},D}, ={&,2,,2,,D},
Dy, ={@.,24,2,,B},D}, = {@,2,,Z,,D},D} ={@,2,,2,,D},D;, ={2,2,,2,,D},
D, ={@.2,,2,,0},D}, ={@,2,,Z,,D}
then
42
R (Qs) = UR ( Di') (10)
i=1

(see [1], Definition 4 and [1], Theorem 1).

Lemma 9. Let X be a finite set, D= zg,zg,27,26,25,24,23,22,21,D}ezl(x,lo) and Z, =0 . Let
R (QS) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition
e) of Theorem 1. Then

Q|=SIR(E)- 3 R(D)AR(D)]

(k. J)eMs

where
M;(Qs)={(3.9).(311),(4,10),(4,12),(5,11),(5,30),(5,39),(6,12),(6,29),

(6,40),(7,11),(7,34),(7,39),(8,12),(8,33),(8,40),(9,37),(10,38),
(11,39),(12,40),(13,19),(13,21),(14,20),(14,22),(15,21),(15,30),
(15,39),(16,22),(16,29),(16,40),(17,21),(17,34),(17,39),(18, 22),
(18,33),(18,40),(19,37),(20,38),(21,39),(22,40),(23,30),(23,32),
(23,39),(23,41),(24,29),(24,31),(25,34),(25,36),(26,33),(26,35),
(29,40),(30,39),(31,42),(32,41),(33,40),(34,39),(35,42),(36,41)}..

= -

Proof. Let Z, =& . Then the given Lemma immediately follows from ([1], Lemma 13). O
Lemma 10. Let D/={@Y,Y,\Y, LY} and Dj={@,Y,Y/,Y;UY/} be arbitrary elements of the set

{D},D;,---,D;,} ,where D/#Dj, Y, 2Y, and Y/2Y,. Then the following equality holds
R(D))"R(Dj)|=21- i)} (2‘“Y )2‘““Y ) ( S| _ ) A

Proof. Let Z, = . Then the given Lemma immediately follows from definition semilattice D and by ([1],
Lemma 13). O
Lemma 11. Let X be a finite set, D= zg,28,27,26,25,24,23,22,21,5}ezl(x,lo) and Z,=0. Let
R (QS) be set of all regular eIements of the semigroup B, (D) such that each element satisfies the condition

R (Q)| = Z AR (D)= X s R (D) A R(D; )| where
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2\z7\zg\ 1) 4\><\z3\+42 (2\28\26\ ) (2\26\28\ _1)_4\X\z3\

2\z5\zg\ _1)_4\X\D\ +42.(2\zs\24\ _1).(2\24\28\ _1)_4\x\|5\

42
§|R( - 42. (2‘28‘27‘ -1)-(
2\23\25\ 1)
+42. 2\28\22\ 1) 2\22\28\ _1).4‘X\D‘ +42_(2\zg\zl\ _1).(2\21\28\ _1)_4\x\|5\
2. (2172l _ 1) 2lZ6\z7| _1).4\“23\ _,_42.(2\27\25\ _1).(2\25\27\ _1).4"“5‘
1

0l27\24] _ 1) ol2a\z7| _ _4‘“'5‘ +42,(2\Z7\22\ _1)_(2\22\27\ _1)_4‘“'5‘

ll
(
(
(
(2\27\21\
(
(
(
(
(

+
n

N

+42-

(
(
(
(
(
(2\24\26\ _
(
(
(
(

+42. 1) (2% -1)- 40 4 2. (2% 1) (2% 1)
+42:(2%%0-q). 1)-4% 1 4. (270 _1). (2745l ). 4%
a2 (255l g ) olz\z _1).4\X\f>\ +42.(2\zs\z2\ _1).(2\zz\zs\ _1).4\X\f’\
a2 (2%l _q ) olz2\24| _1).4\X\D\ +42.(2\z4\22\ _1).(2\zz\z4\ _1).4\X\D\
a2 (252l _q ) ol22\z3| _1).4\X\D\ +42.(2\23\Zﬂ _1).(2\21\23\ _1).4\X\D\
+42. (2% 1) (2% _1).4

and
)Z ‘R(Dk')mR(D;)‘
( \Zs\Zz\_l).z\Zz\Zs\.(2\25\28\_ ) 470l 42.(2\28\21\ _1).2\ zl\Zs\.(zwzs\zs\_l).4\m\
4. (2% 1) (2% 1) 4% 4. (2705l ) (2715 1) 470
) (220 ) g0
(2l 1) (270l 1) 4 4 4. (21 ) (2705 1) 440
) 0 2\z| _1).4\X\D\ +42.(2\ 2\2) _1),(2\ 2\ _1),4\X\D\

2\ Z:\2,| _ ) 2\ 7\ _(2\ Z6\74)| _1). \X\D\ +42'(2\ 7;\7y) _1).2\ 2)\23] '(2\ Z\7¢] _l)_4\><\|3\

J’_
n
l\)

) (
+42. 2\ Zg\z,| -1)- (2\ Z5\Z3 _1),4‘X\D‘ (2\ Zg\z| -1
(

2‘ Zg\Z,| -1

+
~
l\)

