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Abstract

The Riemann hypothesis is part of Hilbert’s eighth problem in David Hilbert’s list of 23 unsolved
problems. It is also one of the Clay Mathematics Institute’s Millennium Prize Problems. Some ma-
thematicians consider it the most important unresolved problem in pure mathematics. Many ma-
thematicians made a lot of efforts; they don’t have to prove the Riemann hypothesis. In this paper,
I use the analytic methods to deny the Riemann Hypothesis; if there’s something wrong, please
criticize and correct me.
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1. Introduction

Riemann Hypothesis was posed by Riemann in early 50’s of the 19th century in his thesis titled “The Number of
Primes Less than a Given Number”. It is one of the unsolved “super” problems of mathematics. The Riemann
Hypothesis is closely related to the well-known Prime Number Theorem. The Riemann Hypothesis states

that all the nontrivial zeros of the zeta-function lie on the “critical line” {s ‘Res= %} . In this paper, we use the

analytical methods, and refute the Riemann Hypothesis. For convenience, we will abbreviate the Riemann Hy-
pothesis as RH.
2. Some Theorems in the Classic Theory

In this paper, F(s) is the Euler gamma function, g(s) is the Riemann zeta function.
Lemma 2.1. If Rew >0, then

1 s
Z—M(Q)F(s)w ds = exp(-w)
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where Re w is the real part of complex number w.
Let 7>0 begiven, when |s|>7 and |args|<m—7,then

%(s):logs+o[§}
If -4<o<4,t|>1,then
. ot . . 1 o3
F(o+it) =2al 2exp(—g|t|+|t(log|t|—1)+|ﬁg(a—5j]+o(|t| 2exp[—g|t|D
where A=1if t>1, A=-1if t<-1.

See [1] page 523, page 525.
Lemma 2.2. If Res>1, then

where A(n) is the Mangoldt function.
Let s is any complex number, we have

[P o1y
g(s)— s—l+cl+§(s—p+p) 2F[25+1j

where p be the nontrivial zeros of {(s), c, be the positive constant.
Wewrite s=c +it. If -1<o<2 -n<Im{log(s—-1)}<m, -m<Im{log(s—-p)}<m, then
log¢ (s)=-log(s —1)+‘ Z‘: log(s—p)+ O(Iog(|t|+ 2))
y—t|<l

where Im s is the imaginary part of complex number s.
See [2] page 4, page 31, page 218.
Lemma 2.3. Let N(T) isthe number of zeros of ¢(s) intherectangle 0<o <1 0<t<T. then

1 1 .
where S(T)==ar —+iT |.
(1)=argg( 5417
See [3] page 98.
Lemma 2.4. Assume that RH, If x> 2, then

v(x)= 3 A(n)=x+R(x)

2<n<x
1
where R(x)< x?log®x.
See [3] page 113.
3. Some Preparation Work

Lemma 3.1. Assume that RH, and 0< ¢ < % then

1
2 9

T|l0g§(a+iyo)|da<<l and I|Iog§(0'+i7/0)|d0'<<1
-1

%Jr&

where y, is the ordinate of nontrivial first zero of ¢'(s), y, ~14.134725....

Proof. By Lemma 2.2 and RH, we have
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log¢ (o +iy)< > |09(0—%+i7o_i7j+o(log%)
[r=rol<t
because
o a—£+i _j —llo G_EZJF( — )2 +iAr a_1+i —i
9 > Yo =iy =3 g > Vo=V g > Vo=V
1 1y
|Og(o-_5+iyo—i}/) < Iog{(a—gj +(70—7)2J +1
and
2 2
|og[g—%) glog[(o—%) +(7o—7’)2Jslog£%+1]
2 2
Iog{[o——l) +(70—7)2J < |09(0—£) +1
2 2
therefore

< +1.

e 1
o4l

2 1 2 1
=-2| lo ——ldo+2|lo -=1d
;'L g(o 2) ’ £ g(a 2) ’
2 2

1. .
|Og[o-—5+l}/o —Iy/j

Felo3)lee

And because

do

3

j.
1.5
2

2
dGJ-
%

1 2
= —2[ logodo + ZI logodo
S5 1

1
=25logs +2[do+0(1)=0(1)
o
therefore

Hlog§ (o+ir)do< ¥ f Iog(a—%+iyo—i7jdo+l

[r=rols11
2+¢) 2 +0

l 2
| _2
Og(a 2j

2

< |

1
2+6

do+lx1.

