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Abstract

In this paper, the analytic solutions to constrained optimal control problems are considered. A
novel approach based on canonical duality theory is developed to derive the analytic solution of
this problem by reformulating a constrained optimal control problem into a global optimization
problem. A differential flow is presented to deduce some optimality conditions for solving global
optimizations, which can be considered as an extension and a supplement of the previous results
in canonical duality theory. Some examples are given to illustrate the applicability of our results.
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1. Introduction

In this paper, we consider the following linear-quadratic optimal control problem involving control constraints:
. 1 pts
min J(X'U)ZELO x" (t)Qx(t)+u" (t)Ru(t)dt

st. X(t)=Ax(t)+Bu(t), x(t)=%, u(t)eU, te[t,t],

(P) @)

where Qe R™" is a positive semidefinite symmetric matrix, Re R™™" is a positive definite symmetric ma-
trix,and AeR™", BeR™" are two given matrices. x(t)eR" is a state vector, and u(t)e R" is an ad-
missible control taking values on the set U, which is integrable or piecewise continuous on [to,tf ] . In our work,
we suppose that U is a closed convex set, and we study two forms of the set U, a sphere constraint and box con-
straints respectively. Problems of the above type arise naturally in system science and engineering with wide
applications [1] [2].

In recent years, significant advances have been made in efficiently tackling optimal control problems [1] [3].
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In the unconstrained case, an optimal feedback control can be successfully obtained which seems to be a perfect
result. For constrained optimal control problems the level of research is less complete. It is now well known that
common approaches are based on applying a quasi-Newton or sequential quadratic programming (SQP) tech-
nique to the constrained; see for instance [4]-[8] and the references therein. But due to the presence of state or
control constraints, all the above methods are trapped in analytical difficulties and thus are not guaranteed to
find analytic solutions to the constrained, at best, they can provide numerical solutions.

In this paper, a different way, canonical dual approach is used to study the problem (73) by converting the
original control problem into a global optimization problem. The canonical duality theory was developed from
nonconvex analysis and mechanics during the last decade (see [9] [10]), and has shown its potential for global
optimization and nonconvex nonsmooth analysis [10]-[14]. Meanwhile, we introduce a differential flow for
constructing the so-called canonical dual function to deduce some optimality conditions for solving global opti-
mizations, which is shown to extend some corresponding results in canonical duality theory [9]-[11]. In com-
parison to the previous work mainly focused on simple constraints, we not only discuss linear box constraints,
but also the nonlinear sphere constraint. Then combining the canonical dual approach given in this paper with
the Pontryagin maximum principle, we solve the constrained optimal control problem (7?) and characterize the
analytic solution expressed by the co-state via canonical dual variables.

Now, we shall give the Pontryagin maximum principle and an important Lemma.

Pontryagin Maximum Principle If G(-) is an optimal solution to the problem (7) and the corresponding
state and co-state are denoted by %(-) and /1() respectively, for the Hamilton function

H(t,x,u,i):iT(AXJr Bu)+%xTQx+%uTRu, )
then we have,
R=H,(t%0,4)= A%+B0, R(t)) =%, 3)
iz—Hx(t,f(,G,i)z—ATi—Qf(, A(t,)=0, (4)
and
H(LR(1),0(1), (1)) =min H (6, (1),u(t), A(1)), ae tett, ] ()

Lemma 1. An admissible pair ()‘((t)ﬁ(t)) is an optimal pair to the primal problem (7) if and only if this
pair ()”((t)l](t)) satisfies the Pontryagin maximum principle (3), (4) and (5).
Proof. Denote

H*(t,x,i):mth(t,x,u,i) a.e. te[to,tf]. (6)

Let (x(t),u(t)) be an arbitrary admissible pair satisfying (3). By the definition of H”, we have
H” (t, x,/{) <H (t, x,u,/{) ,and H” (t, x,i) is equivalent to the following global optimization

: 1+ T
min Zu'Ru+2 (t)Bu, ae. te[t,t, ]. ©)
Moreover, it is easy to see that the minimizer G of (7) depends only on the co-state A, ie. Z—U:O, which
X
implies that
. 2\ L os L~ OU L os
Hi(tx4)=H,(t.x0,2)+H, (t,x,u,i)&_ H, (t.x.0,2). @)

Taking into account of the convexity of the integrand in the cost functional as well as the set U, the function
H* (t, x,/l) is convex in x, and
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which leads to
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Thus, we have
I[A()]-9[u()]
=J, [ (20000, 4(0) - H (X000, A1) Jdus [ 2T (0(x(0) - 4(0) ot ©
: L:d[ﬂ (O(x(t)=&(1)) [= =47 (1) (x(t,) =R (t)) =O.

