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Abstract 
In this paper, we present a procedure for the numerical q-calculation of the q-integrals based on 
appropriate nodes and weights which are determined such that the error of q-integration is mini-
mized; a system of linear and nonlinear set of equations respectively are prepared to obtain the 
nodes and weights simultaneously; the error of q-integration is considered to be minimized under 
this condition; finally some application and numerical examples are given for comparison with the 
exact solution. At the end, the related tables of approximations are presented. 
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1. Introduction 
Recently, much attention has been paid on q-calculus, especially on q-fractional calculus which finally most of 
them have changed to q-integral not easy and even possible to be solved analytically [1]. Although some series 
expansions have been developed for quantum integrals [2] and quantum differential equations and quantum dif-
ference equations [3]-[6] or q-fractional calculus [6] [7], but because of small fractional power in the series ex-
pansion, one will expect a high degree of error in the truncated series [7]-[9]. The nominal numerical methods 
for approximating integrals do not seem to be appropriate for q-integrals. We could find less works for develop-
ing numerical procedures for accurate numerical solutions [9]-[14]. In this paper, we present a procedure for the 
numerical q-calculation of the q-integrals based on appropriate nodes and weights which are determined such 
that the error of q-integration is minimized. This study is organized such that in Section 2 we introduce the basic 
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definitions and theorems related to the q-integrals; in Section 3, the main algorithm for the numerical approxi-
mation based on appropriate nodes and weights is introduced and the system of linear equations for the nodes 
and also nonlinear equations for the weights are established; in Section 4, numerical examples for illustration of 
the procedure are shown; finally, the related tables and graphs and conclusion are given. 

2. Basic Definitions and Theorems 
In this section we define the basic definitions and theorems related to the quantum integration 

Jackson’s definition [15] for the q-integral is: 

( ) ( ) ( )
00

d 1 0 1
z

n n
q

n
f x x z q f q z q q

∞

=
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0
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For the continuous function f in the interval [0, z] we have [8]: 
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=∫ ∫                                     (3) 

and 
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The generalized q-integral for Nα ∈  is defined as: 
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Similarly  
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For the integer number n, the quantum integer is defined as a [n]q (bracket n) such that  
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                                           (7) 

In [16], for 1q ≠  q-derivative operator qD  is defined as: 
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and the generalized q-derivative for Nα ∈  is defined as: 

( )
( ) ( )
( )

.
1q

f x f xq
D f x

q x
α

α

α

−
=

−
                                   (9) 

Similarly 
1

lim qq
D Dα

α→
= . 

Analytical calculation of q-integrals similar to the ordinary integrals leads to extending these integrals as a se-
ries expansion, [10] applies q-taylor expansion, [17] introduces q-integrals inequalities and [16] takes advantage 
of hypergeometricpolynomials to express the q-integralas a series expansion, the inequalities in [17] help to find 
limit for q integrals, [12] generalizes the procedures of integral to some kind of q-integrals, and finally we gene-
ralize the procedure similar in [13] [18]. 
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3. Numerical Approximation of q-Integral 
For a given value of q the following approximation can be established 

( ) ( ) ( ) ( ) ( )
1

d d
ixb n

i
q q

i ia a

x f x x x xf x x
x a
µ

µ µ
=

≅
−∑∫ ∫                          (10) 

where 1iµ =∑ , ix s and iµ s are the nodes and weights respectively and must be determined. Similar to the 
definition of precision degree for integral, we have for the q-integral 

( ) ( ) ( ) ( ) ( )
1

d d
ixb n

i
q q
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µ µ
=

=
−∑∫ ∫                          (11) 

By calculating the limits in either side we get  

( ) ( ) ( ) ( ) ( )
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=

=
−∑∫ ∫                           (12) 

Similar to the algorithm used in [5] we have the following theorem: 
Theorem: The q-normal equations for ( ) ; 0, ,r

r x x r nµ = =   and 0, 1a b= = , gives the following system 
of equations 
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Proof: Without losing the generality, for ( ) ; 0,1, , 1jf x x j n= = − , 
1

1
n

i
i
µ
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=∑ , ( ) 1xµ = , [a,b] = [0,1] 

from (12) we have 
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Hence, we have the following system of equations 
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This can be summarized as the following matrix form such that for 
[ ]
[ 2]

1
q

j
q

j
j

γ
+

=
+
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C γΩ =                                           (18) 
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1 0 0
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n n n n

c
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c

γ γ γ
γ

γ γ γ− − −

−     
     Ω = = =     
     −     



    



