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Abstract

Under the assumption that g(t) is translation bounded in L (R;L'(Q)), and using the method

loc
developed in [3], we prove the existence of pullback exponential attractors in Hé(Q) for nonli-
near reaction diffusion equation with polynomial growth nonlinearity( p > 2 is arbitrary).
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1. Introduction

Attractor’s theory is very important to describe the long time behavior of dissipative dynamical systems gener-
ated by evolution equations, and there are several kinds of attractors. In this article, we will study the existence
of pullback exponential attractors (see [1]-[3]) for nonlinear reaction diffusion equation. This equation is written
in the following form:

Z—l:—Au+ f(u)=g(t),xeQ,

ul,=0, (1.1)
u(r) =u,

where Q is a bounded smooth domain in R", g()e L’ (R,L*(Q)), feC'(R,R) and there exist p=>2,
¢, >0,i=12,---5,1>0 suchthat

clulP—c, < fuu<c|ul®+c,, f')=-l, |f'u)Kcl+|ul”?) (1.2)
forall ueR.
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The Equation of (1.1) has been widely studied. For the autonomous case, i.e., g(t) does not depend on the
time, the asymptotic behaviors of the solution have been studied extensively in the framework of global attractor,
see [4]-[6]. For the nonautonomous case, the asymptotic behaviors of the solution have been studied in the
framework of pullback attractor, see [7]-[9]. Recently, the theory of pullback exponential attractor have been
developed, see [1]-[3], and some methods are given to prove the existence of pullback exponential attractors.

In order to obtain the existence of pullback exponential attractors of (1.1), we will need the following theo-
rem.

Theorem 1.1. ([3]) Let X be an uniformly convex Banach space, B(X) be the set of all bounded subsets
of X, {U(t,z)|t=7} be a time continuous process in X . Then the process {U(t,z)|t> 7} exist pullback
exponential attractors in X if the following conditions hold true:

(1) There exists an uniformly bounded absorbing set B < X, that is, for any t>z and D e B(X), there
exists T, >0 such that

U(t,r-s)DcB,Vs<T, 1.3)
(2) There exist 6,6,>0,6+60 <1,T,l >0, and a finite dimension subspace X, — X, such that
U (t,7)u, U (t,7)u, <]y, —u, ||, vtz e [KT, (k+DT,],Vk € Z, (1.4)
(1 =P (=T, ~U (Lt -T))u,) < 5[y, ~u, |l (1.5)
1(1-P)UU(t,z—su|<0, Vt>r, (1.6)
s<Ty
forall u,u,u, B and teR,where § isindependent on the choice of t,and ||-|| isthe normin X, |

is the identity operator, P, :X — X, isa bounded projector, m is the dimension of X,.

2. Some Estimates of Equation (1.1)

In this section, we will derive some priori estimates for the solutions of (1.1) that will be used to construct pull-
back exponential attractors for the problem (1.1).

For convenience, hereafter let |-|  be the norm of L°(Q)(p>1), and c an arbitrary constant, which may
difference from line to line and even in the same line. We define H = L*(Q) with scalar product (-) and norm

|-]; let (()) and ||-|| denote the scalar product and norm of H;(Q) and ((u,v)):IQVqudx for all

u,ve Hy(Q),set 4 isthe first eigenvalue of —A .
For the initial value problem (1.1), we know from [4]-[6] that for any initial datum u, € H , there exists a
unique solution u(t) e C([z, T, H)NL*([z,T];Hy) forany T ><z.
Thanks to the existence theorem, the initial value problem is equivalent to a process {U(t,z)|t> 7} define
by
U(t,z):H — H,.

In addition, we assume that the function g(t) is translation bounded in L _(R;L3(Q)), that is

loc

+1
sup ["19(s) fds < oo. (2.1)
By (2.1), for 4 >0, we have
t+1 (b s N s
StuFE)'[t lg(s)Pds <c, e[ e*[g(s)Fax<) [ e |g(s)fds<c. (2.2)
€ n=0

Lemma 2.1. ([7]-[9]) Assume that f and g satisfy (1.2) and (2.2), u(t) be a weak solution of (1.1), then
for any t >, we have the following inequality:

lu) P<e ™ u_P +c (2.3)

and

j:e“(n u(s) I +2¢, [u(s) [)ds < (L+ A(t—7))e™" |u, |* +ce™ +/1’1.[:e’1S lg(s)[* ds (2.4)
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Lemma 2.2. Assume that f and g satisfy (1.2) and (2.2), u(t) be a weak solution of (1.1), then the follow-
ing inequality holds for t> 17

[u(t) P +luct) |I* +]u(t) [p< C(1+ti)(1+t—r)e'm'” lu, [ +C(1+ti) (2.5)
-7 -7

Obviously, for any bounded D c H , there exist T,r >0, such that
Ut o), P +U2u, [P +|U(t7)u, [P<r forany u,eD and t-z>T. (2.6)

Proof. Let F(s) = _[05 f (r)dz, then by (1.2), we get there exist ¢, >0, i=1,2,3,4, such that

G lulP—c, <F(s)<c,|ulP +c,. 2.7)