This means that J attains its minimum at G . The proof is completed.

The above Lemma reformulates the optimal control problem (73) into a global optimization problem (7).
Based on this fact, we can derive the analytic solution of the problem (7?) by only solving problem (7) via the
canonical dual approach.

The rest of the paper is organized as follows. In Section 2, we consider the optimal control problem with a
sphere constraint. By introducing the differential flow and canonical dual function for solving global optimiza-
tions, we derive the analytic solution expressed by the co-state via canonical dual variables. Based on the similar
canonical dual strategy, the box constrained optimal control problem is studied and the corresponding analytic
expression of optimal control is obtained in Section 3. Meanwhile, some examples are given to demonstration.

2. Sphere Constrained Optimal Control Problem

In this section, we let U = {u (t)eR"

%UT (tu(t)<a,a> O} be a sphere. Before we go to derive the analytic

solution for the problem (P) we first make some preliminary concepts and theorems in solving global optimi-
zation over a sphere based on canonical duality theory which will be used in the sequel.

2.1. Global Optimization over a Sphere

Consider the following general optimization problem
min P(u) st. ueU, U ={%uTusa}, (10)

where P (u) isassumed to be twice continuously differentiable in R™ .
The original idea of this section is from the paper [13] by Zhu. Denote

S:{peR‘[VZP(U)+pI]>6,pZO,f0r every u eU}.

S isan open set with respect to [0,+), and it is easy to see that if peS,then peS forany p=>p.
Assume thata p* S and anonzero vector u*eU such that
VP(u")+p'u =0. (12)
We focus on the differential flow G () which is well defined near p* by
:—;{vzp(a)wl]la:ﬁ, (12)
G(p")=u". (13)

Based on the classical theory of ODE, we can obtain the solution ﬁ(p) of (12) (13), which can be extended to
aninterval in S [2]. Thus, the canonical dual function [9] [10] with respect to a given flow O(p) is defined

as follows
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p¢ (p):P(ﬁ(p))+§l]T(p)l](p)—pa, (14)
and the canonical dual problem associated with the problem (10) can be proposed as follows
(Pd ) - max {Pd (p)= P(ﬁ(p))+§GT (p)i(p)-palpe S}. (15)
Noti d’P(p) 2o fn 1 . .
otice that B -0 (p)[V P(u (p))+p|] d(p). By the definition of S, it follows that the canonical
0

dual function P* (p) is concave on S . For a critical point p e S, it must be a global maximizer of P° (p)
on S, sometimes, which leads to a global minimizer G=0(p) of (10).
Theorem 1. If the flow () (defined by (11)-(13)) meets a boundary point of the ball U at peS such

AN A

1. R
that EUT(p)u(p)za, then G(p) isa global minimizer of P(u) over U. Further one has

: Al d(~ d
min P(u) = P(d(p))=P* () =maxP° (p). (16)
Detailed proof of Theorem 1 can be referred to [13]-[15].
In what follows, we show that () can be derived by solving backward differential equation.
Lemma 2. Let G(p) be a given flow defined by (11)-(13). We call G(p), p E(O,p*] a backward diffe-
rential flow.
Since U is bounded and P (u) is twice continuously differentiable, we can choose a large positive parameter

p° such that I:VZP(U)+p*|:|>O, YueU and p">sup, {”VP(U)"} If vP(0)=0, then it follows from

V2P (u
( ) <1 uniformly in U that there is a unique nonzero fixed point u” eU such that
-VP(u"
—( ). (17)
Yo
by Brown fixed-point theorem, which means that the pair (u*, ) satisfies (11). Then we can solve (11)

backwards from p" to get the backward flow G(p), p e(O, p" | . We refer the interested reader to [16] [17]
for detail of choosing the desired parameter p*.

