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Abstract 

This part of the paper is the continuotion of paper “Regular Elements of ( )XB D  Defined by the 

Class ( )X I1 ,10Σ − ”. 
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1. Introduction 
This work is continuation of the paper “Regular Elements of ( )XB D  Defined by the Class ( )1 ,10X IΣ − ” 
whose sections are labelled 1-2-3. In the introduction and the second section, some definitions and well known 
results are stated with references. In Section 3 we give a full description of regular elements of the semigroup 

( )XB D  when an empty set is not included in D and 9 .Z ≠ ∅  
In the present work our aim is to identify regular elements of thesemigroup ( )XB D  when D∅∈  and 

9 .Z = ∅  
The method used in this part does not differ from the method given in [1]. 

2. Regular Elements of the Complete Semigroups of Binary Relations of the Class  
( )X1 ,10Σ , When D∅∈  and Z9 = ∅    

We denoted the following semilattices by symbols:  
1) { }1Q = ∅ , where D∅∈  (see diagram 1 of the Figure 1); 

http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2016.79079
http://dx.doi.org/10.4236/am.2016.79079
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2) { }2 , ,Q T= ∅  where T D∈  (see diagram 2 of the Figure 1); 
3) { }3 , , ,Q T T ′= ∅  where ,T T D′∈  and T T ′∅ ⊂ ⊂  (see diagram 3 of the Figure 1); 
4) { }4 , , , ,Q T T D′= ∅



 where ,T T D′∈  and T T D′∅ ⊂ ⊂ ⊂


 (see diagram 4 of the Figure 1); 
5) { }5 , , ,Q T T T T′ ′= ∅ ∪  where ,T T D′∈ , \T T ′ ≠ ∅ , \T T′ ≠ ∅ , (see diagram 5 of the Figure 1); 
6) { }6 , , , , ,Q T T T T D′ ′= ∅ ∪



 where ,T T D′∈ , \T T ′ ≠ ∅ , \T T′ ≠ ∅ , T T D′∪ ⊂


 (see diagram 6 of 
the Figure 1); 

7) { }7 6, , , ,Q Z T T D′= ∅


, where ,T T D′∈ , 6Z T⊂ , 6Z T ′⊂ , \T T ′ ≠ ∅ , \T T′ ≠ ∅ , T T D′∪ =


 (see 

diagram 7 of the Figure 1); 
8) { }8 , , , , ,Q T T T T Z D′ ′= ∅ ∪



, where T∅ ⊂ , T Z′∅ ⊂ ⊂ , \T T ′ ≠ ∅ , \T T′ ≠ ∅ , ( ) \T T Z′∪ ≠ ∅ , 

( )\Z T T ′∪ ≠ ∅ , T T Z D′∪ ∪ =


 (see diagram 8 of the Figure 1);  
 

 
Figure 1. Diagram of all XI-subsemilattices of semi lattices of unions D.                                       

 
Note that the semilattices 1)-8), which are given by diagram 1-8 of the Figure 1 always are XI-semilattices 

(see [2], Lemma 1.2.3). 
Remark that  

{ }
{ } { } { } { } { } { }{ { } { } { }}

{ } { } { }{ { }
{ } { } { }

1

2 8 7 6 5 4 3 2 1

8 8 6 3 2 8 6 3 1 7 6 3 2 7 6 3 1

6 5 3 1 6 5 2 1 6 4 3 1 6 4 2 1

;

, , , , , , , , , , , , , , , , , ;

, , , , , , , , , , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , , , , , , , , ,

XI

XI

XI

Q

Q D Z Z Z Z Z Z Z Z

Q Z Z Z Z D Z Z Z Z D Z Z Z Z D Z Z Z Z D

Z Z Z Z D Z Z Z Z D Z Z Z Z D Z Z Z Z

ϑ

ϑ

ϑ

= ∅

= ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅

…

= ∅ ∅ ∅ ∅

∅ ∅ ∅ ∅



   

   { }}.D

 

Lemma 1. Let ϕ  be an isomorphism between iQ  and iD′  semilattices, iT Q∈ , iT D′∈  and ( )T Tϕ = . 
If X is a finite set and i XI iQ mϑ =  ( )1, 2, ,8i =   and 9Z = ∅ , then the following equalities are true: 

1) ( )1 1;R Q =
 

2) ( ) ( ) \
2 2 2 1 2 ;T X TR Q m= ⋅ − ⋅

 
3) ( ) ( ) ( )\ \ \

3 3 2 1 3 2 3 ;T T T T T X TR Q m ′ ′ ′= ⋅ − ⋅ − ⋅
 

4) ( ) ( ) ( ) ( )\ \ \\ \
4 4 2 1 3 2 4 3 4 ;D T D T X DT T T T TR Q m ′ ′′ ′= ⋅ − ⋅ − ⋅ − ⋅

  

 
5) ( ) ( ) ( ) ( )\\ \

5 52 2 1 2 1 4 ;X T TT T T TR Q m ′∪′ ′= ⋅ ⋅ − ⋅ − ⋅
 

6) ( ) ( ) ( ) ( ) ( )( )\ \ \\ \
6 62 2 1 2 1 5 4 5 ;D T T D T T X DT T T TR Q m ′ ′∪ ∪′ ′= ⋅ ⋅ − ⋅ − ⋅ − ⋅

 


 
7) ( ) ( ) ( ) ( ) ( )66 \ \\ \ \ \

7 72 2 1 2 3 2 3 2 5 ;T T Z X DT T T T T T T TZR Q m ′∩ ′ ′ ′ ′= ⋅ − − −

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8) ( ) ( ) ( ) ( ) ( )( )\ \ \\ \
8 82 2 1 2 1 3 2 6 ;Z T T Z T T X DT Z T TR Q m ′ ′∪ ∪′= ⋅ ⋅ − ⋅ − ⋅ − ⋅



 

Proof. Let 9Z = ∅ . Then given Lemma immediately follows from ([1], Lemma 3).                   □ 
Theorem 1. Let { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Then a binary relation  
α  of the semigroup ( )XB D  whose quasinormal representation has a form ( ) ( ), TT V D

Y Tα
α

α
∈

= ×


 will be a  

regular element of this semigroup iff there exist a complete α-isomorphism ϕ  of the semilattice ( ),V D α  on 
some subsemilattice D′  of the semilattice D which satisfies at least one of the following conditions: 
• ;α = ∅  
• ( ) ( )TY Y Tα αα ∅= ×∅ ∪ × , for some T D∈  and TYα ≠ ∅  which satisfies the condition ( )TY Tα ϕ∩ ≠ ∅ ; 
• ( ) ( ) ( )T TY Y T Y Tα α αα ′∅ ′= ×∅ ∪ × ∪ × , for some ,T T D′∈ , T T ′∅ ⊂ ⊂ , and { },T TY Yα α

′ ∉ ∅  which satis- 

fies the conditions: ( )TY Y Tα α ϕ∅ ∪ ⊇ , ( )TY Tα ϕ∩ ≠ ∅ , ( )TY Tα ϕ′ ′∩ ≠ ∅ ; 

• ( ) ( ) ( ) ( )0T TY Y T Y T Y Dα α α αα ′∅ ′= ×∅ ∪ × ∪ × ∪ ×


, for some ,T T D′∈ , T T D′∅ ⊂ ⊂ ⊂


 and  

{ }0, ,T TY Y Yα α α
′ ∉ ∅  which satisfies the conditions: ( )TY Y Tα α ϕ∅ ∪ ⊇ , ( )T TY Y Y Tα α α ϕ′∅ ′∪ ∪ ⊇ ,  

