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Abstract

A vertex subversion strategy of a graph G =(V,E) is a set of vertices SV (G) whose closed neighbor-
hood is deleted from G. The survival subgraph is denoted by G/S. We call S a cut-strategy of G if
G/S is disconnected, or is a clique, or is ¢. The vertex-neighbor-scattering number of G is defined to be
VNS (G)= Sgl%){w(G/S)—|S|} , where S is any cut-strategy of G, and @(G/G) is the number of the com-

ponents of G/S . It has been proved that the computing problem of this parameter is NP - complete, so we

discuss the properties of vertex-neighbor-scattering number of trees in this paper.
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1. Introduction

In [1] we introduced a new graph parameter called
“vertex-neighbor-scattering number.” We motivate the
use of this parameter by viewing a graph as a model of a
spy network whose vertices represent agents and whose
edges represent lines of communication. If a spy is
discovered, the espionage agency can no longer trust any
of the spies with whom he was in direct communication.
It has been shown that the parameter can measure the
“neighbor” stability of graphs [1]. As many graphic
parameters, the computing problem of this parameter is
NP — complete [2]. So we discuss the properties of the
vertex-neighbor-scattering number of trees in this paper.
Our definitions follow [3].

Let G=(V,E) be a graph and u a vertex in G.
N(u)= {v eV (G)|u#v,u and v are adjacent} is the
open neighborhood of u, and N[u] = N(u)u{u} is
the closed neighborhood of u. A vertex u in G is
said to be subverted if its closed neighborhood N[u]
is deleted from G. A set of vertices ScV(G) is
called a vertex subversion strategy of G if each of the
vertices in S has been subverted from G. By G/S
we denote the survival subgraph left after each vertex of
S has been subverted from G. S is called a cut-
strategy of G if the survival subgraph G/S is dis-
connected, or is a clique, oris ¢.
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The vertex-neighbor-scattering number (VNS ) of a
connected noncomplete graph G is defined as

VNS (G)= s‘?ﬁé){w(G/S)_'S'}’ where S is any cut-
strategy of G, and ®(G/S) is the number of the com-
ponents of G/S.Wecall S" c V(G)a VNS -set of G
if VNS(G)=w(G/S")-|s"|. In particular, we define

the vertex-neighbor-scattering number of a complete
graph K, tobe 1.

A comet C,, is a graph obtained by identifying one
end of a path P(>2) with the center of a star
S,,(r=2). The center of S, is called the center of
C

tre
The following lemmata will be used in the next
section.

Theorem 1: [1] Let P

n(Z 3). Then

() -

be a path with order

0, if n=3,4

1, if n>5
Theorem 2: [1] Let S|, (r>2) bea star. Then
VNS(S,,)=r-2.

Theorem 3: [1] Let C,, be a comet, both t and r
are at least 2. Then
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rol, if t=23
VNS(C, )= r.if 124

2. Vertex-Neighbor-Scattering Number of
Trees

Theorem 4: Let T be a tree with order n(>5). Then
1<VNS(T)<n-3.

Proof. 1) For any vertex veV(T), |N[v]|22, S0
(T/S)<n—-2. On the other hand, T is connected

and with order n>5, then for its any VNS -—set S,
|S|=1 and o(T/S)<n-2.Thus we have

VNS(T)= max {o(T/S)-|S|}<n-2-1=n-3

SV (T)
2) We distinguish two cases to prove VNS(T)>1.
Case 1: T=P . Since n>5,

vertex veV (T) such that a)(T/{v})ZZ. So

there must exist a

VNS(T)I max {a)(T/S)_|S|}

Scv(T)

Case 2: T # P, . Then there exist at least one vertex in

> o(T/{v} -1=1

T, say v, such that d(v)>3. Let u be any vertex
adjacent to v. Then (T)/{u} =2, this means

o(T)/{u} 22-|{u}|=2-1=1

Combing Case 1 and Case 2, we have VNS(T )2 1.