2.2. Analytic Solution to the Sphere Constrained Optimal Control Problem

1 A
Let P(u):EuTRUJr/lT (t)Bu in (10). Based on the canonical dual approach in Section 2.1, a relationship

between ueR"™ and peS=[0,+x) (sinceR isa positive definite matrix) is well defined as

G(p)=-[R+pI] BTA(t) ae. teftt, ] (18)
So, the canonical dual function can be formulated as, for each p>0
Pf‘(p)=_%,ﬁ(t)s(R+p|)*l BTA(t)-ap. (19)

Next, we have the following properties.

Lemma 3. Let G(p) be agiven flow defined by (18) and y(p) :%GT (p)i(p), we have

dP’ (p) _
dp

N |~

0" (p)i(p)-a=y(p)-a, (20)
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Proof. Since P“(p) is differentiable,
d . d| (R+ pl .
—dpdﬁp):_%ﬂ(t)s [( dpp) JB i(t)-a
==2"(t)B(R+ |)ld(Rd;p')(R+p|)1BTi(t)—a

do dp

Lemma 4. Let G(p) be a given flow defined by (18), and P° (p) be the corresponding canonical dual
function defined by (19).

1) y(p) is monotonously decreasing on [0,+x).

2) if there exists 5 e[0,+w0) suchthat G(p)eU , then Pd(p) is monotonously decreasing on [p,+w).
dy(p)

dp

dy(p) AT(p)da@):_[dZ;p)] [R+p.]dfj<pp>_

Proof. By (21), it follows that <0 forany pe [O,+oo), which means that y(p) is monotonously

decreasing on [0,+).

If there exists one point pe[0,+) and G(p)eU such that y(p)<a, by the monotonous decline of
y(p), we have G(p)eU forany p= 5. By (20), we can conclude that P‘(p) is monotonously decreas-
ing on [/3,+oo) . The proof is completed.

Theorem 2. For the sphere constrained optimal control problem (P) the analytic solution expressed by the
co-state is given as follows

az—[m p"m(i)q1 B, 22)

where p* (i) with respect to the co-state A is defined by the following condition

(23)

(1) p(4) if I'BR?BTA>2a,

0 if 7TBR?B"1<2a,

~ - - - - -~ I~ 72 -~ -~
and p(/l) satisfies the equation ﬂTB[R+p(/1)I] BT/1:2a,p(/1)20.
Proof. We first consider BTi(t);&O for some one point te[to,tf].
For any pe[0,+00), When BT/I(t);tO, with (12), (18) and taking into account of Lemma 3, we have

dd
G(p)=0 and # #0. This means that y(p) is strictly monotonously decreasing on [0,+x).
Y]

Case 1: Suppose that %GT (0)d(0)>a. Since y(p) is continuous and strictly monotonously decreasing on

[0,4) and y(p)—>0 as p—>+ow, there must exist one point p>0 such that %GT([))G(p)za, i.e.

G(p)eVU , which leadsto G(p)eU forany p= 5. For each element p,p>p, the function f (u) is giv-
en as follows

f (u)= P(u)+p[%uTu —aj =%UTRU + 7 (t)Bu +p[%uTu —a], (24)
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where o is a parameter. It is obvious that P(u)> f (u) forall ueU.Since f (u) istwice continuously
differentiable in R™, there exists a closed convex region £ containing U such thaton &, szp u)>0 and

(u)
prh(ﬁ(p))zo.Thisimplies that d(p) is the unique global minimizer of f (u) over &.By (18)and (19),
we have

£,(d(p))

(B[R +p1] BA(1)- pa=P (o),

and
P(u)= £, (u)min £, (u)= 1, (d(0)) = P* (). (25)
Further, it follows from Lemma 4 that
max P* (p)=P* () =P((5)) (26)
Thus, for every ueU ,when p>p, we have

miUnEUTRu +27(t)Bu :%GT (P)RG(p)+A"(t)BA(p)=P*(p)=maxP*(p).

Uel pZp

Case 2: Suppose that =" (0)d(0)<a. It is easy to verify that %GT(p)G(p)<a for any p>0, and
P>

max pe (p)= p¢ (0). Then, by using the similar proving strategy in case 1, we can show that §(0) is a global
minimizer of (7) in case 2.

