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Abstract

we consider the third-order neutral functional differential equations with deviating argu-
ments. A new theorem is presented that improves a number of results reported in the
literature. Examples are included to illustrate new results.
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1. Introduction

In this paper we consider third order neutral differential equations of the form

(rz(t )(n(t )') +jjq(t,§)f(x(g(t,g)))da(§)=o,tzto, (1)
where z(t)=x(t)xp ( ( ) and the following conditions are satisfied
(A) peC(L,R ) <p<l and |=[ty0),
(A;) 7eC(1,R),z(t )<t, 7 is strictly increasing, |Imr() o and we define
( J(t) r(r‘ ) j=12,-
(As) 1,eC(1,(0,0 )jr.-l(t)dt:oo,i=1,2,
(A;)) feC(R,R),fisnon-decreasingand uf (u)>0 for u=0,
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(As) qeC(Ix[a,B],[0,0)] and q(t,&) isnot zero on any half line [t,,%0)x[a, B].t, 21,

(As) geC(Ix[a,B].R), g(t,&)<t for t=t, and Ee[a,B], g(t,&) is continuous, has positive
partial derivative on | x[a,ﬂ] with respect to t, nondecreasing with respectto £ and Iimg(t,§)=oo,

(A7) oeC ([a,ﬁ],R) , o isnondecreasing and the integral of Equation (1) is in the sense Riemann-stieltijes.

We mean by a solution of Equation (1) a function x(t):[t,,)—>R, t >t, such that z(t), r(t)z'(t),

r, (t)(rl(t)z’(t))' and (rz (t)(rl(t)z'(t)),)' exist and are continuous on [t,,). A nontrivial solution of (1)

is called oscillatory if it has arbitrarily large zeros, otherwise it is called non-oscillatory.

Asymptotic properties of solutions of differential equations of the second and third order have been subject of
intensive studying in the literature. This problem for neutral differential equations has received considerable
attention in recent years (see [1]-[11]).

Recently, in [12] by using Riccati technique, have established some general oscillation criteria for third-order
neutral differential equation

!

{rz (t)(rl(t)(x(t)+ px(t_f))'ﬂ +q(t)x(t-o)=0.

In [3], Candan presented several oscillation criteria for third order neutral delay differential equation

{rz (t)(rl(t)(x(t)+ px(t_f))'n +[a(tE)x(9(6.£))do (&) =0.

[9] and [13] obtained some oscillation criteria for study third order nonlinear neutral differential equations

’

[rz(t)(n(t)(X(th px(t—r))’jj “q(0)f(x(t-0)) 0

and

’

(rz(t)(n(t)(X(t)— px(r(t)))’j'] ra(t) 1 (x(g(1))=o0

In this paper, we establish some oscillation criteria for Equation (1), which complement and extend the results
in [3] [13].

We begin with analyzing of the asymptotic behavior of possible non-oscillatory solutions of the Equation (1)
in the case when z(t)=x(t)- px(r(t)) .Let x(t) be anon-oscillatory solution of (1) on [t,,o0). From (1) it
follows that the function z (t) has to be eventually of constant sign, so either

(@ x(t)z(t)>0

or

(b) x(t)z(t)<0

for all sufficiently large t. Denote by N* [or N~] the set of all non-oscillatory solutions x(t) of the
Equation (1) such that (a) [or (b)] is satisfied. We begin with some useful lemmas.

Lemma 1.1 Let z(t)=x(t)- px(r(t)) . Assume that (A,) and (A,) hold and x be continuous non-oscillatory
solution of the functional inequality (a). Then

!Lr?c x(t)=0 and !Lno! z(t)=0.
Lemma 1.2 Let z(t)=x(t)— px(z(t)). Assume that (A;) and (Az) hold and x be continuous non-oscillatory
solution of the functional inequality (b). If !im z(t)=0, then
limx(t)=0.

tow
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These lemmas are modifications of the Lemma 1 in the paper [14] and the Lemma 2 in the paper [13].

2. Main Results

In this part, for the sake of convenience, we introduce the following notation:

o(t)=[/a(t.£)do(¢) and R(t)=] 1" (s)ds.

2.1. Oscillation Criteria If Z(t)=X(t)— px(z(t))

In this section, we will establish some oscillation criteria for Equation (1) in the case when
z(t)=x(t)- px(z(t)) and p(t)=p.