( )TY Tα ϕ∩ ≠ ∅ , ( )TY Tα ϕ′ ′∩ ≠ ∅ , ( )0Y Dα ϕ∩ ≠ ∅


; 

• ( ) ( ) ( ) ( )( )T T T TY Y T Y T Y T Tα α α αα ′ ′∅ ∪′ ′= ×∅ ∪ × ∪ × ∪ × ∪ , where ,T T D′∈ , \T T ′ ≠ ∅ , \T T′ ≠ ∅ ,  

{ },T TY Yα α
′ ∉ ∅  and satisfies the conditions: ( )TY Y Tα α ϕ∅ ∪ ⊇ , ( )TY Y Tα α ϕ′∅ ′∪ ⊇ , ( )TY Tα ϕ∩ ≠ ∅ , 

( )TY Tα ϕ′ ′∩ ≠ ∅ ; 

• ( ) ( ) ( ) ( ) ( )6 6 0T TY Y Z Y T Y T Y Dα α α α αα ′∅ ′= ×∅ ∪ × ∪ × ∪ × ∪ ×


, where, { }6 , ,T TY Y Yα α α
′ ∉ ∅ ,  

{ }3 2 1, , ,T T Z Z Z′∈ , T T ′≠ , T T D′∪ =


 and satisfies the conditions: ( )6 6Y Y Zα α ϕ∅ ∪ ⊇ ,  

( )6 TY Y Y Tα α α ϕ∅ ∪ ∪ ⊇ , ( )6 TY Y Y Tα α α ϕ′∅ ′∪ ∪ ⊇ , ( )6 6Y Zα ϕ∩ ≠ ∅ , ( )TY Tα ϕ∩ ≠ ∅ , ( )TY Tα ϕ′ ′∩ ≠ ∅ . 

• ( ) ( ) ( ) ( )( ) ( )0T T T TY Y T Y T Y T T Y Dα α α α αα ′ ′∅ ∪′ ′= ×∅ ∪ × ∪ × ∪ × ∪ ∪ ×


, where { }0, ,T TY Y Yα α α
′ ∉ ∅ ,  

{ }8 7 6 5, , ,T Z Z Z Z∈ , { }7 6 5 4, , ,T Z Z Z Z′∈ , T T ′≠ , and satisfies the conditions: ( )TY Y Tα α ϕ∅ ∪ ⊇ ,  
( )TY Y Tα α ϕ′∅ ′∪ ⊇ , ( )TY Tα ϕ∩ ≠ ∅ , ( )TY Tα ϕ′ ′∩ ≠ ∅ , ( )0Y Dα ϕ∩ ≠ ∅



; 

• ( ) ( ) ( ) ( )( ) ( ) ( )66 6 6 0T T Z TY Y T Y Z Y T Z Y T Y Dα α α α α αα ′∅ ∪ ′= ×∅ ∪ × ∪ × ∪ × ∪ ∪ × ∪ ×


, where { }6, ,T TY Y Yα α α
′ ∉ ∅ , 

6\T Z ≠ ∅ , 6 \Z T ≠ ∅ , 6Z T ′∅ ⊂ ⊂  and satisfies the conditions: ( )6 6Y Y Zα α ϕ∅ ∪ ⊇ ,  

( )TY Y Tα α ϕ∅ ∪ ⊇ , ( )6 TY Y Y Tα α α ϕ′∅ ′∪ ∪ ⊇ , ( )6TY Zα ϕ∩ ≠ ∅ , ( )TY Tα ϕ′ ∩ ≠ ∅ , ( )TY Tα ϕ′ ′∩ ≠ ∅ .  
Proof. Let 9Z = ∅ . Then given Theorem immediately follows from ([1], Theorem 2).                 □ 
Lemma 2. Let { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let ( )1R Q∗  be set of all  

regular elements of the semigroup ( )XB D  such that each element satisfies the condition a) of Theorem 1. 
Then ( )1 1R Q∗ = .  

Now let a binary relation α  of the semigroup ( )XB D  satisfy the condition b) of Theorem 1 (see diagram 2 
of the Figure 1). In this case we have { }2 ,Q T= ∅ , where T D∈  and T∅ ⊂ . By definition of the semi- 
lattice D it follows that  

{ } { } { } { } { } { }{ { } { } { }}2 8 7 6 5 4 3 2 1, , , , , , , , , , , , , , , , , .XIQ Z Z Z Z Z Z Z Z Dϑ = ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅


 

It is easy to see ( )2 2, 1Q QΦ =  and ( )2 9QΩ = . If  

{ } { } { } { }
{ } { } { } { } { }

1 2 8 3 7 4 6

5 5 6 4 7 3 8 2 9 1

, , , , , , , ,

, , , , , , , , , ,

D D D Z D Z D Z

D Z D Z D Z D Z D Z

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′ ′ ′= ∅ = ∅ = ∅ = ∅ = ∅



 

then  
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( ) ( )
9

2
1

i
i

R Q R D∗

=

′=


                                   (1) 

(see remark page 5 in [1]). 
Lemma 3. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let 
( )2R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 

b) of Theorem 1. Then  

( ) ( ) \
2 9 2 1 2 .D X DR Q∗ = ⋅ − ⋅

 

 

Proof. Let Z D∈ , { },D Z′ = ∅  and ( )R Dα ′∈ . Then quasinormal representation of a binary relation α   
has a form ( ) ( )TY Y Tα αα ∅= ×∅ ∪ ×  for some ,T D∈  TYα ≠ ∅  and by statement b) of Theorem 1 satisfies  

the conditions Yα
∅ ⊇ ∅  and TY Zα ∩ ≠ ∅ . By definition of the semilattice D we have D Z⊇



, i.e., Yα
∅ ⊇ ∅   

and TY Dα ∩ ≠ ∅


. It follows that ( )1R Dα ′∈ . Therefore the inclusion ( ) ( )1R D R D′ ′⊆  holds. By the Equality  
(1) we have  

( ) ( )2 1 .R Q R D∗ ′=                                     (2) 

From this equality and by statement b) of Lemma 1 it immediately follows that  

( ) ( ) \
2 9 2 1 2 .D X DR Q∗ = ⋅ − ⋅

 

 

□ 
Let binary relation α  of the semigroup ( )XB D  satisfy the condition c) of Theorem 1 (see diagram 3 of the  

Figure 1). In this case we have { }2 = , ,Q T T ′∅ , where ,T T D′∈  and T T ′∅ ⊂ ⊂ . By definition of the  
semilattice D it follows that  

{ } { } { } { } { } { }{
{ } { } { } { } { } { }
{ } { } { }}

3 8 7 6 5 4 3

2 1 8 3 7 3 6 3 6 2

6 1 5 1 4 1

, , , , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , , , ,

, , , , , , , , .

