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Abstract

We study the strongly damped wave equations with critical nonlinearities. By choosing suitable

0 -I
state spaces, we prove sectorial property of the operator matrix [A Aa} together with its
n

adjoint operator, investigate the associated interpolation and extrapolation spaces, analysis the
criticality of the nonlinearity with critical growth, and study the higher spatial regularity of the
Y-regular solution by bootstrapping.
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1. Introduction
This paper deals with a class of wave equations with strong damping
Ll”-‘r-?](—A)gut-{—(—A)u:f(u)’ t>0,xeQ,

u(O,x):uo(x), ut(O,x):vo(x), xeQ), @)
u(t,x) =0, t>0,x €0Q.

Here Qc R” (N>3) is a bounded domain with C* boundary, and 7 >0 is the coefficient of strong
damping. Let X =I* (€2), then the negative Laplacian —A, denoted by 4, is a positive definite and self-adjoint
operator defined in X with compact inverse. For each a €R, there define A” and X, as the fractional
power of 4 and its domain endowed with the graph norm respectively. Evidently, in this setting, X, = #, . (@),
X, =H*(Q)nHy(Q), X, =H"(Q),andforall >0,wehave X ,=(X,).
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0 -7
Introduce the energy space Y =X,,xX as our work space, and let v=u, , 4, :{A AH}’
n

0
F [|:”D _ |:f( J , then Equation (1) turns to be an abstract Cauchy problem
u

| S
1L

and we can treat it in the framework of semigroup of operators.

Recall that, the operator matrix A, itself is not closed in Y, and consequently its negative is not a generator of
any C,-semigroups except € =1. But its closure, which is still denoted by A,, is a sectorial operator whenever
1/2 <6 <1, and its negative generates an analytic and exponential decaying semigroup (see [1]-[3] for references).

By using the notation of &regular solution introduced in [4] [5] together with interpolation and extrapolation
spaces, and under the Lipschitz condition,

|f(u)—f(u’)| <Clu —u'|(1—i—|u|p71 +|u'|p71), Vu,u' e R 4)

(1<p<(N+2)/(N-2)).

Carvalho-Cholewa in [ 1] and lately Carvalho-Cholewa-Dlotko in [2] studied the local existence and regularity
of the &regular (or Y-regular in this paper) solution of Equation (1). Under the dissipative condition,

fim sup (%) <. (5)

[s]>o0 N

Carvalho-Cholewa in [6] investigate the global existence of e-regular solutions in the subcritical case
1< p<(N+2)/(N-2), together with the existence and regularity of the universal attractors. As for the critical
case p=(N+2)/(N-2), there are few references except & =1. According to the general theory of the
&regular solutions, in this case, the related nonlinear map F:Y, —>7Y, , is critical (i.e. 0<¢&< p ', and 7
can only take the value pe ), consequently for a e-regular solution arising in the energy space, boundedness of
the Y-norm on its maximal existence interval could not guarantee the global existence (see [1] [2]).

Here we are concerned with the higher regularity and global existence of the Y-regular solution of Equation
(1). By introducing a new state space E, =X xX _, (1/2<s<1) weak than Y somewhat, we will reveal
that, the operator matrix A, is also sectorial, together with its dual operators A . Moreover, all the
interpolation and extrapolation spaces (E,,) (ae [—1,1]) can be expressed by the Cartesian products. And
consequently, for p=(N+2)/(N-2) and 1/2<@ <1, the corresponding nonlinearity F turns to be
subcritical. Using these properties, we will prove by bootstrapping that every E, -regular solution of (2) with
the initial value taken in Y is a strong one exactly. Moreover, this solution exists on the whole interval R", or
its Y-norm blows up in finite time. Results obtained here, which can be viewed as useful supplements to the
references listed above, tell us that in a semilinear parabolic equation, substitution of phase spaces may change
the criticality of the nonlinear perturbation attached to it. In other words, criticality is not absolute for the
parabolic systems in many concrete situations.

2. Main Results and Proofs

Lemma 2.1 Suppose that X and Y are two Banach spaces, A is a sectorial operators defined in X, and B is a
linear operator densely defined in Y. Suppose also there is a homeomorphism Q:X —Y satisfying
QA = BQ, then B is also sectorial together with o (A)=oc(B) and ¢ =Q0e™Q™" (see[7], §5.2).
Lemma 2.2 The operator matrix A, is sectorial in the new space E,=E,,= X°xX , and
Re(o(Ag)) >0. Moreover, the domain F(A,)=(E,) equipped with the graph norm is equivalent to the
product space X' x X° (cf. [8]).
For the Hilbert space X =1’ (Q) and the operator 4 =—-A introduced above, consider the interpolation-

1
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extrapolation Hilbert scale {(Xa,Aa):aeR}, where X, :D(A“) if 20, X, :(X, A”‘-) if <0,

and 4, is the realization of 4 in the space X, . For the real and complex interpolation methods, please refer to

[9], Ch.1, and for the extrapolation method, see [10], Ch. V for references. Recall that, for every a R, 4, is
also a sectorial operator in X, and 4% e £ is (X,,X), (4,) eL is (X,X_,) forall >0 (cf [10],
§5.1.3).