Similarly, we have
1 o
379

J |Iog§(o-+i7/0)|da<<1.
21

This completes the proof of Lemma 3.1.
Throughout the paper, we write

z=a+ib, azTi, T>50, b=2mn.
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It is easy to see that

b = - a?+t 1 1
arctg—=—-nh, h= -1 , <h<s—.
9272 é( ) (2k +1)b** 4nT T

Lemma 3.2. We calculate the three complex numbers.
Because

. b T
a+ib=(a%+bh?)2 exp| iarct a’+b?)2exp| i—=—ih
vib=(a40°) expiarctg ? | = (a7 ) exp i 5 |

therefore when t is the real number, we have

3 3l . .
thz(a2+b2)8 Zexp i3 i3 he Tt <exp| Zt—th
8 4 2 2
it 2 Lo\ s n .h = T
z =(a +b ) exp| -i—+i—+—t—th |[<exp| =t—th
4 2 2 2

1t 1t
27" =(a+ib) 7 (a2+b2) 42 exp(—i%ﬂg—gt +thj < exp(—gtﬂhj
the three complex numbers required below.
Lemma 3.3.
[ T(s)=(s)(a+ib)"ds <1
-4
Proof. By Lemma 2.1 and Lemma 3.2, we have
[ F(s)%(s)(aﬂb)s ds:ijF(—§+itj%(—%+itj(a+ib)i" dt

3 N

F[—§+itj£[—§+itj
4 )¢\ 4

< [ (1t} +2)7 tog (] +2)exp(-th)c

NN

(a+ib)s "t

< T(|t| + 2)7% log ([t|+2)dt < 1.

This completes the proof of Lemma 3.3.
Lemma 3.4.

j r(lJr itj(a + ib)’%’" Iogldt < log®T
% 2 2n

Proof. By Lemma 2.1 and Lemma 3.2, we have

+00 t

J' 1"(1 +|t)(a+|b) B Iogz—dt

I

=2r(a+b?) ¢ exp( |%+|—jjexp —th+it(logt -1))(a’+b*) Zlog(ztn] t

+0| (a®+b%) J't exp( —th)logtdt]

2

:Il[x/ﬂ(a +b?) ¢ exp( i%-ﬁ-iEJj-i-lz
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we write

(a +b2)% 2n<r<2m+1

iy

:Texp(—th+it(logt—logr— ))Iog[ jdt

Y0

exp (- t .
= — |d t(logt—logr-1
-[llogt |Iogr g(an exp(l (og 09T ))

T exp

(logt —log 2n)dexp(it log ij
Iogt Iog r re

=i f (exp(—th) + _exp(-th) (logt - log 2n)]d exp(it log %j

logt—logr

+|J. hEXp _h exp(—th) _ eXp(—th) . IogL exp(itlogijdt
logt—logr t(logt—log r) 2n re

+|j —hexp(-th)+| —h exp(th) __ exp(th) > log— exp[itlogljdt
logt—logr t(logt—log r) 2n re

w 1
< hexp(-th)+ ————  |dt <1
JO{ p(-th) t(logt—logr)zl

h2

l, < It‘l exp(~th)logtdt + It‘l exp(~th)log tdt

70

-2

< jt’l logtdt + h*logh™ Iexp ~th)dt < (logh)” < log? T

This completes the proof of Lemma 3.4.

Lemma 3.5.
-1 ) L
F’(1+itjz 2 l—1"(£+|tjz 2 lIogz
2 2

Proof. When t>y,, by Lemma 2.1, we have
F(1+it) (1+ itj
2 2

ol

< exp(—gt)logt +tt exp(—gtj < exp[—gtj logt.