Lemma 2.1 Let x be a bounded positive solution of Equation (1) on the interval I. Then there existsa T, >t,
such that z(t) has the following properties:

2(t) <0,(r, (1) Z(t)) >0 and (rz (t)(rl(t)z’(t))'jlso fort =T, @

Proof. Let x be a bounded positive solution of Equation (1) on the interval I. From (A1), (A,) and (As), there
exists a t, >t, such that x(t)>0, x(z(t))>0 and x(g(t,£))>0 for t>t,. Then z(t) is bounded and
non-oscillatory. Thus, Equation (1) implies that

(L0070 = Ja f(x(a(t))oo(6) <0

Hence, the function r, (t)(r,(t) z’(t))' is a non-increasing and of one sign. We claim that

r, (t)(rl(t)z’(t))' >0 for t>t,. Suppose that r, (t)(rl(t)z’(t))' <0 for t>t,>t. Then there existsa t,>t,
and constant K, >0 such that

K (6)(R(1)z'(t)) <K, fort>t,
By integrating the last inequality from t, to t, we get
t 1

n(t)z'(t)<r(t)z'(t,)-K,| ——ds.

l() () 1(3) (3) 1t3r2(S)
Letting t— oo, from (A3), we have tIim r,(t)z'(t) =—co. Then there exists a t, >t, and constant K, >0

such that
rn(t)z'(t)<-K, fort>t,

By integrating this inequality from t, to t and using (As), we get !im Z(t)=—00. This yields that xe N~

and this contradicts the Lemma 1.1. Now we have rz(t)(rl(t)z’(t))'>0 for t>t,. Hence r(t)z'(t) is

increasing function and we have two possible cases for r(t)z'(t) either r(t)z'(t)>0 eventually or

r(t)z'(t)<0 eventually for t>t,>t,. If r(t)z'(t)>0 for t>t,, then there exista t, >t, and a constant
L>0 such that

r(t)z'(t)>L fort>t,
By integrating this inequality from t, to t and using (Asz), we get !imz(t)zoo. This means that z(t) >0
and we get x(t)>z(t) for all sufficiently large t. Then !imZ(t)=00, which contradicts the boundedness of

x(t).Hence, z'(t)<0 for t>t,. O
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Theorem 2.1 if

. t gtp) 1 cotp) 1
Ilrzniupjg([ﬁ)(a(s)jg(sﬁ)mju deduds>0. (3)

Then every bounded solution x(t) of Equation (1) is either oscillatory or tends to zero.
Proof. Let x be a bounded non-oscillatory solution of Equation (1) on the interval I. Without loss of generality
we may assume that x(t) > 0. From Lemma 2.1, we get that (2) holds. New, we have

X(t)=z(t)+ px(z(t))=z(t)+ pz(z(t))+ pzx(r2 (t))

for all sufficiently large t. Repeating this procedure and the monotonicity of z , we obtain that there exists an
integer n>0 suchthat z"*(g(t,&))=T, and

x(9(t.€)) =§nop'2(f' (9(t.6))+ p"x(e"((t.€))) 2 A2(9(1.£)).

n+l

where 2=3"" p’ :ll_ P~ 1. Hence, we get

f(x(9(t£))= F(22(g(t.€)))= T (2(9(1.6))= F (2(9 (1. 8))). Q
Thus, from Equation (1), we obtain
(OGO | < (2(awm)or) ®
Now, since z(t) is bounded decreasing function, then there exist » such that
mz(t)=r

If z(t)<O for t>T,>T;, then <0 and which contradicts the Lemma 1.1. Therefore z(t)>0 for
t>T, and y>0.Weshall provethat y=0.Let y>0.For t>u>T >T,, we obtain

I L EE0 ) [ar=r (o) (st p) -5 ()20

r(v

Thus, form Lemma 2.1, we get

(u)7/(w) <[

(6)

So, for t>u>s>T , we have

2(9(t.8)-2(a(s.8)) =11 —

)m[q(u)z’(u)]du.