+
IS
f\)

2\27\21\ 1) 2\15\27\ _1) 4‘X\D‘ 42. 2\27\25\_1). 2\25\23\_1).4‘“5‘
[olz\al 1)

2\27\24\ ) 2\24\23\_

[x\D|

+
I
I\)

+42-

+
o
I\)
—_—~ - = =

( (
(21 -1)-4° 4. (2177 1)
( ) A0 4. (2\ 27\ _1).
+42:(27 1) (2751 1) 40 a2 (274 ) (2205
42251 (17051 _q). (2%l _1). 4704 4.5 51 (2% _q). (2% _q).4
+42.91%\2 .(2\ 25\24| _1).(2\ 2,23 _1).4\X\D\ +42.9122\2 .(2\ 25\24| _1).(2\ 2,\2,| _1).4\X\D\
a2 (2 ) (2 1) 4 g (o= ) (37 ) 4

+42.(2\ Z,\23| _1).(2\ 73\7] _1)'4‘X\D‘ +42.(2\ 24\2,| _1)_(2\ Z,\7y) _1).4‘X\D‘-

(

,(2\ Z4\74| _1),4

(2\ FAVH _1).4‘X\D‘
)

'4\><\D\
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Proof. Let Z, =& . Then the given Lemma immediately follows from Lemma 9 and 10. O
Let f be a binary relation « of the semigroup B, (D) satisfy the condition g) of Theorem 1 (see diagram 7

of the Figure 1). In this case we have Qez{Zg,ZG,T,T’, f)} where T,T'€{Z;,Z,,Z,}, T\T'#@ and
T'\T =& . By definition of the semilattice D it follows that

Qs ={{2.24,24,2,,0},{2.2,,2,,2,,5}.{2.2,,2,,2,,D}}.
Itis easy to see |®(Q,, Q;)|=2 and |Q(Q,)=3. If
D; ={2,,2:,2,,2,,0}, D} ={Z,,2,,2,,2,,D}, D} ={2,,2,,2,, 2,0},
D, ={Z,,24,2,,2,,D}, D, ={Z,,2,,2,,2,,D}, D} ={Z,,Z;,2,,2,,D}.
Then

6

R"(Q)={R(D)) (11)

i=1
(see Definition [1], Definition 4 and [1], Theorem 2). -

Lemma 12. Let X be a finite set, D= {Zg,ZB,Z7,ZS,ZS,Z4,ZS,ZZ,Zl, D} €%, (X,10) and Z, =0 . Let
R*(Qs) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition
f) of Theorem 1. Then
R*(Q. )| _ 6(2\z6\zg\ B 1) ol(Z3nZ2)2 (3\23\22\ _ o722z, )(B\ZZ\ZS\ _ o2\ )S\X\D\

+6 (2\26\29\ _ 1) olizsrz)\z (3\23\21\ _olza\z| ) (3\21\23\ _olnz| ) S\X\D\

+ 6(2\26\29\ _1) 2\(zzmzl)\ze\ (3\z2\z1\ _ 2\22\21\ )(3\z1\z2\ _ 2\21\22\ )S\X\D\

Proof. Let Z, =& . Then the given Lemma immediately follows from ([1], Lemma 15). O
Now let g be a binary relation « of the semigroup By (D) satisfy the condition f) of Theorem 1 (see

diagram 6 of the Figure 1). In this case we have Q, = {@,T,T’,T T/, f)}, where T,T'e€{Z,,Z,,24,25,2,},
T\T'#0 and T'\T = J. By definition of the semilattice D it follows that

Q9 ={{9.2,,2,,2,,0}.{2.2,,2,,2,,D},{2.2,,2,,2,,D},
(2.2,,25,2,,0}.{2,2,,2,,2,,0},{9,2,2,,2,,D}}.
Itis easy to see |®(Q,,Q;)|=2 and |Q(Q,)=6.If
D ={@.,2,,2,,2,,D}, D; ={@,2,,2,,2,,D}, D; ={,2,, 25,25, D},
D, ={2.,Z;,2,,2,,D}, D} ={@,2,,2,,2,,D}, D ={®,2,,2;,Z,, D},
D ={@,2,,Z,.2,,D}, Dy ={2,Z,,2,,2,,B}, D; ={2,Z,,2,.2,, D},
D}, ={@.2,,2,2,,D}, D}, ={@,2;,2,,2,,0}, D}, ={&,2,,Z5,Z,, D}
then

R'(Q)= QR(D{) (12)

(see [1], Definition 4 and [1], Theorem 2).
Lemma 13. Let X be a finite set, D={Zg,ZS,Z7,ZG,ZS,Z4,ZS,ZZ,Zl,5}eEl(X,lo) and Z, = . Let

R (Q7) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition

g) of Theorem 1. Then
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R* (Q7 )| =12.(2\zg\z7\ _1)_(2\27\28\ _1)'(5\5\23\ _4\|5\23\ )~5‘X\5‘

+12. 2\28\26\ 2\26\28\ ) S\D\z3\_4\|5\z3\ .S‘X\D‘

+12. 2\27\26\ 1 [x\D|

)
)
)
)

-5

+12. lZs\2e| _q

2\24\25\ 5\0\21\ _4\5\21\ .S‘X\D‘

(
(2‘26\27‘ 1) 5‘D\Z3‘_4‘D\Z3‘
(

+12-(2%\%l _1 (

( )

( )
(s —a0e).6
3 )

+12'(2\zs\z4\ _1)_(2\24\25\ _1)'(5\0\21\ _4\5\21\).5\><\D‘.