+0o0

J

70

tdt < log® T

By Lemma 2.1 and Lemma 3.2, we have

J' F’(Lr it) 7 —F(l+ itj 275" ogz
b 2 2

h2

<<jt exp(~th)logtdt < jt‘lexp th)logtdt+jt‘1exp (~th)log tdt

t7dt

hZ

< Itllogtdt+h2 logh™ jexp ~th)dt < log®T.
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This completes the proof of Lemma 3.5.
Lemma 3.6. Assume that RH, then

v ’ 1. Lt T 1 . Lt
IF[E+IIJZZ S(t)dt<1 and IF(E+IIJZZ S(t)dt <1
70

70

where S(t)= %arg ((%+ itj.

Proof. By Lemma 3.2, it is easy to see that
1 1t
I l+it 72 = 1Jri'f (az+bz) ‘ I2exp —i£+ih+£t—th
2 2 4 2 2

1t
:F'(1+it)(a2+b2) 4 2exp(zt—th) cos(—£+ﬂj+isin[—£+nj .
2 2 4 2 4 2

We write
H (s)=T"(s)(a? +b7) 2
el
ol £ .
( J

N—

G;(s)=H(1- s)[exp ( ig+ihj ]+exp

ol
o 5

;/

It is easy to see that

Q)
+
=
Il
N
3
VR
| =
+
=
N—
—_—
[}
N
+
o
N
SN—
J>‘|—-
N
@
X
k=)
VR
—
|
=0
~—+
N—
Q
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1
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=
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+
o
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o
D
X
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w
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o
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|
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=
—
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o
o
1z
/_\ /ﬁ\ —

1t
G4(l+it]=2ir’(l—it)(a2+b2) g 2exp( t- htj Lﬂj.
2 2 2 4 2
Assume that RHand 0< 6 < 5—10 by the contour integration method, we have
——5+|ao “1tiyg 5-5“70
[ Gi(s)log¢(s)ds+ [ Gi(s)log¢(s)ds+ [ Gy(s)log¢ (s)ds =0

E_[;_Hyo —1+ico —I+iyg

,,5+,w “1+ixg E—éﬂyo
[ Gi(s)log¢(s)ds=— [ G,(s)log¢(s)ds— [ Gi(s)log¢(s)ds=J;+3J,.

,,aﬂyo —1+io —1+iyg

2
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By Lemma 2.1 and Lemma 3.2,

_71]%@ s)log ¢ (s ds<<j|G ~1+it)|[log & (~1+it)|dt

—1+i0

<<j|1" 1+|t)|exp( t— thj(logt dt <<jt 2 (logt)® exp(~th)dt

< jt_E (logt)’ dt < 1.

Y0

By Lemma 2.1, Lemma 3.1 and Lemma 3.2, we have

l—¢>‘+iy0 *_50
Jzz_zj G, (s)log¢ (s)ds < I|G (o+iy,) ||Iog§ (o+ir) |d0
—1+iyg

< j |Iog§(o—+i7/0)|da<<1.
-1
When § — 0, we have

jG ( +|t)|og§( +|tjdt<<1

Similarly,
jG( +|tjlog§( +|tjdt<<1

Assume that RHand 0< 6 < 5—10 by the contour integration method, we have

1

2+i0 50+ 2+iyy
[ Gi(s)log¢ (s)ds+ [ Gy(s)log¢(s)ds+ [ Gy(s)log¢ (s)ds
2+iyy %+6+I00 ;HH'YO
l-+()+|yo
[ Gs(s)log¢ (s
—+§+|w
2+i0 2+iy
=— [ Gy(s)log¢(s)ds— [ Gy(s)log¢ (s)ds
2+iyg l+§+|y0
same as above
—+5+|oo
[ Gy(s)log< (s)ds <1.
—+5+|y0

When § — 0, we have

Similarly,

=0
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Synthesize the above conclusion, we have