XIQ Z D Z D Z D Z D Z D Z D

Z D Z D Z Z Z Z Z Z Z Z

Z Z Z Z Z Z

ϑ = ∅ ∅ ∅ ∅ ∅ ∅

∅ ∅ ∅ ∅ ∅ ∅

∅ ∅ ∅

     

 

 

It is easy to see ( )3 3, 1Q QΦ =  and ( )3 15QΩ = . If-1 

{ } { } { } { }
{ } { } { } { }
{ } { } { } { }
{ } { } { }

1 8 2 7 3 6 4 5

5 4 6 3 7 2 8 1

9 8 3 10 7 3 11 6 3 12 6 2

13 6 1 14 5 1 15 4 1

, , , , , , , , , , , ,

, , , , , , , , , , , ,

, , , , , , , , , , , ,

, , , , , , , , ,

D Z D D Z D D Z D D Z D

D Z D D Z D D Z D D Z D

D Z Z D Z Z D Z Z D Z Z

D Z Z D Z Z D Z Z

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′= ∅ = ∅ = ∅

   

   

 

then  

( ) ( )
15

3
1

i
i

R Q R D∗

=

′=


                                     (3) 

(see remark page 5 in [1] and Theorem 1). 
Lemma 4. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let  

( )3R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 
c) of Theorem 1. Then  

( ) ( )
( ) ( )

( ) ( )
5 3

8

3
1 ,

i j k
i j k M Q

R Q R D R D R D∗

= ∈

′ ′ ′= − ∩∑ ∑  

where  

( ) ( ) ( ) ( ) ( ) ( ) ( ){ }5 3 2,6 , 3,6 , 3,7 , 3,8 , 4,8 , 5,8 .M Q =  
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Proof. Let { }, ,i i iD Y Y′ ′ ′′= ∅  ( )i iY Y′ ′′∅ ⊂ ⊂  be arbitrary element of the set 3 XIQϑ  and ( )iR Dα ′∈ . Then  
quasinormal representation of a binary relation α  has a form ( ) ( ) ( )T TY Y T Y Tα α αα ′∅ ′= ×∅ ∪ × ∪ ×  for some  

, ,T T D′∈  T T ′∅ ⊂ ⊂ , { },T TY Yα α
′ ∉ ∅  and by statement c) of Theorem 1 satisfies the conditions  

T iY Y Yα α
∅ ′∪ ⊇ , T iY Yα ′∩ ≠ ∅  and T iY Yα

′ ′′∩ ≠ ∅ . By definition of the semilattice D we have iD Y ′′⊇


. From  
this and by the condition T iY Y Yα α

∅ ′∪ ⊇ , T iY Yα ′∩ ≠ ∅ , T iY Yα
′ ′′∩ ≠ ∅  we have  

, , ,T i T i TY Y Y Y Y Y Dα α α α
′∅ ′ ′∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅



 

i.e. ( )jR Dα ′∈ , where { }, ,j iD Y D′ ′= ∅


. It follows that ( ) ( )i jR D R D′ ′′⊆ , from the last inclusion and by  

definition of the semilattice D we have ( ) ( )i jR D R D′ ′′⊆  for all ( ) ( )1 3,i j M Q∈ , where  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }1 3 9,1 , 10, 2 , 11,3 , 12,3 , 13,3 , 14, 4 , 15,5 .M Q =  

Therefore the following equality holds  

( ) ( )
8

3
1

.i
i

R Q R D∗

=

′=


                                    (4) 

Now, let { } { } { }1 2 8, , , , , , , ,i i j jD Y D D Y D D D D′ ′ ′ ′ ′= ∅ = ∅ ⊂
 

 , i jD D′ ′≠  and ( ) ( )i jR D R Dα ′ ′∈ ∩ . Then for 
the binary relation α  we have  

, , ,

, , .
T i T i T

T j T j T

Y Y Y Y Y Y D

Y Y Y Y Y Y D

α α α α

α α α α

′∅

′∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅





 

From the last condition it follows that T i jY Y Y Yα α
∅ ∪ ⊇ ∪ . 

1) i jY Y D∪ =


. Then we have, that ( ) ( )T T i j T TY Y Y Y Y Y D Yα α α α α
′ ′ ′∅ ∪ ∩ ⊇ ∪ ∩ = ∩ ≠ ∅



. But the inequality  

( )T TY Y Yα α α
′∅ ∪ ∩ ≠ ∅  contradicts the condition that representation of binary relation α  is quasinormal. So,  

the equality ( ) ( )i jR D R D′ ′∩ = ∅  is true. From last equality and by definition of the semilattice D we have  

( ) ( )i jR D R D′ ′∩ = ∅  for all ( ) ( )2 3,i j M Q∈ , where  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){
( ) ( ) ( ) ( ) ( ) ( ) ( )}

2 3 1, 4 , 1,5 , 1,7 , 1,8 , 2, 4 , 2,5 , 2,7 , 2,8 ,

4,6 , 4,7 , 5,6 , 5,7 , 6,7 , 6,8 , 7,8 .

M Q =
 

2) { } { } { } { }1 2 8, , , , , , , , , , ,i i j j k i jD Y D D Y D D Y Y D D D D′ ′ ′ ′ ′ ′= ∅ = ∅ = ∅ ∪ ⊂
  

 ,  i jD D′ ′≠ ,  i kD D′ ′≠ ,  j kD D′ ′≠ ,  

( ) ( )i jR D R Dα ′ ′∈ ∩  and ( ) ( ) ( )i j kR D R D R Dα ′ ′ ′∈ ∩ ∩  are true. Then we have  

, , ,

, , ,
T i T i T

T j T j T

Y Y Y Y Y Y D

Y Y Y Y Y Y D

α α α α

α α α α

′∅

′∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅





 

and  

( )

, , ,
, , ,

, ,

T i T i T

T j T j T

T i j T i j T

Y Y Y Y Y Y D
Y Y Y Y Y Y D

Y Y Y Y Y Y Y Y D

α α α α

α α α α

α α α α

′∅

′∅

′∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅
∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅

∪ ⊇ ∪ ∩ ∪ ≠ ∅ ∩ ≠ ∅







 

respectively, i.e., ( ) ( )i jR D R Dα ′ ′∈ ∩  or ( ) ( ) ( )i j kR D R D R Dα ′ ′ ′∈ ∩ ∩  if and only if  

, , , .T i j T i T j TY Y Y Y Y Y Y Y Y Dα α α α α
′∅ ∪ ⊇ ∪ ∩ ≠ ∅ ∩ ≠ ∅ ∩ ≠ ∅



 

Therefore, the equality ( ) ( ) ( ) ( ) ( )i j i j kR D R D R D R D R D′ ′ ′ ′ ′∩ = ∩ ∩  is true. From last equality and by defi-  

nition of the semilattice D we have: ( ) ( ) ( ) ( ) ( )i j i j kR D R D R D R D R D′ ′ ′ ′ ′∩ = ∩ ∩  for all ( ) ( )3 3, ,i j k M Q∈ , 
where  

( ) ( ) ( ) ( ) ( ) ( ) ( ){ }3 3 1, 2,6 , 1,3,6 , 2,3,6 , 3, 4,8 , 3,5,8 , 4,5,8 .M Q =  
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3)  { } { } { } { } { }1 2 8, , , , , , , , , , , , , ,i i j j k k t i j kD Y D D Y D D Y D D Y Y Y D D D D′ ′ ′ ′ ′ ′ ′= ∅ = ∅ = ∅ = ∅ ∪ ∪ ⊂
   

 ,  p qD D′ ′≠ ,  

{ }, , , ,p q i j k t∈ , p q≠ , ( ) ( ) ( )i j kR D R D R Dα ′ ′ ′∈ ∩ ∩  and ( ) ( ) ( ) ( )i j k tR D R D R D R Dα ′ ′ ′ ′∈ ∩ ∩ ∩  are true. 
Then we have  

, , ,
, , ,
, ,

T i T i T

T j T j T

T k T k T

Y Y Y Y Y Y D
Y Y Y Y Y Y D
Y Y Y Y Y Y D

α α α α

α α α α

α α α α

′∅

′∅

′∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅
∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅
∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅







 

and  

( )

, , ,
, , ,
, , ,

, ,

T i T i T

T j T j T

T k T k T

T i j k T i j k T

Y Y Y Y Y Y D
Y Y Y Y Y Y D
Y Y Y Y Y Y D

Y Y Y Y Y Y Y Y Y Y D

α α α α

α α α α

α α α α

α α α α

′∅

′∅

′∅

′∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅
∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅
∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅

