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Abstract

In this paper, we study the existence and uniqueness of positive solution for 2Zmth-order nonlinear
differential equation with boundary conditions, by using the fixed point theorems on compression
and expansion of cones.
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1. Introduction

Recently, many authors studied the existence and multiplicity of positive solutions for the boundary value prob-
lem of even-order differential equations since it arose naturally in many different areas of applied mathematics
and physics (see [1]-[3]).

In [4] by applying the theory of differential inequalities, the author established the existence of positive solu-
tion for the third-order differential equation. In [5], the authors derived the Green function of the 2mth-order
nonlinear differential equation, and established the existence of positive solutions for BVP, by using the fixed
point theorems on compression and expansion of cones. However, there are a few articles devoted to the uni-
queness problem by using the fixed point theorem. In [6], the authors studied the existence and multiplicity of
positive periodic solutions for second-order nonlinear damped differential equations by combing the analysis of
positiveness of the Green function for a linear damped equation. Our nonlinearity may be singular in its depen-
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dent variable. The proof of the main result relies on the Guo-Krasnosel” skii fixed point theorem on compression
and expansion of cones.
In this paper, we consider 2mth-order nonlinear differential equation

(" ()= (xy(x). x=(01)

y"(0)=y" (1)=0, 0<i<m-1 (1)

The existence and the uniqueness of positive solution are obtained, by means of the fixed point theorems on
compression and expansion of cones.

Throughout this paper, we always suppose that

(Hy) f(xy):[0,1]x[0,+00) —[0,+) is continuous;

(H2) f(x,y)#0, for any compact subinterval in [0,1]x[0,+x), f(x,y) is nonincreasing in y>0,
a.e. xe[0,1];

. f(x,y) o f(xy) _
() Jim =50 fim i =2
h h
(H) f(xy)=a(x)h(y), lim %>ﬂl, lim %< i, . where he C([O,+oo),[0,+oo)),
y—0* Y40

aeC([0,1],[0,+x)), a(t);tO for any compact subinterval in [0,1]. Here 4, 4, 14, u, satisfied

AlBILy (sps <1, 2,5 s>1, L sslzﬂ y(s)s <1,

10'1

o-l,aze(o,%j,with ||ﬁ||=m[%1>1(]ﬂ(x), o= min a(x), a,= min a(x).

Xe[o‘l,lfo'l] Xe[o‘z ,lfa'z]
Definition y(x) is the positive solution of boundary value problem (1), if y(x) satisfied
1) yeC™[01], y(x)>0, xe(0,1),and y"(0)=y"(1)=0, 0<i<m-1;

2y < (03),and (-3 (x)= 1 (x,y(x), aexe(0).

2. Preliminary
By a direct calculation, we can easily obtain
1
= fOG(x, s) f(s,y(s))s,

following from [5], G(x,s) can be written by

1 J'S(lfx)umfl(x_s_i_u)m’ldu, 0<s<x<1

[(m-1T

G(x,s)= . : (2
—zr(ks)u Y(u-x+s)""du, O0<x<s<1
[(m-1)]
Define an operator ®:C[0,1]—>C[0,1], (®y)(x j G(x,s)f (s y(s))s.
Lemma 1 The function G (x, s) defined by (2) satisfied the following conditions

a(x)7(s)<G(x5)< A(X)7(s).

where

a(x):M, /;(X):M, y(s)= s"(1-s)"

- " [(m-2)]"

Proof By Newton binomial formula, we have
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(u+x-s)"" Z (m- l) "(x-s)""

S il(m-1-i)! )
U+S—X g (m-1)! i (s—x)"
( ) Z(;‘ il(m-1-i)!

Put (3) into (2), and integral by item

1 m 1(m—l)!(X—S)m+i [s(l—x)} 0<s<x<1
N T I CE R
, 1 U 1(m—1)!(3_x)m+i [X(l_s)}m 0<x<s<1
[(m-p] = i(m-1=0)(m+i) -
and we can get
[S(l_x)]m[x(l_s)]m_l, <s<x<1
G(x,s)< m[(nrqn—l)!} m-1
[x@-5)] [s(-x0)] . 0<x<s<1
m[(m-1)!]
s"(1-s)" x™* (1; x)"
m[ m—l ']
[s@—x)]"[x(1- S}ml, <s<x<
G(x,s)> (em-1)l(m-1 I] m-1
[x(@-9)]"[s(1=1)] , 0<xs<s<
(2m-1)[(m-1)!]"
(9" 0"
(2m-1)[(m-2):]
If
a(x)zxmz(i_]__);) | ﬁ(x):xml(ln:x) , y(s):[s(mnfl__];!)]z,

the upper and lower bound of G(x,s) is

a(x)y(s)<G(xs)<B(x)r(s).