(o(3o)-o(2o0 )
(2o )]s
o)l 52 (1)

therefore
;E[Re H (%+ it)](exp(gt - htjcos[—%+gDS (t)dt <1.
Similarly,
:IIGl E%+ itj _G, G+ itDlog g[%+ it)dt
= 4iz(lm H (%4— itn[exp(gt - ht]cos(—%JrgD(log g(%Jr itj
therefore
:Jj(lm H (%+ itD(exp(gt - htjcos(—%+gns (t)dt <1.
Similarly,
I(Re H (%4— itjj(exp(gt - htjsin (—%+2D S(t)dt <1
T [Im H (%4— it))(exp(gt - htjsin[—%JrgDS (t)dt <1.
Therefore '

+00

1. ) -t
IF(EHtjz 2 S(t)dt < 1.

Y0

We use the same process, we can get

+00

R P
JF(E+IIJZZ S(t)dt <1,

70

This completes the proof of Lemma 3.6.
Lemma 3.7. Assume that RH, we have

> F(%+ iyj(a+ ib)f%fiy < log’T

—00<y <+

where y be the ordinates of the nontrivial zeros of ¢ (s).
Proof.

3 r(%ﬂyj(anb)%‘y

—00<y <+

- r(%nyj(aﬂb)%‘u 3 F(%—iyj(aﬂb);”’:AﬁAz

Yo <y <t Yo <y<+owo

+iarg§(%+ itndt

+iarg g[%+ itndt
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A=Y F( +|7j(a+|b) IF(%Ht)z%"dN(t)

Yoy <+

by Lemma 2.3, the above formula

= IF(EH'[JZ%"d{LIogL—L+Z+S(t)+O[1D
b 2 2 " 2n 2n 8 t
~+00 7;4 i
_1 r(l+itjz 2 t(log—jduj (1 Jz 2 td[S(t)+O(1D.
2n % 2 2n 2 t

By Lemma 3.4, the above formula

:_j(ur( +|t) i—iF(%Ht)z_%_“IongS(t)dt

+°° 1 1
+O[I F’(%Ht)z 2 t+F(%+itjz 2" log z dot]+0(long)

70

by Lemma 3.5 and Lemma 3.6, above formulas < log®T .
By Lemma 2.1 and Lemma 3.2, we have

A= > F[%—iyj(aﬂb)%*” < Y exp(-my+yh)<l.

7oy <t YoSy<+®

This completes the proof of Lemma 3.7.
Lemma 3.8. Assume that RH, if T >2, then

HZD:;A( )exp[—;j T+O(T2Iog Tj

Proof. By Lemma 2.4, we have

:Texp[—_rijd(x+ R(x))

I xp(-le (x)dx+0(1)
+O(le %(Iog x) exp[—_l_ijdxj+0(l)

NgE
>
VY
>
N—
®
x
k=)
|
I
~
Il
N8 N = §
) )
X x
k=) k=)
| |
—|x H|x
~ S
o o
X <
—|||—\

|
= ro
N——

(logx+logT )2 exp(—x)dxj +0(1)

Il
—
+
®)
7N\ /?\ 7~/

N

o8
>
N[

Il
_|
+
O
_|
N[
S
(Ql\.)
_|
N—

This completes the proof of Lemma 3.8.
4. Conclusions

When a :Tl,T >50,b =27, n is the positive integer; by Lemma 2.1, we have
SN-S . n

—— | T(s)(a+ib) n*ds=exp(—an—ibn)=exp| —= |.

o [T a) p(-an—ibn) =exp| 7

By Lemma 2.2, we have
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& n 1 éd . \-S
—» A(n exp(——jz—, I'(s)=(s)(a+ib) " ds.
S| | =5 [T ()i
By Lemma 2.2 and RH, the above formula is

1

=—(a+ib)” +_w§;+wr(%+ iyj(a+ ib)‘%'” +%(O)+2_ni( L)F(s)’%(s)(a+ ib)” ds.

By Lemma 3.3 and Lemma 3.7, the above formulais < log®T.
By Lemma 3.8, we get a contradiction; therefore the RH is incorrect.
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