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Abstract

This paper gives the relationship between the positions of axes of the two nonparabolic elements that gener-
ate a discrete group and the nature including the translation lengths along the axes and the rotation angles.
We mainly research the intersecting position and the coplanar (but disjoint) position.
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1. Introduction

Hyperbolic 3-space is the set
H’ = {(xl,xQ,x3)e R :x,> 0}

endowed with the complete Riemannian metric

ds= |dx| /x3 of constant curvature equal to —1. A
Kleinian group G is a discrete nonelementary subgroup
of Isom"(H), where Isom™(H’) is the group of orien-
tation preserving isometries.

Each Mobius transformation of C=0H® extends
uniquely via the Poincare’ extension [1] to an orien-
tation-preserving isometry of hyperbolic 3-space H’.In
this way we identify Kleinian groups with discrete
Mobius groups.

Let M denote the group of all Mdbius transformations
of the extended complex plane C=Cufo} . We
associate with each Mobius transformation

_az+b

eM,ad —bc=1
cz+

the matrix
a b
A= ( j e SL(2,C)
c d

And set tr(f)=1r(A), where tr(A)=a+d denotes
the trace of the matrix A4 . Next, foreach f and g in
M welet [f,g] denote the multiplicative commutator
faf 'g™". We call the three complex numbers

y(f.8)=tr(fef'g")-2
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B(f)=w(f)=4.B(g)=1r(g)-4

the parameters of < f, g). These parameters are inde-
pendent of the choice of matrix representations for f
and g in SL(2,C), and they determine ( f, g) uni-
quely up to conjugacy whenever y(f,g)#0.

The elements of f of M, other than the identity,
fall into three types.

1) Elliptic: B(f)e[-4,0) and f is conjugate to
z+> uz where |y|=l.

2) Loxodromic: f(f)¢[-4,0] and f is conju-
gate to z+> uz where | ,u| =1; f is hyperbolic if, in
addition, #>0.

3) Parabolic: B(f)=0 and f is conjugate to
Z uz.

If feM is nonparabolic, then f fixes two points
of C and the closed hyperbolic line joining these two
fixed points is called the axis of f*, denoted by ax(f).
In this case, f translates along ax(/f) by an amount
7(f)=0, the translation length of f, f rotates
about ax(f) byanangle 6(f)e (-n,n],and

T(f)+i9(f)J

ﬂ(f)=4sin2{ 5

In [4], F.W.Gehring and G. J. Martin have shown :

Theorem 1.1: [4] If (f,g) is discrete, if f and
g are loxodromics with £( /)= (g), and if ax(f)
and ax(g) intersect at an angle ¢ where 0<gp<m,
then

sinh(f(f))sin(go) > 1
where 0.122 <1 <0.435. In particular,
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T(f)z,u

where 0.122< £ <0.492 . The exponent of sin(g)
cannot be replaced by a constant greater than 1.

In this paper, we will discuss the situation when
ax(f) and ax(g) coplanar but disjoint. In [4], F. W.
Gehring and G. J. Martin have analyzed the situation
when f'is loxodromic and g is loxodromic or elliptic. In
the following, we will consider the condition when the
two generators are elliptics.

2. Preliminary Results

Lemma 2.1: [1] Let f and g be Mobius transforma-
tions, neither the identity. Then f and g are conju-
gate if and only if #*(f)=0(g).

Lemma 2.2: [4] If (f,g) is a Kleinian group, if f
is elliptic of order n>3, and if g is not of order 2,
then

7 (f.g) > a(n)
where
2cos(2m/7)-1 if n=3
2cos(2m/5) if n=4,5
a(n)= -
2cos(2m/6)  ifn=6
2cos(2m/n)-1 if n>7

Lemma 2.3: [3] Suppose that f and g in M
have disjoint pairs of fixed points in C and « is the
hyperbolic line in A’ which is orthogonal to the axes
of f and g.Then

47(f.2)
B(1)B(g)

where §=6(f,g)= p(axis(f),axis(g)) and ¢ is the
angle between the sphere or hyperplanes which contain
ax(f)ua and ax(g)ua respectively.