∪ ⊇ ∪ ∪ ∩ ∪ ∪ ≠ ∅ ∩ ≠ ∅









 

respectively, i.e., ( ) ( ) ( )i j kR D R D R Dα ′ ′ ′∈ ∩ ∩  and ( ) ( ) ( ) ( )i j k tR D R D R D R Dα ′ ′ ′ ′∈ ∩ ∩ ∩  if and only if  

, , , , .T i j k T i T j T k TY Y Y Y Y Y Y Y Y Y Y Y Dα α α α α α
′∅ ∪ ⊇ ∪ ∪ ∩ ≠ ∅ ∩ ≠ ∅ ∩ ≠ ∅ ∩ ≠ ∅



 

Therefore, the equality ( ) ( ) ( ) ( ) ( ) ( ) ( )i j k i j k tR D R D R D R D R D R D R D′ ′ ′ ′ ′ ′ ′∩ ∩ = ∩ ∩ ∩  is true. From last 
equality and by definition of the semilattice D we have:  
( ) ( ) ( ) ( ) ( ) ( ) ( )i j k i j k tR D R D R D R D R D R D R D′ ′ ′ ′ ′ ′ ′∩ ∩ = ∩ ∩ ∩  for all ( ) ( )4 3, , ,i j k t M Q∈ , where  

( ) ( ) ( ){ }4 3 1, 2,3,6 , 3, 4,5,8 .M Q =  

Now, by Equality (2) and by conditions 1), 2) and 3) it follows that the following equality is true  

( ) ( )
( ) ( )

( ) ( )
5 3

8

3
1 ,

i j k
i j k M Q

R Q R D R D R D∗

= ∈

′ ′ ′= − ∩∑ ∑  

where  

( ) ( ) ( ) ( ) ( ) ( ) ( ){ }5 3 2,6 , 3,6 , 3,7 , 3,8 , 4,8 , 5,8 .M Q =  

□ 
Lemma 5. Let { }, ,D Y D′ = ∅



, { }, ,D Y D′′ ′= ∅


, where ,Y Y D′∈  and Y Y′ ⊇ . If quasinormal repre- 
sentation of binary relation α  of the semigroup ( )XB D  has a form ( ) ( ) ( )0TY Y T Y Dα α αα ∅= ×∅ ∪ × ∪ ×



 
for some T D∈ , T D∅ ⊂ ⊂



 and { }0,TY Yα α ∉ ∅ , then ( ) ( )R D R Dα ′ ′′∈ ∩  iff  

0, , .T TY Y Y Y Y Y Dα α α α
∅ ′∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅



 

Proof. If ( ) ( )R D R Dα ′ ′′∈ ∩ , then by statement c) of theorem 1 we have  

0

0

, , ;
, , .

T T

T T

Y Y Y Y Y Y D
Y Y Y Y Y Y D

α α α α

α α α α
∅

∅

∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅
′ ′∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅




                          (5) 

From the last condition we have  

0, ,T TY Y Y Y Y Y Dα α α α
∅ ′∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅



                          (6) 

since Y Y′ ⊇  by assumption. On the other hand, if the conditions of (6) holds, then the conditions of (5) follow, 
i.e. ( ) ( )R D R Dα ′ ′′∈ ∩ .                                                                   □ 

Lemma 6. Let { } { } { }1 2 8, , , , , , , ,D Y D D Y D D D D′ ′′ ′ ′ ′ ′= ∅ = ∅ ⊂
 

 , Y Y′ ⊇  and X be a finite set. Then the 
following equality holds  

( ) ( ) ( ) ( )\ \ \\15 2 2 1 3 2 3 .D Y D Y X DY Y YR D R D ′ ′′′ ′′∩ = ⋅ ⋅ − ⋅ − ⋅
  

 

Proof. Let { } { } { }1 2 8, , , , , , , ,D Y D D Y D D D D′ ′′ ′ ′ ′ ′= ∅ = ∅ ⊂
 

 , where Y Y′ ⊇ . Assume that  

( ) ( )R D R Dα ′ ′′∈ ∩  and a quasinormal representation of a regular binary relation α  has a form  
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( ) ( ) ( )0TY Y T Y Dα α αα ∅= ×∅ ∪ × ∪ ×


 for some T D∈ , T D∅ ⊂ ⊂


 and { }0,TY Yα α ∉ ∅ . Then according to 
Lemma 5, we have  

0, , ,T TY Y Y Y Y Y Dα α α α
∅ ′∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅



                          (7) 

Further, let fα  be a mapping from X to the semilattice D satisfying the conditions ( )f t tα α=  for all 
t X∈ . 1f α , 2f α  and 3f α  are the restrictions of the mapping fα  on the sets Y ′ , \D Y ′



, \X D


 respec-  
tively. It is clear that the intersection of elements of the set { }, \ , \Y D Y X D′ ′

 

 is an empty set, and  

( ) ( )\ \Y D Y X D X′ ′∪ ∪ =
 

. We are going to find properties of the maps 1f α , 2f α , 3f α . 
1) t Y ′∈ . Then by the properties of D we have TY Y Yα α

∅′ ⊆ ∪ , i.e., Tt Y Yα α
∅∈ ∪  and { },t Tα ∈ ∅  by  

definition of the sets Yα
∅  and TYα . Therefore ( ) { }1 ,f t Tα ∈ ∅  for all t Y ′∈ . By suppose we have that  

TY Yα ∩ ≠ ∅ , i.e. t Tα′ =  for some t Y′∈ . Therefore ( )1f t Tα ′ =  for some t Y′∈ . 

2) \t D Y ′∈


. Then by properties of D we have 0\ TD Y D X Y Y Yα α α
∅′ ⊆ ⊆ = ∪ ∪

 

, i.e., 0Tt Y Y Yα α α
∅∈ ∪ ∪   

and { }, ,t T Dα ∈ ∅


 by definition of the sets Yα
∅ , TYα  and 0Yα . Therefore ( ) { }3 , ,f t T Dα ∈ ∅



 for all 
\t D Y ′∈


. By suppose we have, that 0Y Dα ∩ ≠ ∅


, i.e. t Dα′′ =


 for some t D′′∈


. If t Y′′ ′∈ . Then  

Tt Y Y Yα α
∅′′ ′∈ ⊆ ∪ . Therefore { },t Tα′′ ∈ ∅  by definition of the set Yα

∅  and TYα . We have contradiction to  
the equality t Dα′′ =



. Therefore ( )3f t Dα ′′ =


 for some \t D Y′′ ′∈


. 
3) \t X D∈



. Then by definition quasinormal representation binary relation α and by property of D we have  

0\ Tt X D X Y Y Yα α α
∅∈ ⊆ = ∪ ∪



, i.e. { }, ,t T Dα ∈ ∅


 by definition of the sets , TY Yα α
∅  and 0Yα . Therefore  

( ) { }4 , ,f t T Dα ∈ ∅


 for all \t X D∈


. Therefore for every binary relation ( ) ( )R D R Dα ′ ′′∈ ∩  there exists  
ordered system ( )1 2 3, ,f f fα α α . It is obvious that for disjoint binary relations there exists disjoint ordered  
systems. Further, let  

{ } { } { }1 2 3: , , : \ , , , : \ , ,f Y T f D Y T D f X D T D′ ′→ ∅ → ∅ → ∅
   

 

be such mappings, which satisfy the conditions: ( ) { }1 ,f t T∈ ∅  for all t Y ′∈  and ( )1f t T′ ′=  for some  
t Y′∈ ; ( ) { }2 , ,f t T D∈ ∅



 for all \t D Y ′∈


 and ( )2f t D′′ =


 for some \t D Y′′ ′∈


; ( ) { }3 , ,f t T D∈ ∅


 for all  

\t X D∈


. Now we define a map f from X to the semilattice D, which satisfies the condition:  