Define the realization of A, in E,  as follows:

0 -1
Ay, = e os o |» if 1/2<s<0,
§ |jA3_9 )g A n (AS—<9 ) 4 :|
0 -1 )
Ay, = . 77A‘97SAS , if @<s<l1.

It is easy to check that, for all s e[1/2,1], (ngx )1 = D(AG’S ) =X, ,xX, inthe sense of equivalent norms.
Furthermore, we have

Lemma 2.3 A,  is sectorial in the state space E,  with the same spectrum as A, has.

Proof: This lemma can be easily verified by Lemma 2.1, together with the fact that the following operator

y O—s 0
0,, {( ) “}, if1/2<s<80,
0 (4,5)

A0
= ,ifO0<s<I.
QG,S |: 0 ABX:|

is an isomorphism between E, and E,, satisfying Q, A4, =A4,0, .0
Consider another operator matrix A, defined below,

0 A1—20
Ag,s = O-s ) 0—s N lf 1/2 <s< 0,
_( A.y-a) A0+ n ( As_g) VR
0 Al—2¢9 )
4, = ,ifO<s<l.
0.5 _AHﬁvAH.fo nAH*SAS

Evidently, A is closed in the space E, =E;, =X xX _, with domain D(AZ)S ) =X

s+6
all [ﬂ =D(4,,) and Lﬂ = D(Ag‘s), we have

<L12)
s )

=—(v19), +((4) " A uly) +(77(Aig )" aviy)
s-0 s—6

=—(ASV‘As(D)X +(A1+s—9u ‘ As—HV/)X +(ASV|77AS_'9(//)X

==(v1(40)" A7) (w1 a) o+ (vin(4.)

x X, . And for

O-s

A‘t//)X

Als-_zal// }
_(As—e )‘975 A6+S§0+ 77(143,,9 )9*5 Ar(// .,

K
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This tell us that, A) is contained in Ay , the adjoint operator of A, . In order to show the equality
A, = A, it suffices to check that o—(A# )m o-(AéS) # (&, whichis a consequence of the following lemma.

Lemma 2.4 A, is sectorial in E,  with the spectrum O'(Aa,s ) D {Rez>0}.

Proof of this lemma is much similar to that of Lemma 2.3, and here we omit it.

Denote (Eg,s )1 = D(AZ’S), which is isomorphic to the product space X, ,x X, according to the graph
norm.

Now we can give some representations for the interpolation and extrapolation spaces attached to A, . For
each « €[0,1], we have

(Ea,.c )a = |:Ee,.w(E9,.c )1] =X ra(-0) X X (1ea)p> ©)
and
(E;,.v) |:E;v3<E§,s )l:|a = X.Haé’ XXx—(l—a)H'
Thus by the dual principle (refer to [10], Ch. V, thm. 1.5.12), we obtain

(£a,)., =((E8.),) =((X),0) *((X,0),0)

=(Xs)_agx(Xs 6) af Xs—aQXX

s—(l+a)o*

’ ’

Hence, for each y €[0,1], we have that
((E‘g's )—1 );/ - (EG’S )—1+7 - XY’(I’V)‘g % XS’(Z’V)B (7)

in the sense of isomorphism.
Let us study the nonlinear operator F in the case p=(N+2)/(N-2) and 0€(1/2,1] in new state
spaces.
Theorem 2. 5 Take y,=2-6"€(0,1] , then under the assumption (4), for each ye(0,7,] ,
FE, - (E .| is bounded and locally Lipschitz. More precisely, F verifies
’ Y
u’
<C
{v'}

LI, B -

Proof: Firstly using the embedding X, — H> (Q), we can easily deduce that X, —C(Q) if s> N/4,
and X, — L7 (Q) forall oe[l,0) if s=N/4.Noticethat s—(2-y)0<0 forall ye(0,y,]. Hence for
the number s satisfying N/4 <s <1, by invoking (4), we find that the Nemytskij operator of f, denoted also by f/
verifies

p-1 p-1

1+ +

®)

Egs Ep.s Eg,s

lr@)=r O, <Clavl, (el M)

