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Abstract

In this paper, we proved some fixed point theorems in intuitionistic fuzzy metric spaces applying
the properties of weakly compatible mapping and satisfying the concept of implicit relations for ¢
norms and ¢t connorms.
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1. Introduction

The concept of fuzzy sets is introduced by Zadeh [1]. In 1975, Kramosil and Michlek [2] introduced the concept
of Fuzzy sets, Fuzzy metric spaces. George and Veeramani [3] gave the modified version of fuzzy metric spaces
using continuous t norms. In 2005, Park, Kwun and Park [4] proved some point theorems “intuitionistic fuzzy
metrics spaces”. In 1986, Jungck [5] introduced concept of compatible mappings for self mappings. Lots of the
theorems were proved for the existence of common fixed points in classical and fuzzy metric spaces. Aamri and
Moutawakil [6] introduced the concept of non-compatibility using E. A. property and proved several fixed point
theorems under contractive conditions. Atanassove [7] introduced the concept of intuitionistic fuzzy sets which
is a generalization of fuzzy sets.

In 2004, Park [8] defined intuitionistic fuzzy metric spaces using t-norms and t conorms as a gerenelization of
fuzzy metric spaces. Turkoglu [9] gerenelized Junkck common fixed point theorem to intuitionistic fuzzy metric
spaces. In this paper, we used E. A. property in intuitionistic fuzzy metric spaces to prove fixed point theorems
for a pair of selfmaps. Kumar, Bhatia and Manro [10] proved common fixed point theorems for weakly maps sa-
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tisfying E. A. property in “intuitionistic fuzzy metrics spaces” using implicit relation.
In this paper, we proved fixed point theorems for weakly compatible mappings satisfying E. A. property in
“intuitionistic fuzzy metrics spaces” using implicit relation.

2. Preliminaries

Definition 1.1 (t norms). A binary operation *:[0,1]x[0,1] —[0,1] is a continuous t norms if * satisfies the
following axioms:

1) = is commutative as well as associative

2) * iscontinuous

3) axl=a,Vvae[0,1]

4) a*b<c+*d=a<c and b<d, Vab,c,de[0]]

Definition 1.2 (t conorms). A binary operation ¢:{0,1]x[0,1] —>[0,1] is a continuous t conorms if ¢ sa-
tisfies the following axioms:

1) ¢ is commutative as well as associative

2) O iscontinuous

3) a¢0=a,vae[0,1]

4) adb<cod=a<c and b<d, Vahb,c,de[01]

Alaca [11] generalized the Fuzzy metric spaces of Kramosil and Michlek [2] and defined intuitionistic fuzzy
metric spaces with the help of continuous t-norms and t conorms as:

Definition 1.3 (intuitionistic fuzzy metric spaces). A 5-tuple (X,M,N,*0) is said to be intuitionistic
fuzzy metric spaces if X is a arbitrary set, * and ¢ are t-norms and t conorms respectively and M and N are
fuzzy setson X ? x[O,oo) satisfying the following axioms:

1) M(xyt)+N(xyt)<Lvx,yeX and t>0

2) M(x,y,0)=0,vx,yeX

3) M(xy,t)=LvxyeX and t>0 iff x=y

4) M(x,y,t)=N(y,xt),vx,ye X and t>0

5 M(xy,t)*M(y,z,5)<M(xzt+s),vxy,zeX and t,s>0

6) M(x,y,.)00,0) —>[0,1] is left continuous wx,y e X

7) lim_, M(xyt)=1Vx,yeX and t>0

8) N(x,y,0)=1vxyeX

9 N(x,y,t)=Lvx,yeX and t>0 iff x=y

10) N(xy,t)=N(y,xt),vx,ye X and t>0

11) N(%Y,t)ON(y,z,5)<N(xzt+s),Vxy,zeX and t,s>0

12) N(x,y,.)00,00) —[0,1] is right continuous Wx,y e X

13) lim, N(x,y,t)=0,vx,ye X and t>0

Then (M,N) is called an intuitionistic fuzzy metric spaces on x. The functions M (x,y,t) and N(x,y,t)
define the degree of nearness and degree of non-nearness between x and y with respect to respectively.

Proposition 1.4. Every fuzzy metric space (X M *) is an Intuitionistic fuzzy space of the form
(X,M,1-M,*,0) if * and ¢ areassociate as

x0y=1-((1-x)*(1-y)), ¥x,y ex

Proposition 1.4. In intuitionistic fuzzy metric spaces (X,M,N,* 0), M(x,y,*) isincreasing and
N(X,y,0) isdecreasing vx,ye X .