( )
( )
( )
( )

1 9

2

3

, if \ ,
, if \ ,
, if \ .

f t t Y Z
f t f t t D Y

f t t X D

′∈
 ′= ∈
 ∈





 

Further, let { } ( )( )x X
x f xβ

∈
= ×


, { }|Y t tβ β∅ = = ∅ , { }|TY t t Tβ β= =  and { }0 |Y t t Dβ β= =


. Then bi- 
nary relation β  may be represented by  

( ) ( ) ( )0TY Y T Y Dβ β ββ ∅= ×∅ ∪ × ∪ ×


 

and satisfy the conditions:  

0, ,T TY Y Y Y Y Y Dβ β β β
∅ ′∪ ⊇ ∩ ≠ ∅ ∩ ≠ ∅



 

(By suppose ( )1f t T′ ′=  for some t Y′∈  and ( )2f t D′′ =


 for some \t D Y′′ ′∈


), i.e., by lemma 5 we have  
that ( ) ( )R D R Dβ ′ ′′∈ ∩ . Therefore for every binary relation ( ) ( )R D R Dα ′ ′′∈ ∩  and ordered system  
( )1 2 3, ,f f fα α α  there exists one to one mapping. By Lemma 1 and by Theorem 1 in [1] the number of the 
mappings 1 2 3 4, , ,f f f fα α α α  are respectively:  

( ) ( ) \ \ \\1, 2 2 1 ,3 2 ,3 .D Y D Y X DY Y Y ′ ′′ ⋅ − −
  

 

Note that the number ( ) ( )\ \ \\2 2 1 3 2 3D Y D Y X DY Y Y ′ ′′ ⋅ − ⋅ − ⋅
  

 does not depend on choice of chains T T T′ ′′⊂ ⊂   

( ), ,T T T D′ ′′∈  of the semilattice D. Since the number of such different chains of the semilattice D is equal to 
15, for arbitrary ,T T D′∈  where T T ′∅ ⊂ ⊂ , the number of regular elements of the set ( ) ( )R D R D′ ′′∩  is 
equal to  
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( ) ( ) ( ) ( )\ \ \\15 2 2 1 3 2 3 .D Y D Y X DY Y YR D R D ′ ′′′ ′′∩ = ⋅ ⋅ − ⋅ − ⋅
  

 

□ 
Therefore, we obtain:  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

3 33 8 8

3 33 7 7

3 33 6 6

2 22 6 6

1

\ \ \\
1 6

\ \ \\
2 6

\ \ \\
3 6

\ \ \\
3 7

3 8

15 2 2 1 3 2 3 ,

15 2 2 1 3 2 3 ,

15 2 2 1 3 2 3 ,

15 2 2 1 3 2 3 ,

15 2

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

Z

R D R D

R D R D

R D R D

R D R D

R D R D

′ ′∩ = ⋅ ⋅ − ⋅ − ⋅

′ ′∩ = ⋅ ⋅ − ⋅ − ⋅

′ ′∩ = ⋅ ⋅ − ⋅ − ⋅

′ ′∩ = ⋅ ⋅ − ⋅ − ⋅

′ ′∩ = ⋅

  

  

  

  

( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 16 6

1 11 5 5

1 11 4 4

\ \ \\

\ \ \\
4 8

\ \ \\
5 8

2 1 3 2 3 ,

15 2 2 1 3 2 3 ,

15 2 2 1 3 2 3 .

D Z D Z X DZ Z

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

R D R D

R D R D

⋅ − ⋅ − ⋅

′ ′∩ = ⋅ ⋅ − ⋅ − ⋅

′ ′∩ = ⋅ ⋅ − ⋅ − ⋅

  

  

  

                 (8) 

Lemma 7. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ


 and 9Z = ∅ . Let 
( )3R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 

c) of Theorem 1. Then  

( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( )

8 88

7 77

6 66

5 55

4 44

3 33

22

\ \ \
3

\ \ \

\ \ \

\ \ \

\ \ \

\ \ \

\ \

15 2 1 3 2 3

15 2 1 3 2 3

15 2 1 3 2 3

15 2 1 3 2 3

15 2 1 3 2 3

15 2 1 3 2 3

15 2 1 3 2

D Z D Z X DZ

D Z D Z X DZ

D Z D Z X DZ

D Z D Z X DZ

D Z D Z X DZ

D Z D Z X DZ

D Z D ZZ

R Q∗ = ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ −

  

  

  

  

  

  

 ( )
( ) ( )

( ) ( )
( ) ( )
( ) ( )

( ) ( )
( )

2

1 11

3 33 8 8

3 33 7 7

3 33 6 6

2 22 6 6

1 6 6

\

\ \ \

\ \ \\

\ \ \\

\ \ \\

\ \ \\

\\

3

15 2 1 3 2 3

15 2 2 1 3 2 3

15 2 2 1 3 2 3

15 2 2 1 3 2 3

15 2 2 1 3 2 3

22 2 2 1 3

X D

D Z D Z X DZ

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

DZ Z Z

⋅

+ ⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅ − ⋅

⋅ ⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅



  

  

  

  

  

( )
( ) ( )
( ) ( )

1 1

1 11 5 5

1 11 4 4

\ \

\ \ \\

\ \ \\

2 3

15 2 2 1 3 2 3

15 2 2 1 3 2 3 .

Z D Z X D

D Z D Z X DZ Z Z

D Z D Z X DZ Z Z

− ⋅

⋅ ⋅ − ⋅ − ⋅

− ⋅ ⋅ − ⋅ − ⋅

 

  

  
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Proof. Let 9Z = ∅ . Then the given Lemma immediately follows from Lemma 4 and from the Equalities (3).  
□ 

Now let binary relation α  of the semigroup ( )XB D  satisfy the condition d) of Theorem 1 (see diagram 4 
of the Figure 1). In this case we have { }4 , , , ,Q T T D′= ∅



 where ,T T D′∈  and T T D′∅ ⊂ ⊂ ⊂


. By de- 
finition of the semilattice D it follows that  

{ } { } { }{ { }
{ } { } { }}

4 8 3 7 3 6 3 6 2

6 1 5 1 4 1

, , , , , , , , , , , , , , , ,

, , , , , , , , , , , .

XIQ Z Z D Z Z D Z Z D Z Z D

Z Z D Z Z D Z Z D

= ∅ ∅ ∅ ∅

∅ ∅ ∅

   

  

ϑ
 

It is easy to see ( )4 4, 1Q QΦ =  and ( )4 7QΩ = . If  

{ } { } { }
{ } { } { }
{ }

1 8 3 2 7 3 3 6 3

4 6 2 5 6 1 6 5 1

7 4 1

, , , , , , , , , , , ,

, , , , , , , , , , , ,

, , , ;

D Z Z D D Z Z D D Z Z D

D Z Z D D Z Z D D Z Z D

D Z Z D

′ ′ ′= ∅ = ∅ = ∅

′ ′ ′= ∅ = ∅ = ∅

′ = ∅

  

  



 

then  

( ) ( )
7

4
1

i
i

R Q R D∗

=

′=


                                    (9) 

(see Definition [1], Definition 4 and [1], Theorem 2). 
Lemma 8. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let 
( )4R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 

d) of Theorem 1. Then   

( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )

3 38 3 8 3 8

3 37 3 7 3 7

3 36 3 6 3 6

2 26 2 6 2 6

6 1 6 1 6

\ \ \\ \
4

\ \ \\ \

\ \ \\ \

\ \ \\ \

\\ \

7 2 1 3 2 4 3 4

7 2 1 3 2 4 3 4

7 2 1 3 2 4 3 4

7 2 1 3 2 4 3 4

7 2 1 3 2 4

D Z D Z X DZ Z Z Z Z

D Z D Z X DZ Z Z Z Z

D Z D Z X DZ Z Z Z Z

D Z D Z X DZ Z Z Z Z

D ZZ Z Z Z Z

R Q∗ = ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

  

  

  

  

( )
( ) ( ) ( )
( ) ( ) ( )

1 1

1 15 1 5 1 5

1 14 1 4 1 4

\ \

\ \ \\ \

\ \ \\ \

3 4

7 2 1 3 2 4 3 4

7 2 1 3 2 4 3 4 .