Hence, from (6), we get

2(0(8)-2(0(s.) <6 (o LA i [ v @)

where G(y)=r,(y)(r(y) z'(y))’ . Let us define function

F(s.t) :(G(s)—G(g(t.ﬂ)))Lt Z(?((lzj(lggzl)lgﬁ(;)ﬁ)

du, t>s>T
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We note that F(t,t)=0=F (g (t,ﬂ),t). Deriving F(s,t) partially with respect to s and using Lemma 2.1,
(Ay) and (Ag), we get

From (5), we have G'(s)<-f (z(g (s,[;’)))@(s) . Hence, we obtain
(Z(9(u.4))g'(u.5)

F;(s,t)z—@(s)f(z(g(s,ﬂ)))L f(Z(g(u,ﬂ))) du
r6(g() LN §
| f(2(9(s.5)))
By (A,) and (As), we get

Z(gUA))guB) 1 o lal

O TAETYE) T FFTEs)
1 z ,B))-z(g(s, <
_f(z(g(s,ﬂ)))< (g(t ,B)) (g( ﬂ))) 0

Thus, from (7), we have

tZ’(g(U,ﬂ))g’(U,ﬁ) u< —G(g(t,,ﬁ)) ats) 1 corp) 1 -
T T T IO A LA ©

Then, substituting (8) in (9), it follows that

F/(s.1)>G(g(t, 8))| O(s) [ " [

1 dvd ’
9(s.B) rl(u) u vau +

(s.5)
r,(v) t(z(9(s.9)))

By integrating this inequality from g(t, ) to twith respect to s, we obtain

t ots) 1 o) 1 2(9(t.5)) dw
0> Ig(t,ﬂ)G(S)Ig(S,ﬂ) r, (u) J.u r (V) dvduds + L(g(g(tﬁ)yﬂ))_f (a)) . (10)

where G(g(t,5))>0.Since limz(t)=y>0, we get

- eres)  do
!Lrg JZ(g(g(t-ﬂ)ﬁ)) f (o) =0

Hence, from (10), we have

; t gts) 1 rotp) 1
I"[TLSOCUpIg(t,ﬂ)G(S)Ig(s,ﬂ) _rl(u)j“ . (V)dvduds <0,

which contradicts (3). Therefore, !im z(t)=0 and according to the Lemma 1.2 we have that !im x(t)=0. O

In the following Theorem, we establish some sufficient conditions for boundedness and oscillation of
Equation (1) under the condition

iiminf (4 5 0 (11)

u—0 u

)
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Theorem 2.2 Let (11) holds. If there exist an integer n>0 such that

ats) 1 ro(tp) -p u
| — ——dvdud li —, 12
|msupj .[g( )r(u)-[“ rz( ) vduds > ——— —p”*l ITjoqu(u) (12)

then every bounded solution x(t) of Equation (1) is oscillatory.

Proof. Let x be a bounded non-oscillatory solution of Equation (1) on the interval I. Without loss of generality
we may assume that x(t) > 0. We can proceed exactly as in the proof of Theorem 2.1 and we use the fact that
(12) implies (3). Hence, we get a non-oscillatory solution with the properties x(t)>0, z(t)>0, z'(t)<0

and (rl(t)z’(t))/>0 for t>T,, !Lm z(t)=0 and !me(t):O. New, from (4), there exists T, >T, such
that

f(x(a(t.)))= f(Az(9(t.€)))= T (4z(g(1,B))) fort=T,.
Thus, Equation (1) implies that
(rz(t)(rl(t)z’(t)),jls—f(lz(g(t,ﬂ)))@(t).
By integrating this inequality from g(t,8) tot, we get
G(1)<G(g(tA)- [, f (22(a(s.8)))0(s)ds

where G(y)=r,(y)(r(Yy) z’(y))' >0. Thus, we obtain

0<G(g(t,p)) M/l_f (9(s.8))©(s)ds. (13)
where M :inf{ffj ). :0<u|< |/Iz /3))|}.Since z(t)> 0, from the Inequality (7), we get
~2(g(s,8))<-G(a(t.5)) I;:;’j;ﬁffw ) - 2\/) dvdu. (14)
Combining (13) and (14), we have
t 18 1 t5) 1
0<G(9(t,ﬂ))[1— M2f, e rl(u)ff( 7 s |

Hence, we get

t gt.p) 1 otp) 1 1
'[g(‘x/?)@(s)jg(s,ﬁ)m.[u WdVdUdS<M_ﬂV'

for t>s>T, and this contradicts the condition (12).
Corollary 2.1 Let (11) holds. If

. 1 , 1 .
I|msupj j o) )jg(tﬁ)mdvduds >(1-p)limsup (15)

u
tow (s:8) ri(u uso (U)

then every bounded solution x(t) of Equation (1) is oscillatory.
Example 2.1 Consider the differential equation

!

o3 ) | £ e

()
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where t>1.We have

. t ot 1 otp 1 _i
|IrlTLSOCUpJ.g(Lﬂ)®(S)J.g(5,ﬁ) r, (U) Iu r, (V) dvduds = 3
1

and (1— p)lim sup . E ] :E<§ Thus, all conditions of Corollary 2.1 are satisfied then all bounded solutions
u—0 u
of the above equation are oscillatory.
Remark 2.1 If «=0,8=1q(t,¢)=q(t),g(t,&)=9g(t) and o(&)=¢& then, our results extend the results
in [13].