Thus the proof is completed. 0
Remark 1: When n=2,3, the trees with order »n

are n=2,3 or B,respectively. So
VNS(T)=VNS(F,). When n=4, there are two diffe-
rent trees with order » in isomorphism sense, i.e., P,

and S, ;. By Theorem 1 and Theorem 2, VNS(P,)=0,
VNS(S,,)=1

Remark 2: The lower and upper bound in Theorem 4
is the best possible, it can be shown by paths and stars,
respectively.

Theorem 5: If [ is any integer, where 1<1<n-3,
then thereis a tree T of order n such that
VNS(T)=1.

Proof. If n=4,then /=1.By Theorem 3,

VNS(T)=

G, isa
tree of order 4 satisfying VNS (C2,2)= 1, the conclu-

sion holds.
Now we assume 7 >5 and distinguish two cases.
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Case1l: /=1 or n—3.1If n-3, by Theorem 1, P,
is a tree of order n satisfying VNS (Pn) =1; if
l=n-3, by Theorem 2, S, is a tree of order n
satisfying VNS (SLWl ) =n-3, the conclusion holds.

Case2: 1</<n-3.Then n—/>4.By Theorem 3,
C,,, is a tree satisfying VNS(CH’,) =/, the con-

clusion holds. 0
Theorem 6: 1) When n>5, S, | is the unique tree

T with order n such that VNS(T)=n-3.
2) When n>7, P, isthe unique tree 7 with order
n suchthat VNS(T)=n-3.

Proof. 1) Let T be a tree with order n such that
VNS(T)=n-3. Assume S is an VNS—set of T,

then T . Otherwise, if |S|22, then |V(T/S)|Sn—3,
so o(T/S)<n-3 and VNS(T)<w(T/S)-|S|<n-3,
a contradiction.
Let {v} bean VNS-setof T .Then
o(T/S)=VNS(T)+1=n-2

But T(T/{v})én—Z R
n—2 isolated vertices. Clearly, the star graph,

so d(v)=1 and T/S is
S0, 18
the unique tree in this case.

2) If =27 and T is not isomorphic to P , then
A(T)>3. We distinguish two cases.

Casel: A(T)=3.

Assume u eV (T) and d(u)=3, denote
N(u) = {x,y,z} .

Case 1.1: If there are at least two vertices in N (u)
such that their degree are 3. Then a)(T / {u}) >4 . Thus
YNS(T)>3.

Case 1.2: If there is unique vertex, say x, in N (u)
such that d(x)=3.Then d(y)<2,d(z)<2.We con-

sider the following two possibilities.
Case 1.2.1: If both d(y) and d(z) are 2.Then

olTffu}) > 35(7) 22

Case 1.2.2: If both d(y) and d(z) are 1. Assume
N () {u ~ s,
vertex in {s,t},say §,suchthat d(s)>2.Thus
o(T/{u})=3,and VNS(T)=2

Case 1.3: The degree of x,y and z all are at most

t}. Since n>7, there is at least one

2 . We discuss three possibilities.
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Case 1.3.1: If there is unique vertex, say z, such that

d(z)=2.Since n>7,clearly, a)(T/{u}) >3 and
VNS(T)>2.

Case 1.3.2: If there are exact two vertices, say y, z,
such that d(y)=2,d(z)=2. Since n>7, we have
o(T/{y})23 or o(T/{z})23.S0 VNS(T)=2.

Case 1.3.3: If d(x)=d(y)=d(z)=2, obviously
o(T/{u})=3.S0 VNS(T)22.

Case2: A(T)24.

Assume d(u)>4, v is any vertex adjacent to u.
Then (T/{v})23,VNS(T)=>2.

Therefore, we have VNS(T)>2 if T#P,, con-
tradicted to WVS(T ) =1.Thus T =P and the proof is

completed. 0

Remark 3: B and C;, are the two trees with order
5 such that VNS =1. There are six non-isomorphic
trees with order 6. The three trees with order 6 such
that VNS =1 are shown in Figure 1.
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Figure 1. The trees of order 6 such that VNS = 1.
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