On the other hand, If there exists one point te[to,tf} such that BTi(t) =0, then (7) is equivalent to the
1

problem miUnEUTRu ,and itis clear that (i(0)=0 is a global minimizer of this problem.
Uel
Define

m |7 1[0(0)]>2a,
7o iffa(o) <z,

where p is the only solution of the equation “[R+pl]7l B%(t)”:x/ﬁ,pe[o,mo) under the condition
|G (0)]>~/2a . Based on canonical duality theory, (™) is a global minimizer of the problem (7). Hence, by
Lemma 1, we can derive the optimal solution

G(p™)=-[R+p™I ]fl BTA(t), ae. te[t,t, ] 27)
If consider p*® as a function with respect to the co-state A, we can define the function P 1) satisfy-
ing (23), and the analytic solution by the co-state to the problem (7?) can be given as (22). This completes the
proof.

Theorem 3. Let R be an identity matrix | in (1). Then the analytic solution to problem (P) is obtained as
follows

o ] -
' V2a

[eA )
Proof. Suppose that R =1. By Theorem 2, it follows that p® =max|0,-1+

L1, thus, the analytic
J2a N

@)
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solution can be expressed as, a.e. te[ty,t; |,

G(p™)=—-[R+p™1] BTA(t)=-

This concludes the proof of Theorem 3.

2.3. Applications

Now, we give an example to illustrate the applicability of Theorem 2. We consider the following sphere con-
strained optimal control problem.

3 -1 2 35 -2 2 -5 -7
Example 1: In (1), we consider A=|-5 0 7|, B=| 2 6|, Q=1 2 15|, R=l,,,
4 45 -7 8 -9 -3 0 8

1
x(O):(—l,—l,—l)T, t,=0, t, =1, and a:E' Q>0 and R>0 satisfy the assumptions in this paper.

By Lemma 1 and Theorem 2, in order to derive the optimal solution of Example 1, we need to solve a system
on the state and co-state

£=H,(t%0,4)=A%+B0, %(0)=(-1,-1,-1)", (29)
i=-H,(t%0,1)=-A"A-Qx i(1)=0. (30)

and
G =arg REQFUTU +2T5u}:_ﬁ“ﬁ8%m a.e. te[0,1]. (31)

By numerical methods of two-point boundary value problems [18] [19], we can obtain the optimal solution G

and the dual variable o (ﬂ) as follows (see Figure 1, Figure 2).

Figure 1. The optimal feedback control G in Example 1.

)
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1.4 T T T T

Figure 2. The dual variable p* (i) in Example 1.

3. Box Constrained Optimal Control Problem
In this section, we consider U ={u(t)eR"|-1<u,(t)<L,i :1,2,---,m}, te[ty,t, ], and U is a unit box.
Using the similar method in Section 2, the analytic solution to the box constrained optimal control problem
(P) can be derived.
3.1. Global Optimization with Box Constraints
Similarly, consider the general box constrained problem

min P(u) st. ueU, U ={-1<u;<1,i=1,2,---,m}, (32)

where P(u) isassumed to be twice continuously differentiable in R™ .
Denote

Sz{peRm

[VZP(u)+ Diag(p)]>6,p26,foreveryu eU},

where p=(py, 5, p,) and Diag(p)eR™™ is a diagonal matrix with p,,i=12,---,m, being its di-
agonal elements. It is obvious that if oS, then peS forany p=p. Parallel to what we did before, a
differential flow {(p) is given as follow.

Assumed that p* e S and a nonzero vector u* U such that

VP (u")+ Diag(p")u" =0, (33)
we focus on the flow ((p) which is well defined near p*
dd; (p) = Hyl, (p)doy + Hp0, (p)dp, +-++ Hidy, (0) doy,
g, p*):u.*, i=12,-,m,

N
—~
hs)
N2
E)
3
—~
i)
~—
SN—
o

- - . -1 - - -
where H(p,u(p)):[Hij(p)]mm:—[VZP(u(p))+ D|ag(p)] and G(p)=(0,(p).0
Moreover, near p", the differential flow §(p) also satisfies

VP((i(p))+ Diag(p)d(p)=0. (35)

Based on the extension theory, the solution G(p) of (34) can be extended to an interval in S . Then, the

@)
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canonical dual function is defined as follows

P* () =P(a(p))+ 228 (p)-1], (36)
i=1
and the canonical dual problem associated with the problem (32) can be formulated as follows
(Pd): max {Pd (p)= P(G(p))+z%[0f(p)—l]|p € S}. (37)
i=1

Lemma 5. Let G(p) be a given flow defined by (33)-(34), and Pd(p) be the corresponding canonical
dual function defined by (36). Near p*, we have

VP (p)=(%[ﬁf(p)—l]é[ﬁi(p)—l]f"%[ﬁfn(P)‘l]) : (38)
V?P () =-Diag (ii(0))[ VP (i())+ Diag ()] " Diag (ii(p)). (39)
Proof. Since P?(p) is differentiable, near p*

* (o) pﬁf’) :vp(a(p))T%f’hg[af (o415, (p)—a“gli")

| p, 2
=(VP(0(p))+ Diag (p)ﬁ(p))T 8Ua(,lo) %[ﬁf (p)—l]
By (35), it follows that 5P;p(ip )_ %[ﬁ? (p)-1].