Lemma 1.5. Let (X M N,*, <>) be an intuitionistic fuzzy metric spaces. Then

1) Asequence {x,} inXisconvergenttoapoint xe X if, for t>0

lim,,, M(x,xt)=1 and lim_ N(x,xt)=0

n—oo

M
M
M
M

2) Asequence {x,} inXis Cauchy sequence if, for t>0 and p>0
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lim,,, M (%, xt)=1 and lim_, N(x,,.%t)=0

n+p? n+p?

3) An intuitionistic fuzzy metric spaces (X M N, *, <>) is said to be complete if every Cauchy sequence in X
is convergent.

Example 1.6. Consider X :{lm eN U{O}}, and continuous t norm * and continuous t conorm ¢ as
n

va,be[0,1], a*b=ab and ad0b=min{lLa+b}.If wvx,yeX and t>0, (M,N) isdefined as

t t
— t>0 - t>
M (x,y,t)={t+[x=Y| and N(xy,t)={t+[x-y]|

0

Then (X M N, *, <>) is complete intuitionistic fuzzy metric spaces.
Proposition 1.7. A pair of self mappings (f,g) of an intuitionistic fuzzy metric space (X,M,N,x 0) is
called commuting if ¥xe X

M (fox,gfx,t)=1 and N( fgx,gfx,t)=0

Proposition 1.8. A pair of self mappings (f,g) of an intuitionistic fuzzy metric space (X,M,N,x0) is
called weakly compatible if they commute at coincidence point i.e., for ve X we have fv=gv, then
fgv = gfv.

Proposition 1.9. A pair of self mappings (f,g) of an intuitionistic fuzzy metric space (X,M,N,x 0) is
said to satisfy E. A. property if there exist a sequence {xn} of x such that

lim, . M(fx,,gx,,t)=1 and lim__ N(fx, gx,t)=0.

3. Implicit Functions

Popa [12] defined the concept of implicit function in proving of fixed point theorems in hybrid metric spaces.
Implicit function can be described as, let @ be the family of lower semi-continuous functions F:R® —R sa-
tisfying the following conditions:

Gi: Fis non-increasing in variables t,,t,,t,,t,,t; and non-decreasing in t;

Gz Jhe(0,1) and k>1 with hk<1,suchthat u<kt and F(t,v,v,u,u+v,0)<0=t<hv

Gy f(Ltt0tt)>t, t>0
Popa [12] defined the following examples of implicit function too,
Example 2.1. Let f:R® >R as

t +1
f(tl,tz,ts,t4,t5,t6):t1—mmax{tz,t3,t4, § 5 6}

where me[0,1).
Example 2.2. Let f:R® >R as

1

t, +t z
f ittt bt ) =t —h{amax{tz,tg,t‘l,%H+(1—a)max{t22,t3t4,t3t5,t4t6,t5t6}2

where he[0,1), a€[0].
Example 2.3. Let f:R® >R as

1
f (ti*tz’ta’twtslte):ti —mmax{tzz,t3t4,t3t5,t4t6,t5t6}2

1
where me|0,— |.
{ ﬁj

Example 2.4. Let f:R® >R as

&)
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13, 43 t [ a2 2 2
f(tl,tz,ta,t4,t5,t6)—t1+t2+1 y [ at] +bt] +ct] |,

56

where a+b+c<1.
M. Imdad and Javed Ali [13]-[15] added some implicit functions to prove fixed point theorems for Hybrid
contraction. Following are examples are as:
Example 2.5. Let f:R® >R as
t2+t
t; +1,

f(t11t21t31t4’t5!t6)=t1_0‘[ :|_ﬂ[t5+t6]_7t2!

where 0<2a+28+y<1.
Example 2.6. Let f:R® >R as

te +1;
Pttt bt ) =t —a| 2—= = Bty +t, |- 1t,,

t; +15

where 0<2a+28+y<1.
Example 2.7. Let f:R® >R as

ct.t? + bt t?
f(tl’tz’ts’t41t5't6):t1p -| == _atzp )
t; +1,

where 1<2a+c<2, 1<2a+b<2 and p=>1.

If (X,M,N,* ¢0) be an intuitionistic fuzzy metric space. Continuous t-norms and t conssorms are defined as
a*a>a and (1-a)0(1-a)<(1-a) respectively, where ae[0,1].