Taking inner product of (1.1) with u in H and using (2.7), we get
d 2 2 2
—Ju"+]lull® +c| Fudx<c@+]|gt)[). 2.8
dt| F+llulf +cf F() @+1a®) (28)
Multiply (1.1) by u, , we have

[ P+ 2 2], F @) = (00,0,
since | (g(t),u,) |s%(| g(®) > +|u, ), we obtain

%(II ul? +2f Fd) <l g®)F .
Combining (2.7), we get
%(m F+llulf +2f Fd)+[lul? +c[ Fu)dx<c@+|g(t)F). (2.9)
Thanks to Poincaré inequality |[u|l>A|u|, we have
2 Ay Lo 2 2
lul +chF(u)dsz|u| +5 vl +cf Fu)dx=c(uf +]lul? +cf F(u)dx). (2.10)

Let Gu)=uf +|lulf +ch F(u)dx, by (2.9) and (2.10), we obtain

L6)+e6) <o+ 190 )
which imply
(-G £ 1+ (A-)t-DNG(e" o+ 9O P)E-e,
integrating, we get
(t-)e"G(u) < (Lrc(t-r))[ [Ge ds+et—r)e +e(t-n)f 1g(s) e”ds,
using (2.3) and (2.4), we get the inequality (2.5).

Lemma 2.3. Assume that f and g satisfy (1.2) and (2.1), u(t) be a weak solution of (1.1), then the fol-
lowing inequality holds for t > z,

1
lu(®) lzp2< o+

)L+t—7)e " Ju, e U, P, (2.11)
0

Here u(t)=U(t,7)u, u, =U(z,7)u, forany t>z,>7.
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By the assumption (2.1) and for 1 >0, we get

3p-4
sup [ ‘e | g(s) |5 ds < oo (2.12)
t>7 ﬁ
Proof. Multiply (1.1) with |u|"~? u, we obtain
1d . . .
EE'UH’) +(p=Df Jul®?|VuPdx+ [ f()ul*?udx=]_g(t)|ul®? udx. (2.13)

By (1.2) and Young’s inequality, we have
- ' 2 - of o 1
fUlulf?uzcfuf?—c;, |jgg(t)|u|p2udx|s51|u|§s,§+2—cl,|g<t>|2.

By (2.13), we get

d _ d _
prill [ +elulzp2<c@+r|g® ), a(e“ lulp)+ce™ Jufppa<ce” @ |ulp +1 g0 ),

integrating and using (2.4), we get
[ e JupZds <c(@rt-z)e™ [u, P +e™™ fu, |2 +e™+ [ e[ g(s)[ ds. (2.14)
0 70

Multiply (1.1) with |u [*** u , we obtain

1 d 2p-2 2p-4 2 2p-4 _ 2p-4
ma|u|2g_2+(2p—3)jg|u|p |Vu P dx+[f(u)[ufP* udx =] g(t)|u[** udx.

By (2.1), we get
fUuPP*uxcuf** - .

Using Young’s inequality

" 3p-4
_ C _ ey
|, 9() ufP* udx Iﬁjl ulipos +cl gl -
p-1
By the above inequality, we have
d 3p-4 3p-4
o lulzp o< e+ g(t) ), E((t —7o)e [up73) < U+ A(t—zp)e™ [u3p75 +e(t—7p)e™ (L+ | g(t) 15 %),
p-1 p-1

integrating and using (2.12) and (2.14), we get (2.11) holds.

Lemma 2.1, lemma 2.2 and lemma 2.3 show that the process generated by the equation (1.1) have an un-
iformly pullback bounded absorbing setin H,H;,L?(Q),L**(Q) , that is

Theorem 2.4. Assume that f and g satisfy (1.2) and (2.1), u(t) be a weak solution of (1.1), then the
process generated by the equation (1.1) have an uniformly pullback bounded absorbing set
BcHNH AL (Q) L ?Q), that is, for any bounded set DcH , there exists T, >0, such that
Ut,t—-7)DcB forany t—-z>T,.

In fact, using the same proof as in Lemma 2.3, we can get the following result.

Lemma 2.5. Assume that f satisfies (1.2), g(t) is translation bounded in L; (R;L*(Q)), that is

sluFE)J‘tH1| g(s)[;ds <o, u(t) be aweak solution of (1.1), then the process generated by the equation (1.1) have

an uniformly pullback bounded absorbing set B — L**™°(Q), that is, for any bounded set D c H , there exists
T, >0,suchthat U(t,t-7)DcB forany t—-z>T,.

3. Pullback Exponential Attractors

In this section, we will use Theorem 1.1 to prove that the process generated by Equation (1.1) exists a pullback
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exponential attractor.
First we assume that the function g(t) is normal ([10]) in L%,
n >0 such that

(R,H), that is, for any & >0, there exists

sup [la(s)Pds <. (3.1)

Obviously, g(t) isnormalin L2 (R,H) implyingthat g(t) is translation bounded in L2 (R,H).
Weset A=-A,since A™ isa continuous compact operator in H , by the classical spectral theorem, there
exist a sequence {4;};;, 0<A4 <4, <---< A, <---, 4, - +0as j — +oo, and a family of elements {e;};; of

H; which are orthogonal in H such that Ae, = A, VjeZ". Let H =span{e,e, e} in H and

i
P:H — H_ isaorthogonal projector. Forany ueH , we write

u=Pu+(l-Pu=u +u,.