This inequality, together with the definition of F and (7) leads to the desired inequality (8).
If s< N/4,then we have the following embedding

XS*(Z*}/)H

2N

X, > L (Q),if1<o< ; 9
: () N —4s ©)
2N
X <« L' (Q), if r >max<]1, . 10
s—(2-7)6 ( ) { N—4S+4(2—7)0} ( )
And simple calculations show that in case N >3, for all se[l/2,N/4) and ye(O,)/O],inequalities

2N S N+2
N-4s N-2
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and
N—4s+4(2—}/)6’2N+2
N —4s N-2

hold simultaneously. Thus for the number r verifying the restriction in (10), the other number o = pr satisfies
the restriction in (9). Hence by invoking (9), (10) and (4), we obtain

- r o, <l

< Cllu =l () + M)
<l (bl + M ).

which means that inequality (8) still holds in theI case s < N/4 . This complete the proof. [J
Theorem 2.6 Let a, = maX{O,l -2(n+2) (1-6) } , then under the assumption (4), for all a € (a,,1),

the operator sanh:hmf[m] m_m m m

Similar to Thm. 2.5, core of the proof for this theorem is to check the validity of the following inequality

|1 ()£ ()], <Clu—u )

under condition (4). Here we omit the whole process.

Remark 2.7 In the new state spaces, the nonlinearity F turns to be a subcritical map (please compare to
[1]12]).

Now we can investigate higher regularity and global existence of solutions of the abstract Cauchy problem (2)
+ (3) for the critical growth exponent p=(N +2)/(N-2) in the case 1/2<@<1.In view of [4] and [1] [2],

p-1 p-1

<C

Eg

1+ +

(Eo),

(11

(o), (Eo),

p-1

1+ |

]

Xo+a(1-0) ( Xo+a(1-0)

we know that for the initial point | °|e€Y, there exists a unique sregular (or in other words Y-regular)
Vo

solution {u}(’ uy,v,) defined on an interval [0,7] forsome 7 >0,s.t.
v

m eC([0.7,).7)nC((0.7,).7,.) " C ((0,7,).7,) ¥ne[0,pe) (12)

Uy

for some ¢ € (0,1/ 2] , and Equtaion (2) is satisfied in the space Y, . . If { } lies in the space E,, then

Yo
u

thanks to (8), there exists another interval [O,T], on which there is a unique £, -regular solution { 0}
Yo

satisfying

m e C([0,7),E,, ) C((O,r),(EH’S ), ) nC'((0.0).(E,),) (13)

(see [7], Ch. 6 or [11], Ch. 3
0

1+,

for all B €[0,7,) together with Equation (2) satisfied in the space (EH’S )7
for references).

Take s=1/2, then by the uniqueness and regularity mentioned above, we can easily find that an E,,,
-regular solution is equal to a Y-regular one on the common existing interval if they have the same initial value.

u
Denote by [0,7) and [0,7,) respectively the maximal intervals of [ }(',uo,vo) existing as a Y-regular
v
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Uy

solution and as an Eg’l/2 -regular one with { ]e Y . In the following paragraph, we will prove that 7, =7.

Vo

Evidently 7, <7 since Y — E,, . For the inverse inequality, it suffices to show that {
v

”} ec([0,T],¥) for
arbitrary 7 €(0,7) (cf. [12]). This can be done by bootstrapping.
Taking any ¢ € (0,7), and using (13) and (6), we obtain

u
{v} (41,7, € (Ea,l/z )m =X 2er(1-0) X Xi—(iopp)o

- X,

1/2+70(1-0) X

(14)
X

1/2+74(1-0)-0

=F

0.1/2+75(1-6)"

Regard # and E

0.,1/2+y9(1-6)

and uniqueness of the £, 240(1

u
[ } € C([’nﬁ + 5]’E€,I/2+;/0(1—¢9)) M C((tl’tl + 5]’(E9,1/2+y0(1—0) )70)

as the initial time and space respectively, then by invoking the local existence

0) -regular solution, we can find a time ¢ > 0, such that

v

(et + 01 Engnrn), ) VB <100,

Here the time o depends on the norm H|:u:|(t1’u0"}0) due to the subcriticality of F (8). Notice
v

Eg1/2410(1-0)

on any bounded interval [#,7]<[7,7) thanks to (13) and

that { } is uniformly continuous in E91/2+}/0(1—9)
v :

(14), therefore it can be extended to the whole interval [tl,r) asan FE

0.1/2470(1 -regular solution. And similar
1/2+70(1-6)
to (14), forany 1, €(#,7), we have that

u
|:v:| (tz s U, Vo) € (E9,1/2+y0(1—9) )70 = X1/2+270(1—9) x X1/2+70(170)—(1770).9