Then implicit functions can be defined as ¢, & [0,1] >[0,1] are mappings and upper semi-continuous, non-
decreasing, such that ¢, [0, 1] —[0,1], then

(F) o(t,t,,11t,1)>t,3(t,,t,,0,0,t;,0) <t

(F) o(11t,,t,,11)>t,2(0,0,t,,t,,0,0) <t

(F) o(Lt,Lt,1t)>t,I(0t,,0,t,,0,t;,0)<t

Example 2.8. ¢,0: [0,1] =>[0,1] are mappings and upper semi-continuous, non-decreasing, such that
o, 0, 1] —[0,1], then

(F) o{LLE.6.1, 1}2 >t,3{0,0,,,0, o}%

1
2

(F2) olt’, t2,1111}2 <t,@{t?,3,0,0,0,0§ <

(F3) w{tf 1t§,1t§,1}5 >t, @{tf 0t§,0t§,0}E <t,and te[0,1]
Example 29. ¢,J: [0 1]—)[0 1] are mappings and upper semi-continuous, non-decreasing, such that
0,210, 1] —[0,1], then
(F) o{LLE.t.1, 1}2 >1,2{0,0,2,t2,0, 0}
1
(F2) o{tf 11t4,11}2 <t,8{t,0,0,t7,0,0}2 <t

(F9) olt’, 1t§,1t§,1}5 >1,0{t7,0.t7,0.t;, 0}5 <t,and te[0,1]
Example 3.0. ¢,0: [0,1] >[0,1] are mappings and upper semi-continuous, non-decreasing, such that
0,210, 1] —[0,1], then
(F) o{l1lt,t,,11}>t,&{0,0,t,,,,0,0} <t
(F) o{t, 1t L1t} <t, &{t,0,t,,0,0,t,} <t
{

(Fa) o{t, Lt 1t,1} >t, &{t,,0t,,0,t;,0} <t, and te[0,1]

&)
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4. Main Result

Theorem 3.1. Let (X,M N <>) be an intuitionistic fuzzy metric space. Continuous t norms and t conorms
are defined as a*a>a and (1-a)0(1-a)<(1-a) respectively, where ae[0,1]. Let T and S be two weak-
ly compatible maps of X satisfying the following conditions:

(3.1.1) T and S satisfying E.A. properties,

(3.1.2) S is the closed subspaces of X,

(3.1.3) wx,yeX, t>0, a+pg<1,thereis ae(0,1), such that

M (T, Ty, kt) = o{M (Sx,Sy,T),M (Tx,Sx,t),M (Ty, Sy,t),M (Tx, S, at)
M (Sx, Sy, Bt),M (Ty, Sy, at) * M (Sy,Sx, At)}
N (Tx, Ty, kt) < Q{N (Sx,Sy,T),N(Tx,Sx,t),N(Ty,Sy,t),N(Tx,Sx,at)
N (Sx,Sy, Bt),N (Ty, Sy,at) = N (Sy,Sx, Bt)}
where ¢,6:[0,1]—[0,1] are mappings and upper semi-continuous, non-decreasing, such that
p(LLt1t) >t (t, L1t t)>t,0(L1t,1t)<t,0(tLLt,t)<t and te[0,1]

Then S and T have a common fixed point.

Proof. From (3.1.1), we have a sequence {x,} in X such that
AL@TX” = lm SX, =u,

for some ue X . From (3.1.2), S(X) is the closed subspace of X = thereis ve X suchthat u=Su.
Therefore lim,_,, Tx, =u=Sv=Ilim__,_ Sx . Now our goal isto prove Tv=_Sv.

In (3.1.3), taking x=x, and y=v, we have
M (Tx,,Tv,kt) = p{M (Sx,,Sv,t),M (Tx,,Sv,t),M (Tv,Sv,t),M (Tx,,Sx,,at)
M (SX,,5v, Bt), M (Tv,Sv,at) * M (Sv,Sx,, Bt)}
M (T, Tv,kt) = o{M (Sx,,Sv,t),M (Tx,,Sv,t),M (Tv,Sv,t),
M (Tx,, SV, (@ + B)t),M (Tv,Sx,,(a+ B)t)}

Taking limn — oo, we have
M (SV,Tv,kt) > o{M (Sv,Sv,t),M (Sv,Sv,t),M (Tv,Sv,t),

M (SV,Sv, (@ + B)t),M (Tv,Sv, (@ + B)t)}
M (SV,Tv,kt) = o{1,M (Sv,Sv,t),M (Tv,Sv,t),M (Sv,Sv,t),M (Tv,Sv,t)}
Since
a+f<1=p{LLM(Tv,Sv,t),L M (Tv,Sv,t)} > M (Tv,Sv,t)
Similarly
N (TX,, TV, kt) < O{N(SX,,Sv,t),N (Tx,,Sv,t), N (Tv,Sv,t), N (Tx,,Sx,,at)
N (S,,Sv, Bt), N (Tv,Sv,at) * N (Sv,Sx,, Bt)|
N (Txn Ty, kt) < H{N (Sx,, Sv,t), N (Tx,,Sv,t),N(Tv,Sv,t),
N (Tx,,Sv,(a+ B)t),N(Tv, an,(a+ﬂ)t)}
Taking limn — oo, we have