2.2. Oscillation Criteria If Z(t)=X(t)— px(z(t))
In this section, we will present some oscillation criteria for Equation (1) under the case
z(t)=x(t)+ p(t)x(z(t)) and the condition
%2k>0foru;t0andt2tO (16)

Lemma 2.2 If x(t) is an eventually positive solution of (1), then for sufficiently large t, there are only two
possible cases:

(i) z(t)>0,2/(t)<0 and (r(t)z'(t)) >0
(i) z(t)>0,2'(t)>0 and (1 (t)z(t)) >0.

Proof. The proof of this lemma is similar to the proof Lemma 1 in [9] and we omit the details. O
Theorem 2.3 Let (16) holds. If

[“®(s)dsdudv =, 17)

w 1 (o
bt a

and there exist a positive real function p(t) such that

P (s)n(9(s.2))
IlrpHSwUDJ- kp(s (_p)®(s)_4p(s)R(g(S,a))9'(5’a)

Then every solution of Equation (1) is either oscillatory or tends to zero.

Proof. Let x be a non-oscillatory solution of Equation (1) on the interval 1. Without loss of generality we may
assume that x(t)>0. Then there exists a t,>t, such that x(t)>0, x(z(t))>0 and x(g(t,£))>0 for
t>t. By Lemma 2.2, we have two cases for z(t). In the Case (i), since z(t)>0 and z'(t)<0, we get
!Lrgz(t)=y20. Let x>0, then we have u<z(t)<u+¢e for all £>0 and t enough large. Choosing

ds = oo, (18)

1- .
& <—— u, we obtain
p

x(t)= X(rt)
e L) 2

p—p(u+e

where L= ) > 0. Hence, from (1), (As) and (16), we have

u+e

(rz(t)(rl(t)Z( ) —KL["q(t.£)2(g(t.€))do (&) < —kLuO(1).

By integrating two times fromtto o, we get

)
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1

-7'(t) > kLpy—— ©(s)dsdu.
ok st
Integrating the last inequality from t, to oo, we obtain

z(t,)> ,UL -

dsdudv.

This contradicts to the condition (17), then !Imz( )—O, which implies that !im x(t)=0. In the Case (i),
—0 —®

since z(t)>0 and z'(t)>0.Thenthereexista t >t, such that

x(t)=(1-p)z(t),

for t>t,. Thus, from (1), (A4) and (As), we get

(OEOZ©) ) ska-p(sa)or) as)

Also, we have

n(t)z'(t)= rl(tl)z’(tl)ﬁ; rz(S)(rrlz((ss))z’(s)) ;

Since (rz (t)(rl(t)z’(t))' jr <0, we obtain

(g(ta)). (20)

Now, we define

By differentiating and using (19) and (20), we get

o (1)< —kp(0)(1- p)o() + 2 o) - ROLANO )

o0 o (ata)
()i p)o(t) (’jR( o
e
PO, '

Hence, we obtain

P (Hn(9(ta)

@'(t)<—kp(t)(1-p)O(t)+ 4p(t)R(g(t.a))g'(t.a)’

By integrating the above inequality from t, totwe have

w(t)swal)—ftj[kp(s)(l—p>@<s>— 72 ()ilasa) ]ds.

4p(s)R(s(5:2))g'(5.2)
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Taking the superior limit as t — oo and using (18), we get (t) —>—oo which contradicts that o(t)>0.
This completes the proof of Theorem 2.3. O
Remark 2.2 We can rewrite the condition (17) in the Theorem 2.3 as following

Aol

Remark 2.3 If 7(t)=t—7z and f(x)=x, then our results extend the results in [3].
Example 2.2 Consider the differential equation

k) | LS et ) ete-0) 2o

2
e -1

where t>1 and z(t)=x(t)+%x(t—1). Choosing p(t)=1 and k=2. Thus, all conditions of Theorem

2 . 3
are satisfied then every solutions of this equation is either oscillatory or tends to zero.
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