= Xi2i2y(1-0) ¥

X

1/2427(1-0)-6 — E9,1/2+270(1—9)’

The above inclusion is valid for all te(O,r) due to the arbitrariness of ¢ . Thus using the procedure

performed above, we can deduce that, asan E, , ., ., 4 -regular solution,

u
|:v:| IS C((O, T)a(EH,l/ZJrZyO(lfg) )70 ) NC! ((O, T)’(EH,1/2+2;/0(1—:9) )ﬁ )

forall Be[0,7,).
Select k€N sothat 1/2+(k+1)y,(1-6)> 6, and repeat the above step k times, we finally obtain

[TJ eC ((0’ T) > (EH,I/2+k70(1—0) )70 j als ((0’ T) > <E0,1/2+k;/0(]—6) )ﬁ ) (15)

for all Be[0,y,), and (Eg’l/w%(]fg)) = Ey o eypp-a) = Eo =Y . Thus, for any Te(0,7), we can

70

conclude that {u

} eC ([O,T l.Y ), which leads to the desired conclusion 7 <7,.
v

Theorem 2.8 Every Y-regular solution {u}(, uo,vo) of the problem (2) + (3) with {uo} eY is exactly the
v,

v 0
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u
strong one on its maximal interval of existence [O, r) . More precisely, { } verifies all the following properties
v

. [ﬂeC([O,r),Y)mC((O,T),(Eg)l)mcl((0,1),(E5)ﬂ) forall ge[0,1),
e Equation (2) holds in £, for all te(O,r),and

u
L}(r,uo,vo)
globally.

Proof: Choose keN sothat 1/2+ky,(1—6)>1, then the inclusion (15) and the imbedding
(Eg’1 =X, XXy > X xX, = (E,), jointly produce 1). Moreover, thanks to (11), if we regard (E, ),
(ae (7(020,1)) as the initial space, and use the existence and uniqueness of the (E,) -regular solution, we can

derive 2). Suppose that condition
u
[v} (t, Uy, Vy )

u
holds, then as an  E,, , -regular solution, [ } can be extended onto the whole interval R since
v

e either limsupH‘

=00, lLe. { } blows up in finite time, or 7=+, ie. { } exists
v v
Y

<o (16)

Y

sup
1e[0,7)

FiEy, > ((Eg,l/2 )71)70 is subcritical and Y — E,, . Therefore 7, =7 =+o0, and [ﬂ exists globally as a

Y-regular solution (it is a global strong solution indeed). This results means that (iii) holds. [J

Remark 2.9 From Thm. 2.8(i), one can conclude that the first component function u (-,uo, vo) of a Y-regular

solution {u}(t,uo,vo) belongs to C' ((O,r),Xl)mCZ ((O,z’),Xﬂ) for all B e[0,1), and satisfies Equation
v

(1) in the strong sense on its maximal existing interval (O,‘r) definitely. In (6], the authors showed that,

u(~, uo,vo) is the strong solution under the extra conditions 3< N <5 and 6 e (1/2,4/(N+ 2)) . And in [2],

the authors proved that u(-,u,,v,) is the classical one whenever 1/2<60<2/3. In this sense, Thm 2.8 is a
useful supplement to the above two results.

Remark 2.10 Under the assumptions (4) and (5), the following estimate is valid for {u}(, uo,vo) (see [6]
v

[13]) ﬁm(wo,mjsc HE@D
-4

is the energy functional attached to (2). Thus for every {

where

- I:“) 7 (s)dsdx

u
0} €Y, condition (2.11) holds, and consequently

Vo

v

T=0, [u}(~,u0,vo) is globally defined.

3. Further Discussions

By introducing some new state spaces, we investigate the higher regularity and global existence of the weak
solution of the wave Equation (1) for the critical growth exponent p=(N+2)/(N-2) in the case



Q. H. Zhang

1/2< 6 <1. Results obtained here show that criticality of the nonlinearity attached to a semilinear parabolic
system is not absolutely. It depends on the state spaces selected in many concrete situations. On the other hand,
we have to admitted that, methods used here are inadequate for 6 =1/2, since criticality of F does not
change anymore (7 =0), regardless of the space E, we selected. In this case, condition (2.11) does not
guarantee the global existence of the Y-regular solution any more. In [14], the authors proved that, under

hypotheses (4) and (5), every Y-regular solution [u}(t, uo,vo) arising in Y can be extended onto the whole
\4

interval R* as a Y, -regular solution (¥, =X xX _jj2) or a piece-wise &regular solution in other words (see

u
[12] for references). More precisely, { } verifies
v

1) HeC(R*,YI)mBWC([o,T],Y) for every T e(0,00),
\4

2) (d/dt)meWC(RtYl),and

3) there is a sequence of singular times {7,} with 7, >0, s.t. on each [z, ,,7,) (z,=0), { } is a
v

Y-regular solution, and limsup

= foreach ce (0,(2,0)71} .