N (Sv,Tv,kt) < O{N (Sv,Sv,t), N (Sv,Sv,t), N (Tv,Sv,t), N (v, v, (e + B)t), N (Tv,Sv, (@ + B)t)}

&)
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N (S, Tv,kt) < {1, N(Sv,5v,t), N (Tv,Sv,t),N (Sv,Sv,t),N(Tv,Sv,t)}
Since
a+p<1=60{LLN(Tv,Sv,t),L,N(Tv,Sv,t)} < N(Tv,Sv,t)

Hence Tv=Sv=2z (say) = v isa coincident point of T and S.

Again T and S are compatible mappings, therefore v=STv=z=Tz=5z.

Now we are to show that v is common point of T and S. Therefore replacing x and y by z and v in (3.1.3), we
have

M (Tz,2,t) =M (Tz,52,t) 2 p{M (Sz,5V,t),M (Tz,5z,t),M (Tv,Sv,t),
M (Tz,Sv,(a+ B)t),M (Tv, Sz,(a+ﬁ)t)}
M (Tz,2,t)2 p{M (Tz,2,t),M (T2, Tz,t),M (z,2,t),M (Tz,2,t),M (2,Tz,t)}
Since a+p<1
M (T2,2,t) > 9{M (Tz,2,t) LLM (Tz,2,t),M (2, Tz,t)} > M (Tz,2,t)

Similarly
N(Tz,z,t)= N(Tz,52,t)<O{N(Sz,5v,t),N(Tz,Sz,t),N(Tv,Sv,t),
N(Tz,Sv,(a+B)t),N(Tv, Sz,(a+ﬁ)t)}
N(Tz,z,t)<O{N(Tz,2,t),N(Tz,Tz,t),N(z,2,t),N(Tz,2,t),N(z,Tz t)}
Since a+p<1
N(Tz,2,t)<O{N(Tz,2,t) LLN(Tz,2,t),N(z,Tz,t)} <N(Tz,2,t)
=Tz=Sz=z= 1z isacommon fixed point for T and S.

Uniqueness of the point will be proved by contradiction. For that suppose p and g be two fixed points. There-
fore from (3.1.3) we have

M (Tp,Tq,kt) = ¢{M (Sp,Sq,t),M (Tp,Sp,t),M (Tq,Sq,t),M (Tp, Sp,at)
*M (Sp,Sq, At),M (Tq,Sq,at)* M (Sq,Sp, At )}
M (p,q,kt)Zgo{M (p.a.t),M(p, p,t),M(a,,t),M(p,a.(a+B)t),M(a, p,(a+/3)t)}

M (p,g.kt)>@{M(p,q,t),M(p,p,t),M(g,a,t),M(p,q.t),M(q,p,t)|
Since a+p<1
M (p,a.kt)=p{M(p,q,t),1L1M (p,q,t),M (g, p,t)} =M (p,a.t)
Similarly
N (Tp,Tq,kt) <&{N(Sp,Sq,t),N(Tp,Sp,t),N(Tq,Sq,t),N(Tp,Sp,at)

*N(Sp,Sq, At), N (Tq,Sq,at)* N (Sq,Sp, At )}
N (p,q,kt)< H{N (p.a,t),N(p, p.t),N(a,q,t),N(p,g,(e+B)t),N(a, p,(a+ﬁ)t)}

N(p.a.kt)<O{N(p,q,t),N(p,p.t),N(a.a,t),N(p,q.t),N(q,p.t)}
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Since a+p<1
N(p.a.kt)<O{N(p,a,t),LLN(p,q,t),N(q,p.t)} <N(p.q.t)

=p=q

Hence mappings T and S have a unique fixed point.

This completes the proof.

Theorem 3.2. Let (X,M,N,*, <>) be an intuitionistic fuzzy metric space. Continuous t norms and t con-
orms are defined as a*a>a and (1-a)0(1-a)<(1-a) respectively, where a<[0,1].