                     (19) 

is a Toeplitz matrix [10,11], whose entries are quantum numbers so, we call it quantum Toeplitz matrix, an 
especial form of n-diameter quantum matrix and keeps the non-singularity or singularity properties of the origi-
nal matrix, because all elements of matrix have been changed simultaneously, positive Toplitz matrices, quan-
tum matrices and Inversion of Toeplitz matrices are considered in [19]-[23], so for having a unique solution, the 
same conditions for the original system of equations (q = 1) must be satisfied (12) for the different values of q, 
the elements of vector C and the nodes satisfy in the following characteristics equation [13] 

1
0 1 1 0.n n

n nc x c x c x c−
−+ + + + =                               (24) 

Now, the roots of above characteristics equations are the appropriate nodes, satisfying in the system of simul-
taneous equations, then having these nodes the weighs μi can be evaluated, and by applying these values in (12) 
the system of Equation (13) will be obtained to evaluate the approximate values of the quantum integral, ob-
viously the unknown in the system of equations depend upon the quantum parameter : 0 1q q< < . 

In Section 3 we illustrate the algorithm for the numerical approximation of q-integral and some examples to 
illuminate the exactness of the method. 

4. Algorithm for the Numerical Solution 
We start the algorithm by the small values of n and similar method can be extended to any value of n, let n = 2, 
then for the evaluated values of xi s and μi 
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characteristic equation is 
2

0 1 1 0c x c x+ + =                                     (26) 

The system of equations is: 
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different approximation can be expected for the different values of q, which for some values of q, 0 < q < 1, 
q-integral may have minimum error, if 0q →  then matrix entry 1iγ → ; i = 1, 2, … and if 1q →  then 

0iγ → , for the other values of say q = 0.1 we have: 
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0

1

1.009 1.1 1
.

1.0009 1.009 1.1
c
c

−    
=    −    

                               (30) 

This gives 
0

1

2.42434
.

1.31469
c
c

−   
=   
  

                                    (31) 

Then the characteristic equation is 
22.42434 1.31469 1 0.x x− + + =                               (32) 

Gives the following roots 
1 20.425994, 0.968283.x x= − =  

By solving the linear system we obtain μ1, μ2  
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                         (33) 

1 20.0944701 1.09447.µ µ= − =  

And the numerical q-integration formula for q = 0.1 can be evaluated from 
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Let n = 3, then for the evaluated values of xis and, xis 
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For n = 3, the system of equations is 
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Similarly, for q = 0.1 numerical q-integration is 
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This gives 
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And a characteristics equation is: 
3 211033.72 1235072 101.00 1 0.x x x− − + + =                          (42) 

With the roots as follows 
1 2 30.00891963 0.0988891 0.99999.x x x= − = =  

Now, for calculating 1 2 3, ,µ µ µ  the linear system should be solved 
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And we will have 
1 2 30.92889 0.929047 0.999843.µ µ µ= − = =  

Finally the numerical q-integration for q = 0.1 takes the following form 

( ) ( )

( ) ( ) ( )

1

0
0.00891963 0.0988891 0.9999

0 0 0

0.1 0.1 0.9 d

104.14 d 9.39484 d 0.9999 d .

q

q q q

f x x

xf x x xf x x xf x x

=

≅ − + +

∫

∫ ∫ ∫
           (44) 

Tables 1-3 give the q-integral approximation for n = 2, 3, 4 respectively and some values of q. 
 

Table 1. Give q-integral approximation for n = 2 and different values of q.     
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1 21

1 2
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x x
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x x
µ µ
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( ) ( ) ( )
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0 0 0

d 4.16026 d 2.17378 dq q qf x x xf x x xf x x≅ − +∫ ∫ ∫  q = 0.8 
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0 0 0
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Table 2. Give the q-integral approximation for n = 3 and different values of q.                                             

( ) ( ) ( ) ( )
31 21

31 2

0 0 0 01 2 3

d d d d
xx x

q q q qf x x xf x x xf x x xf x x
x x x

µµ µ
≅ + +∫ ∫ ∫ ∫  0 1q   

( ) ( ) ( ) ( )
1 0.00891963 0.0988891 0.9999

0 0 0 0

d 104.14 d 9.39484 d 0.9999 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.1 

( ) ( ) ( ) ( )
1 0.0192011 0.182476 0.999892

0 0 0 0

d 512789 d 5.34473 d 0.999815 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.2 

( ) ( ) ( ) ( )
1 0.0268083 0.249164 0.999173

0 0 0 0

d 40.3706 d 4.33208 d 1.0037 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.3 

( ) ( ) ( ) ( )
1 0.0445189 0.313376 0.997668

0 0 0 0

d 24.8842 d 3.50782 d 1.01091 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.4 