D Z X D

D Z D Z X DZ Z Z Z Z

D Z D Z X DZ Z Z Z Z

− ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

 

  

  

 

Proof. Let 9 .Z = ∅  Then the given Lemma immediately follows from ([1], Lemma 10).               □ 
Now let binary relation α  of the semigroup ( )XB D  satisfy the condition e) of Theorem 1 (see diagram 5 

of the Figure 1). In this case we have { }5 , , , ,Q T T T T′ ′= ∅ ∪  where ,T T D′∈  and \T T ′ ≠ ∅  and  
\T T′ ≠ ∅ . By definition of the semilattice D it follows that 

{ } { } { } { } { }{
{ } { } { } { } { }
{ } { } { } { } { }
{ } { }

5 8 7 3 8 6 3 8 5 8 4 8 2

8 1 7 6 3 7 5 7 4 7 2

7 1 6 5 1 6 4 1 5 4 1 5 3

5 2 4 3 4 2

, , , , , , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , , , , , ,

, , , , , , , , , ,

XIQ Z Z Z Z Z Z Z Z D Z Z D Z Z D

Z Z D Z Z Z Z Z D Z Z D Z Z D

Z Z D Z Z Z Z Z Z Z Z Z Z Z D

Z Z D Z Z D Z Z

ϑ = ∅ ∅ ∅ ∅ ∅

∅ ∅ ∅ ∅ ∅

∅ ∅ ∅ ∅ ∅

∅ ∅ ∅

  

   

 

  { } { } { }
{ }

3 2 3 1

2 1

, , , , , , , , , ,

, , , .

D Z Z D Z Z D

Z Z D

∅ ∅

∅

  



 

It is easy to see ( )5 5, 2Q QΦ =  and ( )5 21QΩ = . If 
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{ } { } { } { }
{ } { } { } { }
{ } { } { } { }
{ }

1 8 7 3 2 7 8 3 3 8 6 3 4 6 8 3

5 8 5 6 5 8 7 8 4 8 4 8

9 8 2 10 2 8 11 8 1 12 1 8

13 7 6 3

, , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , ,

, , , ,

D Z Z Z D Z Z Z D Z Z Z D Z Z Z

D Z Z D D Z Z D D Z Z D D Z Z D

D Z Z D D Z Z D D Z Z D D Z Z D

D Z Z Z

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′= ∅

   

   

{ } { } { }
{ } { } { } { }
{ } { } { } { }
{ }

14 6 7 3 15 7 5 16 5 7

17 7 4 18 4 7 19 7 2 20 2 7

21 7 1 22 1 7 23 6 5 1 24 5 6 1

25 6 4 1 26 4

, , , , , , , , , , , ,

, , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , ,

, , , , ,

D Z Z Z D Z Z D D Z Z D

D Z Z D D Z Z D D Z Z D D Z Z D

D Z Z D D Z Z D D Z Z Z D Z Z Z

D Z Z Z D Z

′ ′= ∅ = ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′= ∅ = ∅

 

   

 

{ } { } { }
{ } { } { } { }
{ } { } { } { }
{ } { }

6 1 27 5 4 1 28 4 5 1

29 5 3 30 3 5 31 5 2 32 2 5

33 4 3 34 3 4 35 4 2 36 2 4

37 3 2 38 2 3

, , , , , , , , , , ,

, , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , ,

, , , , , , , ,

Z Z D Z Z Z D Z Z Z

D Z Z D D Z Z D D Z Z D D Z Z D

D Z Z D D Z Z D D Z Z D D Z Z D

D Z Z D D Z Z D

′ ′= ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′ ′= ∅ = ∅ = ∅ = ∅

′ ′ ′= ∅ = ∅

   

   

  { } { }
{ } { }

39 3 1 40 1 3

41 2 1 42 1 2

, , , , , , , ,

, , , , , , ,

D Z Z D D Z Z D

D Z Z D D Z Z D

′= ∅ = ∅

′ ′= ∅ = ∅

 

 

 

then  

( ) ( )
42

5
1

i
i

R Q R D∗

=

′=


                                   (10) 

(see [1], Definition 4 and [1], Theorem 1). 
Lemma 9. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let 
( )5R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 

e) of Theorem 1. Then  

( ) ( )
( )

( ) ( )
4

42

5
1 ,

,i k j
i k j M

R Q R D R D R D∗

′= ∈

′ ′ ′= − ∩∑ ∑  

where  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

4 5 3,9 , 3,11 , 4,10 , 4,12 , 5,11 , 5,30 , 5,39 , 6,12 , 6,29 ,

6,40 , 7,11 , 7,34 , 7,39 , 8,12 , 8,33 , 8,40 , 9,37 , 10,38 ,
11,39 , 12,40 , 13,19 , 13,21 , 14,20 , 14, 22 , 15,21 , 15,30 ,
15,39 , 16,22 , 16,29 , 16,40 , 17,21 , 17,34 , 17,39 , 18,22 ,
18,33 , 18

M Q′ =

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )}

, 40 , 19,37 , 20,38 , 21,39 , 22,40 , 23,30 , 23,32 ,
23,39 , 23,41 , 24,29 , 24,31 , 25,34 , 25,36 , 26,33 , 26,35 ,
29,40 , 30,39 , 31,42 , 32,41 , 33,40 , 34,39 , 35,42 , 36,41 .

 

Proof. Let 9Z = ∅ . Then the given Lemma immediately follows from ([1], Lemma 13).               □ 
Lemma 10. Let { }, , ,i i i i iD Y Y Y Y′ ′ ′= ∅ ∪  and { }, , ,j j j j jD Y Y Y Y′ ′ ′= ∅ ∪  be arbitrary elements of the set 

{ }1 2 42, , ,D D D′ ′ ′
 , where i jD D′ ′≠ , j iY Y⊇  and j iY Y′ ′⊇ . Then the following equality holds 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )\ \ \\ \21 2 2 1 2 2 1 4 .j i j j i j j ji j i jY Y Y Y Y Y X Y YY Y Y Y
i jR D R D

′ ′ ′∪ ∪ ′∪′ ′′ ′∩ = ⋅ ⋅ − ⋅ ⋅ − ⋅  

Proof. Let 9Z = ∅ . Then the given Lemma immediately follows from definition semilattice D and by ([1], 
Lemma 13).                                                                              □ 

Lemma 11. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ


 and 9Z = ∅ . Let 
( )5R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition  

e) of Theorem 1. Then ( ) ( ) ( ) ( ) ( )
4

42
5 1 ,i k ji k j MR Q R D R D R D∗

′= ∈
′ ′ ′= − ∩∑ ∑ , where 
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

8 7 7 8 3 8 6 6 8 3

8 5 5 8 8 4 4 8

8 2 2 8 8 1 1 8

7 6 6 7 3

42
\ \ \ \ \ \

1
\ \\ \ \ \

\ \\ \ \ \

\ \ \

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4

Z Z Z Z X Z Z Z Z Z X Z
i

i
X D X DZ Z Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

Z Z Z Z X Z

R D
=

′ = ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ +

∑
 

 

( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( )

7 5 5 7

7 4 4 7 7 2 2 7

7 1 1 7 6 5 5 6 1

6 4 4 6 5 4 4 51 1

5 3

\\ \

\ \\ \ \ \

\\ \ \ \ \

\ \ \ \\ \

\

42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1

X DZ Z Z Z

X D X DZ Z Z Z Z Z Z Z

X DZ Z Z Z Z Z Z Z X Z

Z Z Z Z Z Z Z ZX Z X Z

Z Z

⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ −



 



( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

3 5 5 2 2 5

4 3 3 4 4 2 2 4

3 2 2 3 3 1 1 3

2 1 1 2

\ \\ \ \

\ \\ \ \ \

\ \\ \ \ \

\\ \

2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 .