Let T and S be two weakly compatible maps of X satisfying the following conditions:

(3.2.1) T and S satisfying E.A. properties,

(3.2.2) S is the closed subspaces of X,

(3.2.3) vx,ye X, t>0,such that

@{M (SX,Sy,T),M (Tx,Sx,t),M (Ty,Sy,t),M (Tx,Sy,t), M (Ty,Sx,t)} <0

Q{N(Sx,Sy,T),N(Tx,Sx,t),N(Ty,Sy,t),N(Tx,Sy,t),N(Ty,Sx,t)}<0
where ¢,6:[0,1]—[0,1] are mappings and upper semi-continuous, non-decreasing, such that
(324) p(LLtLt)>to(t,LLtt)>t,6(LLt,1t)<t,O(t,LLt,t)<t and te[0,1]

Then S and T have a common fixed point.
Proof. From (3.2.1), we have a sequence {x,} in X such that

limTx, =limSx, =u,
n—o0

n—o

for some ue X .From (3.2.2), S(X) is the closed subspace of X = thereis ve X suchthat u=Su.
Therefore lim, , Tx, =u=Sv=Ilim __ Sx,. Now our goal isto prove Tv=Sv.

In (3.2.3), taking x=x, and y=v, we have
¢>{M(an,Sv,t),M(Txn,Sv,t),M(Tv,Sv,t),M(Txn,Sv,t),M(Tv,an,t)}<0
Taking limn — oo, we have,
@{M (SV,Sv,t),M (Sv,Sv,t),M (Tv,Sv,t),M (Sv,Sv,t),M (Tv,Sv,t)} <0
= o{LLM (Tv,Sv,t),L,M (Tv,Sv,t)} =M (Tv,Sv,t) <0 (3.2.5)
Similarly
O{N(Sx,,Sv,t),N (Tx,,Sv,t), N (Tv,Sv,t),N(Tx,,Sv,t), N (Tv,Sx,,t)} > 0
Taking limn — oo, we have
O{N(Sv,Sv,t),N(Sv,Sv,t), N (Tv,Sv,t), N (Sv,Sv,t), N (Tv,Sv,t)} >0
= {LLN(Tv,Sv,t),L N (Tv,Sv,t)} <N(Tv,Sv,t) >0 (3.2.6)

(3.2.5) and (3.2.6) both are the contradiction of (3.2.4).
Hence Tv=Sv=z (say) = v is a coincident point of T and S. Again T and S are compatible mappings,

therefore v=STv=z=2=Tz=Sz.
Now we are to show that v is common point of T and S. Therefore replacing x and y by z and v in (3.2.3), we

have
9{M(Sz,5v,t),M (Tz,5z,t),M (Tv,Sv,t), M (Tz,Sv,t), M (Tv,Sz,t)}

={M(T2,2,t),M (Tz,Tz,t),M (z,2,t),M (Tz,2,t),M (2,Tz,t)}

=p{M(Tz,2,t),LLM (Tz,2,t),M (2, Tz,t)} =M (Tz,2,t)> 0

&)
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This is a contradiction. Similarly
0{N(Sz,5v,t),N(Tz,5z,t),N(Tv,Sv,t),N (Tz,Sv,t), N (Tv, Sz, )}

=0{N(Tz,2,t),N(Tz,Tz,t),N(z,2,t),N(Tz,2,t),N(z,Tz,t)}

=0{N(Tz,2,t),LLN(Tz,2,t),N(z,Tz,t)} =N(Tz,2,t) <0

This is a contradiction again. Hence Tz =Sz =z = z is a common fixed point for T and S.
Uniqueness of the point will be proved by contradiction. For that suppose p and g be two fixed points.
Therefore from (3.2.3), we have

o{M (Sp,Sq,t),M (Tp,Sp,t),M (Tq,Sq,t),M (Tp,Sq,t),M (Tq,Sp, t)}
J
J

=p{M(p.a,t),M(p,p.t),M(a,q,t),M(p.a,t),M(a,pt)
=p{M(p.a.t).M(p.p.t),M(q,.t),M(p.q,t),M (g, p.t)
)

={M(p.,q.t),11M(p,q,t),M(q,p.t)} =M (p,q,t)>0
Similarly
o{N(Sp,Sa,t),N(Tp,Sp,t),N(Tq,Sq,t),N (Tp,Sq,t),N(Ta, Sp,t)}

)
=p{N(p.a,t),N(p,p.t),N(a,q.t),N(p.a,t),N(a, p.t)]
=p{N(p,a,t),N(p,p.t),N(a,a,t),N(p.a,t),N(a, p.t)}
).

=p{N(p,q,t),LLN(p,q,t),N(q, p,t)} =N(p.g,t)<0

This is the contradiction of (3.2.4).
= p =q . Hence mappings T and S have a unique fixed point.
This completes the proof.
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