Lemma 2 Let E be a Banach space, and K < E is a cone, satisfied

= rectoat oz Gl

where ||y| = m[%>1<]|y(x)| , then K is an closed convex cone.
xe[0,

Proofl) Let ye K, 1>0, we have

X
ays 220y el | AWIT)

4]
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«(x)
Ay > ——=|Ayl,
1] 1

S0
AyeK.
2) Because yeC[0,1], if yeK -yeK,and a(x)=0,then y=0.from1)and 2), we prove that

{y eC[0,1];y(x )_ 4] ||y||} is an closed convex cone .

Lemma3 ®@:C[0,1] »>C[0,1] iscompletely continuous.
Proof Let D<= C[0,1] is bounded, then 3M >0, Vye D,we have
Ivl<m,
and
1 1
||d>y(x)| < max f(x, y)_[OG(x,s)ds < max f(x, y)[)rsl%ﬂ(x).[oy(s)ds,

0<x<1
0<y<M 0<y<M

Hence, ®(D) is bounded.
Next, we show that d)(D) is compact set. In fact

1 s(1-s)x(1=x)]" " (=) ——
I R

o L [s@-s)x(1-x)]"" (-s)+

[(m—2)!] [(m-1)]

j;(l—x)(m_l)tm—l(t+X_s)m_z dt, 0<s<x<1

J-Ox(lfs)(m_l)tm—l (t +5— X)m-z dt, 0<x<s<1

then

aG
6x

1

L1
-] (m-2i(m-

z)lj:tm‘l (1+t)"

< 1 N 1 14 m-1
CETRNTETAE

For vO<x <x,<1, VyeD,then
= [enf | 2

(% y)|x, =],

[@y(x,)-@y(x)|=

2m—1
ECE
So ®(D) is equicontinuous. By means of the Ascoli-Arzela theorem, ®(D) is compact set, @ is an
compact operator.

Let y,€C[0,1], y,€C[0,1], with y, —y,, because of the convergence properties, IM, >0 we have
I¥ol|< Mg, [V Mg, (n=12,---). Now we show that ®y, — ®@y,. Infact Vxe[0,1]

|y, (X)— Dy, (x)| < IG xs| (s,yn(s))—f(s,yo(s))|ds

< maxﬂ( )maX]7/ |(5yn )= (s %0 (s )|

0 p<x<1 [

<2J' (x) 8£Q§1x f(x, y)?ggﬁy(s)ds,
<y<Mg
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where
n (5) = max A(Omax(5)] (5.9, (9) - (530 (5)).
H =2[B(x)] max f (xy)maxy (s).
0<y<M,
and
h, (s)|<H.
Because |3(x) (s)f(s.y) is continuous on [0,1]x[0,+w), so |B(x)|max y(s) f (s,y) is uniform-

sef0.1]
ly continuous on [0,1]x[0,M,]. Ve>0, 35>0, Vse[0,1],when y,,y,€[0,M,],and |y, -y,|<&,
|18 (%) max (s )|f(s,y1(s))—f(s,yz(s))|<g, Y. (S) = Yo(s), then 3N >0, ¥n> N, with

se€[0,1]

ASEAE )|<5,as SE[O 1], also notice that
h, (s 0| max B(x)max (s )|f(s,yn(s))—f(5,y0(s))|<g,

0<x<1 se[0,1]

se[0,1]

ie. h(s)—>0,ae [01]. And
|y, (x) - Dy, (x)| <2 “max A (x)max » (s )|f(s,yn(s))—f(s,yo(s))|ds<g,

0 0<xs<t se[0,1]
By using Lebesgue control convergence theorem ®y,(x)—> ®y,(X) as n—>w, Vxe[0,1], so @ is
continuous operator on C [0,1] . In conclusion, @ is completely continuous operator.
3. Main Results

Theorem 1 suppose (H;)-(Hs) or (Hy), (H2), (Hs) holds, BVP (1) has at least one positive solution.
Proof We prove ®(K)c K . Since Vye K, we have

(ch)( ):IG ( )ds>j ( y( ))
= L1 5) 5y (o)~ T ma p 0 (9 (sv(5)s

xe€[0,1]
_ () jﬂ )t (s y(s ))ds—ﬁmax G(xs)f(s,y(s))ds
||ﬁ| XE[oq ||ﬂ| xe[0,1] 0
()
o L
then dyeK, for VyeK, ie. ®(K)cK.
)