Theorem 2.4. Assume that f satisfies (1.2), g(t) is translation bounded in L} (R;L*(Q)) and (3.1)

loc

holds, then the process generated by the equation (1.1) have a pullback exponential attractor.
Next, we will verify that the process generated by (1.1) satisfy all the conditions of Theorem 1.1.
Proof. By Theorem 2.4, there exists T, >0, suchthat U(t,t—7)B< B forany t—z>T,. Let

B'=U. U e, U(t,t—7)B , we obtain B’ is also an uniformly pullback bounded absorbing set in
HinL*%(Q) and U(t,t—7)B'c B’ forany t>r.

We set u,(t)=U(t,7)u,, u,(t)=U(t,7)u, to be solutions associated with Equation (1.1) with initial data
u,,u, €B’, since B’ is the uniformly pullback bounded absorbing set in H; NL**7*(Q), so there exists
M >0 suchthat |[u, [I<M,[lu@®[<M,Ju®)3<M, i=12 Let w(t)=u,(t)-u,(t), by (1.1), we get

w, —Aw+ f (u, (t) —u,(t)) = 0. (3.2
Taking inner product of (3.2) with —Aw in H , we have
1d
EE” W+ [T AW P +(F (uy ()~ uy (), ~Aw) =0. 33)

Taking into account (1.2) and Holder inequality, it is immediate to see that
1 , 1 2
I(f(ul)—f(uz),—AW)ISIglf(ul)—f(uz)IIAWIdxéalAWI +§Jg|f(u1)—f(uz)ldx,
and
2 , _ _
[l )= fu) Mdx=[ | f(u+6u, —u))* [u,—u Fdx<cf @+u P2 +]u, P2)? Ju, —u, [ dx
<cf @ u PP +u, PP Juy —u, [dx < ol [y 078 +[u, [159) [wl,

By Lemma 2.5, we get

2
fﬂl f(u)—fu,)dx<cllw]?. (3.4)
Using (3.3), we obtain %H w|f<c|lw]|?, hence

[l w(t) 1P <l w(z) I[P . (3.5)
Let w=w, +w,, w, bethe projectin PH . Taking inner product of (3.2) with —Aw, in H , we have

19wy [ Ay P (f ()~ f(u),~Aw) = 0. (3.6)

2dt
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()= T < | F) = F ()] Aw, des 2| Aw, P+ ] F()- T () fox.

Taking into (3.4) account, we obtain
d
—llw, I +] Aw, P<cllw]l®,
dt

Using the Poincaré inequality A ||w, |*<|Aw, |, we get %sz I +4, lw, [P<c||w]|f?, by Gronwall’s

Lemma, we have || w, () |’<e™ " || w(z) | +Ce%”tj.:e%"s [l w(s) |I* ds. Using (3.5), we get

c(t-7)
[l w, (8) < (7“7 + CeT) (@) I 3.7)
Let u(t) =u,(t)+u,(t), u,(t) bethe projectin PH . Taking inner product of (1.1) with —Au, , we get

1d ) o
EE”UZ 7+ 11 Aug |I” +(f (u(t)), —Au,) = (9 (t), —Au,).

Since |(g(t),-Au,) <] g(t) | +%|Au2 . 1 (f(u(t),-Au,) < IQ| f(u) |2dx+%|Au2 [*, and by Poincaré in-
equality A, |lu, [F<| Au, [, we have
d
EII U, [I” +2, llu, IP< e+ g(®) F).
By Gronwall’s lemma, we get
lu,(t) P<e™ u, P +ce"”‘J-:e‘”S(1+| g(s) [*)ds.
By (3.1), we obtain that there exists ¢ > 0, such that j'tml g(s)ffds<c forany teR,andforany £>0,

there exists 7 > 0, such that I: | g(s) JPds < % S0 we get
-n
e [ gs) [ ds = e g(s)F ds

t _ _ t-n — —
Sftfne S g(s) [ ds+jHHe ) g(s) P ds t .
and e""‘j e)‘"sdss/l—, we have

[ e g dsk [T @I g(s) [ ds e :
<fice Ao et e by <y eiﬂﬂj]
3 3 1-e™
U, () P< e |y P +C(ﬂin+§+%)' (3.8)
Let T,=t-7z=1, by (3.5), we get
U (t,7)u, —U (), (<€ flu, —u,, ||. (3.9)

Since A, — 400, for 0< & <1, from (3.7) and (3.8), there exist meZ™, §,0,>0,5+6 <1 such that

” (I - Pm)(U (t!t_Tl)ul -U (t,t _T1)uz) ”S ) ” U —U, ”1 (3-10)
I(1=P) UUtLz-s)ull<d, vt (3.11)

)
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By Theorem 2.4 and (3.9)-(3.11), we know that the process {U (t,z)|t >z} generated by (1.1) satisfy all the
conditions of Theorem 1.1.
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