&

Y,

Thus, we can also consider the existence and regularity of the universal attractors.

References

(1]

Carvalho, A.N. and Cholewa, J.W. (2002) Local Well Posedness for Strongly Damped Wave Equations with Critical
Nonlinearities. Bulletin of the Australian Mathematical Society, 66, 443-463.
http://dx.doi.org/10.1017/S0004972700040296

Carvalho, A.N., Cholewa, J.W. and Dlotko, T. (2008) Strongly Damped Wave Problems: Bootstrapping and Regularity
of Solutions. Journal of Differential Equations, 244, 2310-2333. http://dx.doi.org/10.1016/j.jde.2008.02.011

Chen, S. and Triggiani, R. (1989) Proof of Existence of Two Conjectures on Structural Damping for Elastic Systems:
The Case 1/2<a <1. Pacific Journal of Mathematics, 136, 15-55. hitp://dx.doi.org/10.2140/pjm.1989.136.15

Arrieta, M. and Carvalho, A.N. (2000) Abstract Parabolic Problems with Critical Nonlinearities and Applications to
Navier-Stokes and Heat Equations. Transactions of the American Mathematical Society, 352, 285-310.
http://dx.doi.org/10.1090/S0002-9947-99-02528-3

Arrieta, M., Carvalho, A.N. and Rodriguez-Bernal, A. (1999) Parabolic Problems with Nonlinear Boundary Conditions
and Critical Nonlinearities. Journal of Differential Equations, 156, 376-406. http://dx.doi.org/10.1006/jdeq.1998.3612

Carvalho, A.N. and Cholewa, J.W. (2002) Attractors for Strongly Damped Wave Equations with Critical Nonlineari-
ties. Pacific Journal of Mathematics, 207, 287-310. http://dx.doi.org/10.2140/pjm.2002.207.287

Pazy, A. (1983) Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer-Verlag,
New York. http://dx.doi.org/10.1007/978-1-4612-5561-1

Zhang, Q.H. (2013) Global Existence of &Regular Solutions for the Strongly Damped Wave Equation. Electronic
Journal of Qualitative Theory of Differential Equations, 62, 1-11.

Triebel, H. (1995) Interpolation Theory, Function Spaces, Differential Operators. 2nd Edition, Johann Ambrosius
Barth, Heidelberg.

Amann, H. (1995) Linear and Quasilinear Parabolic Problems. Birkhduser, Basel.
http://dx.doi.org/10.1007/978-3-0348-9221-6

Henry, D. (1981) Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Math. Vol. 840, Springer-
Verlag, Berlin.

Carvalho, A.N. and Cholewa, J.W. (2005) Continuation and Asymptotics of Solutions to Semilinear Parabolic Equa-
tions with Critical Nonlinearities. Journal of Mathematical Analysis and Applications, 310, 557-578.

http://dx.doi.org/10.1016/j.jmaa.2005.02.024


http://dx.doi.org/10.1017/S0004972700040296
http://dx.doi.org/10.1016/j.jde.2008.02.011
http://dx.doi.org/10.2140/pjm.1989.136.15
http://dx.doi.org/10.1090/S0002-9947-99-02528-3
http://dx.doi.org/10.1006/jdeq.1998.3612
http://dx.doi.org/10.2140/pjm.2002.207.287
http://dx.doi.org/10.1007/978-1-4612-5561-1
http://dx.doi.org/10.1007/978-3-0348-9221-6
http://dx.doi.org/10.1016/j.jmaa.2005.02.024

Q. H. Zhang

[13] Pata, V. and Squassina, M. (2005) On the Strongly Damped Wave Equation. Communications in Mathematical Phys-
ics, 253, 511-533. http://dx.doi.org/10.1007/s00220-004-1233-1

[14] Zhang, Q., Fan, Z. and Li, G. (2014) Global Existence of Piecewise &-Regular Solutions for a Class of Abstract Para-
bolic Equations. International Journal of Nonlinear Science, 16, 99-104.



http://dx.doi.org/10.1007/s00220-004-1233-1

	On the Strongly Damped Wave Equations with Critical Nonlinearities
	Abstract
	Keywords
	1. Introduction
	2. Main Results and Proofs
	3. Further Discussions
	References