Form (34), we have aua‘(p) =H; (p)G;(p), then

*P'(p) ., \oG(p) . -
opap, P) =, = =0 (P)Hy (0)d; (o).
By the definition of H (p,d(,)), this concludes the proof of Lemma 5.

Lemma 5 shows that the canonical dual function Pd( ) is concave on S, so, the problem (Pd) can be
solved by any commonly used nonlinear programming methods.

Theorem 4. (Perfect duality theorem) The canonical dual problem (P?) is perfectly dual to the primal prob-
lem (32) in the sense that if p* e S is a critical point of P (p), then the vector u’ = G(p*) is a KKT point
of (32)and P(u")=P"(p").

Proof. By the KKT theory, p" is a KKT point of (Pd) if and only if there exists one multiplier AeR"™
such that

[\

VP! (p")-4=0,4"p"=0,4<0,p" 20, (40)

o (Lfngy Irapy 1ra,/ - !
VP (p )=[§[“5(P )-t]5[ 6 (o)1) [ (o )—1]) ’
where ((p) is defined as (33)-(34). This shows that G(p*) is a KKT point of the primal problem (32). By
the complementarity conditions (40), we have

P ()= ({0 )+ S8 () -1]= P(a( ")) = P(w).

The proof is completed.
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Theorem 5. (Triality theorem) Consider P(u) to be concave on the box U. If the flow G(p) defined by
(33)-(35) meets a boundary pointof Uat peS suchthat G7(p)=1i=12--,m, then G=0(p) isaglobal
minimizer of the problem (32). Further one has

inP(u)=P(d(p))=P*(p)=maxP?(p). 41

min P(u) = P(d(p))=P° () =maxP* (p) (41)

Proof. By Lemma 5 and the fact that 7(p)=1,peS, it can verify that V’P*(p)<0 and VP’(p) is

monotonously decreasing as p > 5. This means that G(p) will stay in U and P°(p)<P(p) as p=p.
Using the definition of G(p) aswellas S, we have

v{P(a(p))+ 2[5 (o) -1]} = VP a(0)+ Dina ()i £) =0,

i=1

m

VZ{P(U)+Z%(uf —1)} =V?P(u)+Diag(p)>0, VueU. (42)
i=1

In the following deducing, we need to note the fact that since P(u) Is twice continuously differentiable on

R™, there exists a positive real vector §eR™ such that (42) holds in {u,2 <1+6i} which contains U. So, we

can show that G(p) is the global minimizer of P(u)+2%(u.2

i
i=1

~1) onU,andforany p>p

(1))

s}

P(u)2P(u)+ 2 (w2 —1)zirL1]f{P(u)+iZml:

2

) (43)
:{P(ﬂ(p))+§%[ﬁi2(p)—l]}= P’ (p)
Thus, we have
P(u)2maxP* () =P (5) = P(0(5)+ 20 (5) 1] = P d(5). (@)

By (43), (44) and the canonical duality theory, it leads to the conclusion we desired.

3.2. Analytic Solution to the Box Constrained Optimal Control Problem

Now, let P(u):%uTRUJriT(t)Bu in (32). For peS:{peRm

el e[O,+oo),i:l,2,---,m} (since R is a
positive definite matrix), we define

((p)=-[R+Diag(p)] B'A(t), ae. te[t,t, ], (45)
and the canonical dual function

P () =3 " (1)B[R+ Diag (p)] B"A(1)-Ze'p 6)

Set y(p)=0(p)ed(p) :(l]f (p). 03 (p),-, G2 (,o))T (the notation “ - ” denotes the Madamard product).

Lemma 6. Let G(p) be a given flow defined by (45), and y(p)=0(p)l(p). y,(p) is monotonously
decreasing with respectto p, on [0,+w), i=12,--,m.