Lemma 2.4: [4] For each loxodromic Mobius
transformation f there exists an integer m>1 such
that

=sinh® (5 £ip)

A7)

4r .
< Esmh(r(f))

The coefficient of sinh(r( f )) cannot be replaced by
smaller constant.

3. Main Results

Theorem 3.1: If (f,g) is discrete, if f and g are
elliptics with orders m, n respectively where m, n > 3,
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then
1) If ax(f) and ax(g) intersect at an angle ¢
where 0 <@ <m,then

@

2

sin(m/n)sin(n/m)sin (@) >

2) If ax(f) and ax(g) are coplanar but disjoint,
then

a(3)

sin(nt/n)sin(n/m)sin(5) > 5

and the inequality is sharp.

Proof. Let 6 denote the hyperbolic distance between
ax(f) and ax(g).Let ¢ denote the the angle between
the sphere or hyperplanes which contain ax( f ) va
and ax( g) wa respectively. If « is the hyperbolic
line in A’ that is orthogonal to ax( f ) and ax( g) ,
then

4y(f.2)
B(1)B(g)

by Lemma 23. If ax(f) and ax(g) intersect at an
angle ¢, then

= sinh*(5 £ip)

—4}/(f,g) = —sin’
spe) - )

We may assume without loss of generality that f, g
are primitive elliptics. From Lemma 2.2 we can obtain

|}/(f,g)| >a(3),s0
16sin’ (n/m)sin® (n/n)sin’ (¢)
=B(f)B(g)sin’ (p) =|47(f.2)|
> 4a(3)

that is

Ve

sin(nt/n)sin (n/m)sin(g) > >

In the same way, if ax(f) and ax(g) are coplanar but
disjoint, then
16sin’ (n/m)sin® (n/n)sin* (&)
= A1) B(g)sinn’ (8)=[4r (/. )
>4a (3)

4y(f.g)
™ 57 Ae)

lity is sharp, we let ( f, g) denote the (2,3,7) triangle
group where f and g are primitive with

=sinh’(5) To show that the inequa-
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fP=¢"=(fg)’ =1.Then
y(f.g)=tr([f.gl)-2=vf+1r’g—4
Zﬂ(f)+ﬁ(g)+4=2005(27”)+2cos[2?ﬁj
=0 f+u’g-4=a(3) .

Remark: In [4], according to Lemma 2.3, F. W.
Gehring and G. J. Martin considered the situation when
0 =0. They discuss the relationship between the angle
@, translation length of fand g or rotation angle when
f is loxodromic and g is loxodromic or elliptic.
Theorem3.1 show the condition when f and g are
elliptics.

Corollary 3.1: If (f,g) is discrete, if f and g
are elliptics with B(f)=p(g), 7(f.g)#0 and if
ax(f)and ax(g) intersect at an angle ¢, where

0<¢S§.Iftheorderof f is k with k>3, then

3
sinz(%j sin () > _az( )
In particular, if ax(f) and ax(g) meet at right

angles and the order of [ is k,then
3<k<6

Proof. sinz(%jsin(go)z @

the former theorem. If ax(f) and ax(g) meet at
right angles, then

sinz[%j > —Vaf) —0.248 -

As k is an integer, so

can easily seen from

3<k<6 0

In the following, we will consider the thing when
p=0.

Theorem 3.2: If (f,g) is discrete, if f and g
are loxodromics with S(f)=B(g) ax(f) and if
ax(f) and ax(g) coplanar but disjoint, let 7(f) be
the translation length of f, & be the distance between
the ax(f) and ax(g), then

sinh (7 (f))sinh(5) > 3d

2r
where d = 2(1—00{%)] .
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Proof. By Lemma 2.4, we can choose an integer
number m >1 such that

4n .
< Esmh(r(f))

B(r")

Then < fr, g'"> is a discrete nonelementary group

with B(f")=pB(g")-

By Lemma 2.2 and Lemma 2.3, we can obtain

ﬂsinh(r(f))sinh(5)

NG
> 8()8(&" |sinh(9)

then
NEY]
2n

As for Theorem 3.5 and Theorem 3.15 in [4], we can
obtain related results in similar way when ax(f) and
ax(g) coplanar but disjoint.

sinh(7(f))sinh(5)> D
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