Proof. Let Z, =& . Then the given Lemma immediately follows from ([1], Lemma 16). O

Let h be a binary relation « of the semigroup B, (D) satisfy the condition h) of Theorem 1 (see diagram
8 of the Figure 1). In this case we have Q, ={@,T,Z,, TUZ,,T/, D} ,Where T e{Z,,2,,Z;,2,},
T'e{Z,Z, Zl} . By definition of the semilattice D it follows that

Qu ={{2.20.25,2,,2,,0},{8.2,,2,2,,2,,0}{,2,,2,,2,,2,, D},
{2.2,,2,,2,,2,,0}.{@,2,.25,2,,2,,0} {2, 2,.,25,2,,2,, D},
9.2,,2,,2,,2,,0}.10.2,,2,.2,.2,, 5}}.

It is easy to see |cD(Q8,Q8)|—1 and |Q(Q,)|=8. If
@,24,24,25,2,,D}, D;

D,24.Z6.25.2,,

;=
@,2,.25.25,Z,,D}, D'={® Z.,.24,2,,Z,,
' ={2,2,.25,2,,2,,D
' ={2.,2,,2,,2,,2,,D

{ b}
i1 it
: ={2.2,,2,2,,2,,0}, D; 3
1 =12,2,,2,,2,,2,,D}, D; D}
Then

R (@)= UR(D) (13)

i=1
(see [1], Definition 4 and [1], Theorem 2).
Lemma 14. Let X be a finite set, D=12,,2,,2,,24,2,2,,25,2,,Z,,D} €%,(X,10) and Z, =@ . Let
R* (Qg) be set of all regular elements of the semigroup B, (D) such that each element satisfies the condition
h) of Theorem 1. Then

R'(Q, )| - 8.(2\28\22\ _1).(2\26\28\ _1),(3\22\z3\ _ 2\z2\z3\)_6\x®\
1 .(2\26\28\ _1)_(3\21\23\ _ 2\21\23\)_6\X\D\

+8. (2%l -

+8. (22172l _q).(9lz6\z1] _

(24%-y)

(27 -]

8. (2\27\21\ _1).
+8- (2%l 1)
(

(

(

gf22\ze| _ 92274 ) ) 6‘)(\5‘

+

34\l _ olz\zg ) ) 6‘)(\[5‘

(271 -1).
)
.(2\26\25\ 1)
(
(
(

G\X\D\

8. (2722l _q).(lze\7sl _q

+

g%\l _ olza\z |x\D|

-6

1+ 8.(27\ %l _q). (21762l _ 322\4l _ 5lz2\2| ~6‘X\D‘

(

(

(3\23\21\ _ gz ) .g*'0
(3725 g%,

( )

( )

) )
-8 (20450 _1) (2% _1).
) 1)
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Proof. Let Z, =& . Then the given Lemma immediately follows from ([1], Lemma 17). O
Let us assume that

8
=2,
i=1
Theorem 2. Let De3,(X,10), Z,=@ . If X is a finite set and R, is a set of all regular elements of the
semigroup B, (D), then |R,|=s,.
Proof. This Theorem immediately follows from ([1], Theorem 2) and Theorem 1. O
Example 1. Let X ={1,2,3,4,5,6,7},

R={1,P={2},P,={3},P,={4}, R, ={5},P, ={6}, B, ={7},R, =P, =P, =@.

R'(Q )|.

Then D={12,34,56,7}, Z,={234,56,7}, Z,={L3,4,56,7}, Z,={124,56,7},
Z,={2,356,7}, Z,={2,34,67), Z,={4,56,7}, Z,={124,57}, Z,={12,456} and Z,-@.

D=1{{1,2,34,56,7},{2,34,56,7},{1,3,4,56,7},{1,2,4,56,7},
{2,35,6,7},{2,3,4,6,7},{4,56,7},{1,2,4,5,7},{12,4,5,6},2}.

We have Z,=@, |[R"(Q)[=1, |R"(Q,)=1143, |R"(Q,)=9990,
R'(Q,)| =540, [R"(Q,)|=168, |R(Q,)| =64, R, =17499.

Theorem 3. Let D eX,(X,10). Then the set R, of all regular elements of the semigroup B, (D) is a
subsemigroup of this semigroup.

Proof. From ([1], Lemma 2), and by definition of the semilattice D it follows that the diagrams of XI-

semilattices have the form of one of the diagrams given ([1], Figure 2). Now the given Theorem immediately
follows from ([3], Theorem 2). O

R*(Qu)|=2443,

R*(Qs)| = 3150,
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