N - ., L OG, - . -
Proof. Notice that () =07 () and %: Zui(p)%. Let H(p.0(p))=-[R+Diag(p)]" and
Pi i
H; (p) be the i diagonal element of H.

By properties of the positive definite matrix, it follows that the diagonal element H; (p) is a negative real

ayéﬁp) =2H;(p)0?(p)<0 because of the fact that 8ué_£p) =H;(p)Gi(p) - Thus,

we can have the conclusion we desired.

number which means that
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In the rest part of this section, we suppose that R = Diag(r) is a diagonal matrix with r, >0,i=1,2,---,m,
being the diagonal elements. We have the following result.
Theorem 6. For the box constrained optimal control problem (73) the analytic solution expressed by the
co-state is given as follows
.

E;T/i)1 (BT/i)2 (BTi)m | an

(BT/{)lH,max[rz, ]m’max[rm, (BTi)m}

Proof. Set BTi(t):((BTi(t))l,(BTi(t))z,---,(BTi(t)>m)T. It comes from Lemma 3.2 and (45) that
(

A~ ~ 2 ~ 2
(o) P A0 EEOL o) 2EEO) aue)
| AN (r+p) op; (r+p) ~ op,
G;(p) and vy, (p) dependonlyontheelement p,ie. G (p)=0(p) and vy, (p)=vy(0)-
Consider complementarity conditions pi(yi(p)—l):o,i:1,2,--~,m. If y,(p)>1 atthe point p, =0, by
2

=—

(
max[rl,

=0,i# j. This means that

(87A(1))

2

Lemma 6, it is easy to verify that there must exist one point p, >0 such that - =1. Otherwise, for

(h+4)

any p, >0, we always have y,(p)<1.Thus, we define the vector p*® eR",

o JEa) |- it|(eric) |-,
A= 0 if (BTi(t))‘gn, ae. teftt ], (48)

which can be rewritten as o™ = max [0,‘(8%(0)_

teltyt, ],

- ri] aete [to,tf ] . It follows form (45) and (48) that a.e.

(87A(1)),

' i=1,2,---,m.

max[ri,‘(BTi(t))_H,

a. (pom):_

In what follows, parallel to the proof of Theorem 2, we shall show that ﬁ(p"pt) is the analytic solution for
the problem (7P).

By statements as the above and Lemma 6, we have G(p)eU forany p=> p®, and the function family
{f,(u)} isgiven as follows

fL(w)=P(u)+Y;

i=1

A}

i(uf—l)zéuTRuwiT (t)Bu+iZml:%(ui2 —1), (49)

~ |

where p is a parameter. Using (45) and (49), it is obvious that G () is a global minimizer of the problem
min f,(u) onU by the factthat Vf (i(p))=0 and V*f, (u)>0,vueU .Further, we have

P(u)=f,(u)zinf f,(u)=1,(3(p™))=P*(p™). (50)
By Lemma 5 and (46), we have
P(u)Zg%Pd(p):Pd(pOp'):P(ﬁ(pOpt)). (51)

Thus, G(p™ ) isaglobal minimizer of the problem (7). Consider p° as a function with respect to the co-state
A, by Lemma 1, then ( expressed by (47) is the analytic solution for the optimal control problem (7?) This

completes the proof.
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3.3. Applications

We will give an example to illustrate our results.

2 7
Example 2: For the box constrained optimal control problem (), we consider AZ[ 95 3)

B:(1.25 75]’ Q:[z_': _BJ R=(§ gj , x(0)=(11)", t,=0, and t, =1, where Q>0, R>0 sa-
tisfying the assumption in (1).

Following idea of Lemma 1 and Theorem 2 as above, we need to solve a system on the state and co-state for
deriving the optimal solution

054

,1>.>__4v-'

0.5

0.2

Figure 3. The optimal feedback control G in Example 2.

0.2

Figure 4. The dual variable p*® (i) in Example 2.
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£=H,(t%0,4)=A%+B0d, %(0)=(L1)", (52)
i=-H,(t%0,1)=-ATA-Qx i(1)=0, (53)

and
a(t)= (B l(t))l G, (t)= (B l(t))z , ae te[01]. (54)

o] O e o]

By solving Equations (52)-(54) in MATLAB, we can obtain the optimal optimal feedback control G and the
dual variable p* (/1) as follows (see Figure 3, Figure 4).
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