It follows form (Hs), lim max </, , where /11||ﬂ||_|.;7(s)ds <1, there exist &, >0, such that

y—0* xe[0,]]

f(xy
y

m[%>1<]¥<ﬂl, vOo<y<s ie f(xy)<iy.Let @ ={yeC[01];|y[<N,0<N, <3},

forany yeKnaQy,and [ly|=N,,since y<|y|=N, <&, we have
)00 = max [16 (1) (5 y(5) s < max A0 [ (5) (.5

XE[O l] XE[O l

<7 (syay(s)ds < 2|yl [y (s)ds <l

From lim min f( )>ﬁz where A,ZH "J'l * 7(sfs>1, o, € ( ;) there exists M >0, such that

y—>+o0 xe[0,1]
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- f(xy) .
XT[BQ] ; >4, Yy>M e f(xy)>4y.
Let sz{ye[O,l];||y||< N,} . and N2>max{M,Nl}.Thenforany, yeKnoQ,,and
o
. )|yl N
1002 G et i (0=, in “P= o o

I(@y)(x)]|= max G (x,8)f (s, ())ds>max a(x)7(s) f (s, y(s))s

Xe[O Xe[O 1]

:maxa(x)joy (s) f(s,y(s))dsz||a||j 61;/ s) f(s,y(s))ds

XE[O,l]

1- 0'1

1-o

>"0‘"_[ 7(s)Ay( S)d5>" "’12_[ ||,3|| ”y"ds

2, || _min u"y”rﬂﬂs)dsZﬁ"y"rﬂﬂs)ds2||y||:
B gy M7= gL,

According to the theorems on compression and expansion of cones, @ has at least a fixed point, i.e.
Dy=y, VyeKn(Q,\Q) any satisfied integral equation y(x _[ G(x,s) f (s y(s))s,

s0, y is the positive solution of (1).

h(y)

From (Hg), we know lim —=—=> s, where
y—>0*

y L
suchthat v 0<y<d,, wehave h(y)>y. Let le{yeC[O,l],||y||< M,,0< M, <3,}, for any

y e KnoQ,, we have

1- 02

7(sfs>1, o, € (O%) There exists &, >0,

)Yl _ a,M,

=M, y<|yl|l=M, <68,,thus min X)>  min = ,
"y” vy "y" 1 <0, y() xe[oy o] ",B" ",B"

Xe[op ,170'2]

i.e.
(@y ||—£n[%1>l<] G(x,s)a(s)h(y(s) szIg[%?l(]a(x)j:y(s)a(s)h(y(s))ds
2|a||.[:727(s)a (s)h(y(s )ds>||oz||J'1_62 s)ma(s) y(s)ds
1-o- _ 1-o-
>l ()1 " “Oho sl in, S a(01 61
AN
> y(s)ds >||y
By a(s) ek ]
From yIirp h(yy)<#2 where y2||ﬂ||f y(s)ds<1.We know 3N >0, Vy>N,suchthat h(y)<uy.

In the following, we consider two cases:
1) If h(y) boundedon ye[0,+), Let h(y)<H, M, = max{ZM H ||ﬁ||J' s)ds}

Q, ={yeC[0.4];|y]<M,} since yeKnaQ, and [y|=M, so

(®y)(x)= [, (x s)a(s)n(y(s))s < H [} A(x)7 (s)a(s)ds

£H||ﬂ||J'O;/ (s)a( s)dssMZCDy:y,
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e, Jayl=]y.
2) If h(y) isunboundedon ye[0,+x), Let M, >max{2M,,N},suchthat h(y)<h(M,),
vV 0<y<M,.Since h(y) isunbounded, then VyeK noQ,, we have

(@y)(x IG (x,s) )ds<||,8||f h(M, )ds
< M, IIﬂIII s>ds<Mz,

ie. [oy]<]y].
In conclusion, according to the theorems on compression and expansion of cones, @ has at least one fixed
point yeK m(QZ \Ql) . This showed that ®y =y, and y satisfied integral equation

:j:G(x,s )ds_IG (x,5) (s))ds,

So, y(x) is the positive of BVP (1), where f (x, y)=a(x)h(y).

Theorem 2 If condition (H;)-(H,) holds, then the BVP (1) has a uniqueness positive solution.

Proof If y,(x), y,(x) arethe positive solution of BVP (1), Let y(x)=y,(x)-Y,(x), where y(x)
satisfied boundary value problem

So we obtain

0<H ]dx<0

Thus J'Ol[y(m)(x)fdx:o, ie. y"(x)=0, Vxe[0,1]. And since y"V(x)=c, we have y"?(0)=0,

c=0,ie y™? (x)=0. Repeat above process, and conditions yt (0)=0, 0<i<m-1,
In the last, we have y(x)=0, V xe[0,1]. It is obvious that y,(x)=y,(x), V¥ xe[0,1]. The uniqueness
has been proved.
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