X D X DZ Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

X DZ Z Z Z

⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

 

 

 



 

and 

( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

4

8 2 2 3 6 8 8 1 1 3 6 8

8 1 5 8 8 5 5 3

8 1 5 3 8 1 4 8

8

,

\ \\ \ \ \ \ \

\ \\ \ \ \

\ \\ \ \ \

42 2 1 2 2 1 4 42 2 1 2 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2

k j
k j M

X D X DZ Z Z Z Z Z Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

Z

R D R D
′∈

′ ′∩

= ⋅ − ⋅ ⋅ − ⋅ + ⋅ − ⋅ ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅

∑
 

 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

4 4 3 8 1 4 3

8 2 2 3 8 1 1 3

7 2 2 3 6 7 7 1 1 3 6 7

7 1 5 7

\ \\ \ \ \

\ \\ \ \ \

\ \\ \ \ \ \ \

\\ \

1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 2 1 4 42 2 1 2 2 1 4

42 2 1 2 1 4 42

X D X DZ Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z Z Z Z Z

X DZ Z Z Z

− ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ ⋅ − ⋅ + ⋅ − ⋅ ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅

 

 

 



( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

7 5 5 3

7 1 5 3 7 1 4 7

7 4 4 3 7 1 4 3

7 2 2 3 7 1 1 3

3 1 6

\\ \

\ \\ \ \ \

\ \\ \ \ \

\ \\ \ \ \

\ \

2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 2

X DZ Z Z Z

X D X DZ Z Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

X D X DZ Z Z Z Z Z Z Z

Z Z Z

− ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ ⋅



 

 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

5 5 3 6 5 5 22 1

3 1 6 4 4 3 6 42 1 4 2

5 3 3 1 5 2 2 1

4 3 3 1

\ \\ \ \\

\ \\ \ \ \\ \

\ \\ \ \ \

\\ \

1 2 1 4 42 2 2 1 2 1 4

42 2 2 1 2 1 4 42 2 2 1 2 1 4

42 2 1 2 1 4 42 2 1 2 1 4

42 2 1 2 1 4

X D X DZ Z Z Z Z Z ZZ Z

X D X DZ Z Z Z Z Z Z ZZ Z Z Z

X D X DZ Z Z Z Z Z Z Z

XZ Z Z Z

− ⋅ − ⋅ + ⋅ ⋅ − ⋅ − ⋅

+ ⋅ ⋅ − ⋅ − ⋅ + ⋅ ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ + ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅

 

 

 

( ) ( )4 2 2 1 \\ \42 2 1 2 1 4 .D X DZ Z Z Z+ ⋅ − ⋅ − ⋅
 
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Proof. Let 9Z = ∅ . Then the given Lemma immediately follows from Lemma 9 and 10.              □ 
Let f be a binary relation α  of the semigroup ( )XB D  satisfy the condition g) of Theorem 1 (see diagram 7  

of the Figure 1). In this case we have { }6 9 6, , , ,Q Z Z T T D′=


 where { }3 2 1, , ,T T Z Z Z′∈ , \T T ′ ≠ ∅  and  

\T T′ ≠ ∅ . By definition of the semilattice D it follows that  

{ } { } { }{ }6 6 3 2 6 3 1 6 2 1, , , , , , , , , , , , , , .XIQ Z Z Z D Z Z Z D Z Z Z Dϑ = ∅ ∅ ∅
  

 

It is easy to see ( )6 6, 2Q QΦ =  and ( )6 3QΩ = . If  

{ } { } { }
{ } { } { }

1 9 6 3 2 2 9 6 2 3 3 9 6 3 1

4 9 6 1 3 5 9 6 2 1 6 9 6 1 2

, , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , .

D Z Z Z Z D D Z Z Z Z D D Z Z Z Z D

D Z Z Z Z D D Z Z Z Z D D Z Z Z Z D

′ ′ ′= = =

′ ′ ′= = =

  

  

 

Then  

( ) ( )
6

6
1

i
i

R Q R D∗

=

′=


                                  (11) 

(see Definition [1], Definition 4 and [1], Theorem 2). 
Lemma 12. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let 
( )6R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 

f) of Theorem 1. Then 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

3 2 66 9 3 2 3 2 2 3 2 3

3 1 66 9 3 1 3 1 1 3 1 3

2 1 66 9 2 1 2 1 1 2 1 2

\\\ \ \ \ \
6

\\\ \ \ \ \

\\\ \ \ \ \

6 2 1 2 3 2 3 2 5

6 2 1 2 3 2 3 2 5

6 2 1 2 3 2 3 2 5

X DZ Z ZZ Z Z Z Z Z Z Z Z Z

X DZ Z ZZ Z Z Z Z Z Z Z Z Z

X DZ Z ZZ Z Z Z Z Z Z Z Z Z

R Q ∩∗

∩

∩

= − − −

+ − − −

+ − − −







 

Proof. Let 9Z = ∅ . Then the given Lemma immediately follows from ([1], Lemma 15).               □ 
Now let g be a binary relation α  of the semigroup ( )XB D  satisfy the condition f) of Theorem 1 (see  

diagram 6 of the Figure 1). In this case we have { }7 , , , ,Q T T T T D′ ′= ∅ ∪


, where { }8 7 6 5 4, , , , ,T T Z Z Z Z Z′∈ ,  

\T T ′ ≠ ∅  and \T T′ ≠ ∅ . By definition of the semilattice D it follows that  

{ } { } { }{
{ } { } { }}

7 8 7 3 8 6 3 7 6 3

6 5 1 6 4 1 5 4 1

, , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , .

XIQ Z Z Z D Z Z Z D Z Z Z D

Z Z Z D Z Z Z D Z Z Z D

ϑ = ∅ ∅ ∅

∅ ∅ ∅

  

  

 

It is easy to see ( )7 7, 2Q QΦ =  and ( )7 6QΩ = . If  

{ } { } { }
{ } { } { }
{ } { } { }
{ } { }

1 8 7 3 2 7 8 3 3 8 6 3

4 6 8 3 5 7 6 3 6 6 7 3

7 6 5 1 8 5 6 1 9 6 4 1

10 4 6 1 11 5 4 1

, , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , ,

, , , , , , , , , ,

D Z Z Z D D Z Z Z D D Z Z Z D

D Z Z Z D D Z Z Z D D Z Z Z D

D Z Z Z D D Z Z Z D D Z Z Z D

D Z Z Z D D Z Z Z D

′ ′ ′= ∅ = ∅ = ∅

′ ′ ′= ∅ = ∅ = ∅

′ ′ ′= ∅ = ∅ = ∅

′ ′= ∅ = ∅

  

  

  

  { }12 4 5 1, , , ,D Z Z Z D′ = ∅


 

then  

( ) ( )
12

7
1

i
i

R Q R D∗

=

′=


                                   (12) 

(see [1], Definition 4 and [1], Theorem 2). 
Lemma 13. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let 

( )7R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 
g) of Theorem 1. Then  
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( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )

3 38 7 7 8

3 38 6 6 8

3 37 6 6 7

1 16 5 5 6

16 4 4 6

\ \ \\ \
7

\ \ \\ \

\ \ \\ \

\ \ \\ \

\\ \

12 2 1 2 1 5 4 5

12 2 1 2 1 5 4 5

12 2 1 2 1 5 4 5

12 2 1 2 1 5 4 5

12 2 1 2 1 5 4

D Z D Z X DZ Z Z Z

D Z D Z X DZ Z Z Z

D Z D Z X DZ Z Z Z

D Z D Z X DZ Z Z Z

D Z DZ Z Z Z

R Q∗ = ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ −

  

  

  

  

 ( )
( ) ( ) ( )

1

1 15 4 4 5

\ \

\ \ \\ \

5

12 2 1 2 1 5 4 5 .

Z X D

D Z D Z X DZ Z Z Z

⋅

+ ⋅ − ⋅ − ⋅ − ⋅



  

 

Proof. Let 9Z = ∅ . Then the given Lemma immediately follows from ([1], Lemma 16).               □ 
Let h be a binary relation α  of the semigroup ( )XB D  satisfy the condition h) of Theorem 1 (see diagram 

8 of the Figure 1). In this case we have { }8 6 6, , , , ,Q T Z T Z T D′= ∅ ∪


, Where { }8 7 5 4, , ,T Z Z Z Z∈ ,  
{ }3 2 1, ,T Z Z Z′∈ . By definition of the semilattice D it follows that  

{ } { } { }{
{ } { } { }
{ } { }}

8 8 6 3 2 8 6 3 1 7 6 3 2

7 6 3 1 6 5 3 1 6 5 2 1

6 4 3 1 6 4 2 1

, , , , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , , , ,

, , , , , , , , , , , .

XIQ Z Z Z Z D Z Z Z Z D Z Z Z Z D

Z Z Z Z D Z Z Z Z D Z Z Z Z D

Z Z Z Z D Z Z Z Z D

ϑ = ∅ ∅ ∅

∅ ∅ ∅

∅ ∅

  

  

 

 

It is easy to see ( )8 8, 1Q QΦ =  and ( )8 8QΩ = . If  

{ } { }
{ } { }
{ } { }
{ } { }

1 8 6 3 2 2 8 6 3 1

3 7 6 3 2 4 7 6 3 1

5 6 5 3 1 6 6 5 2 1

7 6 4 3 1 8 6 4 2 1

, , , , , , , , , , , ,

, , , , , , , , , , , ,

, , , , , , , , , , , ,

, , , , , , , , , , , .

D Z Z Z Z D D Z Z Z Z D

D Z Z Z Z D D Z Z Z Z D

D Z Z Z Z D D Z Z Z Z D

D Z Z Z Z D D Z Z Z Z D

′ ′= ∅ = ∅

′ ′= ∅ = ∅

′ ′= ∅ = ∅

′ ′= ∅ = ∅

 

 

 

 

 

Then  

( ) ( )
8

8
1

i
i

R Q R D∗

=

′=


                                   (13) 

(see [1], Definition 4 and [1], Theorem 2). 
Lemma 14. Let X be a finite set, { } ( )9 8 7 6 5 4 3 2 1 1, , , , , , , , , ,10D Z Z Z Z Z Z Z Z Z D X= ∈Σ



 and 9Z = ∅ . Let 
( )8R Q∗  be set of all regular elements of the semigroup ( )XB D  such that each element satisfies the condition 

h) of Theorem 1. Then  

( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

8 2 6 8 2 3 2 3

8 1 6 8 1 3 1 3

7 2 6 7 2 3 2 3

7 1 6 7 1 3 1 3

5 3 6 5 3 1 3 1

\\ \ \ \
8

\\ \ \ \

\\ \ \ \

\\ \ \ \

\ \ \ \

8 2 1 2 1 3 2 6

8 2 1 2 1 3 2 6

8 2 1 2 1 3 2 6

8 2 1 2 1 3 2 6

8 2 1 2 1 3 2 6

X DZ Z Z Z Z Z Z Z

X DZ Z Z Z Z Z Z Z

X DZ Z Z Z Z Z Z Z

X DZ Z Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

R Q∗ = ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅









( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

5 2 6 5 2 1 2 1

4 3 6 4 3 1 3 1

6 44 2 2 1 2 1

\

\\ \ \ \

\\ \ \ \

\\\ \ \

8 2 1 2 1 3 2 6

8 2 1 2 1 3 2 6

8 2 1 2 1 3 2 6 .

X D

X DZ Z Z Z Z Z Z Z

X DZ Z Z Z Z Z Z Z

X DZ ZZ Z Z Z Z Z

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅

+ ⋅ − ⋅ − ⋅ − ⋅








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Proof. Let 9Z = ∅ . Then the given Lemma immediately follows from ([1], Lemma 17).               □ 
Let us assume that  

( )
8

2
1

.i
i

s R Q∗

=

= ∑  

Theorem 2. Let ( )1 ,10D X∈Σ , 9Z = ∅ . If X is a finite set and DR  is a set of all regular elements of the 
semigroup ( )XB D , then 2DR s= .  

Proof. This Theorem immediately follows from ([1], Theorem 2) and Theorem 1.                     □ 
Example 1. Let { }1, 2,3, 4,5,6,7X = ,  

{ } { } { } { } { } { } { }1 2 3 4 5 7 8 0 6 91 , 2 , 3 , 4 , 5 , 6 , 7 , .P P P P P P P P P P= = = = = = = = = = ∅  

Then { }1, 2,3, 4,5,6,7D =


, { }1 2,3, 4,5,6,7Z = , { }2 1,3, 4,5,6,7Z = , { }3 1, 2, 4,5,6,7Z = ,  

{ }4 2,3,5,6,7Z = , { }5 2,3, 4,6,7Z = , { }6 4,5,6,7Z = , { }7 1, 2, 4,5,7Z = , { }8 1, 2, 4,5,6Z =  and 9Z = ∅ .  

{ } { } { } { }{
{ } { } { } { } { } }
1, 2,3, 4,5,6,7 , 2,3, 4,5,6,7 , 1,3, 4,5,6,7 , 1, 2, 4,5,6,7 ,

2,3,5,6,7 , 2,3, 4,6,7 , 4,5,6,7 , 1, 2, 4,5,7 , 1, 2, 4,5,6 , .

D =

∅
 

We have 9Z = ∅ , ( )1 1R Q∗ = , ( )2 1143R Q∗ = , ( )3 9990R Q∗ = , ( )4 2443R Q∗ = , ( )5 3150R Q∗ = , 

( )6 = 540R Q∗ , ( )7 168R Q∗ = , ( )8 64R Q = , 17499DR = .  

Theorem 3. Let ( )1 ,10D X∈Σ . Then the set DR  of all regular elements of the semigroup ( )XB D  is a 
subsemigroup of this semigroup.  

Proof. From ([1], Lemma 2), and by definition of the semilattice D it follows that the diagrams of XI- 
semilattices have the form of one of the diagrams given ([1], Figure 2). Now the given Theorem immediately 
follows from ([3], Theorem 2).                                                               □ 
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