( ) ( ) ( ) ( )
1 0.053713 0.357446 0.994861

0 0 0 0

d 22.2718 d 3.29942 d 1.03103 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.5 

( ) ( ) ( ) ( )
1 0.0549073 0.37657 0.990456

0 0 0 0

d 24.1157 d 3.35099 d 1.07248 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.6 

( ) ( ) ( ) ( )
1 0.0452327 0.631928 0.982296

0 0 0 0

d 34.2422 d 3.89172 d 1.1609 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.7 

( ) ( ) ( ) ( )
1 0.0404423 0.165438 0.951337

0 0 0 0

d 108.109 d 24.1038 d 1.4553 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.8 

( ) ( ) ( ) ( )
1 0.0484744 0.373827 0.975824

0 0 0 0

d 37.2967 d 4.12227 d 1.2983 dq q q qf x x xf x x xf x x xf x x≅ − + +∫ ∫ ∫ ∫  q = 0.9 

 
Table 3. Give the q-integral approximation for n = 4 and different values of q.                                             

( ) ( ) ( ) ( ) ( )
31 2 41

31 2 4

0 0 0 0 01 2 3 4

d d d d d
xx x x

q q q q qf x x xf x x xf x x xf x x xf x x
x x x x

µµ µ µ
≅ + + +∫ ∫ ∫ ∫ ∫  q 

( ) ( ) ( ) ( ) ( )
1 0.0004028 0.0999998 0.9999 0.99999999

0 0 0 0 0

d 4570.232 d 95.5627 d 8.99935 d 1.00 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.1 

( ) ( ) ( ) ( ) ( )
1 0.00250717 0.03748678 0.19997462 0.999999

0 0 0 0 0

d 697.376 d 25.2871 d 4.00305 d 1.000 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.2 

( ) ( ) ( ) ( ) ( )
1 0.0063567 0.077182 0.2995346 0.99999952

0 0 0 0 0

d 269.581 d 13.0607 d 2.35509 d 1.00000426 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.3 

( ) ( ) ( ) ( ) ( )
1 0.01096321 0.1203692 0.3965253 0.9999886

0 0 0 0 0

d 157.671 d 9.15825 d 1.579 d 1.00011 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.4 

( ) ( ) ( ) ( ) ( )
1 0.0151781 0.15861 0.484903 0.99988304

0 0 0 0 0

d 117.8161 d 7.62672 d 1.19075 d 1.00123 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.5 

( ) ( ) ( ) ( ) ( )
1 2.99236007 0.052835 0.3716355 0.98999

0 0 0 0 0

d 5.785 10 7 d 25.0433 d 3.35 d 1.08911 dq q q q qf x x xf x x xf x x xf x x xf x x≅ × − − + +∫ ∫ ∫ ∫ ∫  q = 0.6 

( ) ( ) ( ) ( ) ( )
1 0.019896 0.203338 0.5992 0.997813857

0 0 0 0 0

d 101.568 d 6.94977 d 0.970088 d 1.02864 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.7 

( ) ( ) ( ) ( ) ( )
1 0.02038 0.2105035 0.6180694 0.99528777

0 0 0 0 0

d 107.029 d 7.14685 d 0.987319 d 1.07176 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.8 

( ) ( ) ( ) ( ) ( )
1 0.0202 0.212128 0.6217634 0.99297304

0 0 0 0 0

d 116.69 d 7.50049 d 1.03511 d 1.13054 dq q q q qf x x xf x x xf x x xf x x xf x x≅ − + + +∫ ∫ ∫ ∫ ∫  q = 0.9 
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Table 4. Give the q-integral approximation for n = 2 and almost extreme value of q = 0.99999 for three different integrants 
in a specified interval.                                                                                       

q ( ) ( ) ( )
1 21

1 2

0 0 01 2

d d d
x x

q q qf x x xf x x xf x x
x x
µ µ

≅ +∫ ∫ ∫  

0.99999 ( ) ( ) ( )
1 0.19371354 0.8603795

0 0 0

d 5.58107 d 2.41885 dq q qf x x xf x x xf x x≅ −∫ ∫ ∫＋  

 
Integral Value of integral for q = 1 

(ordinary integral) q-integral approximation Error 

1

0

sin dq

x x
x∫  0.946083 0.918540689 0.02 

1

0

tan dq

x x
x∫  1.1491512305 1.2055660182 0.05 

1

0

1 d
1 q x

x +∫  0.69314718 0.486661583 0.20 

5. Error Analysis and Application of q-Integral for Integral Approximation 
The numerical values show for all values of n the error of q-integrations fluctuate for different values of q, it 
seems q = 0.70 gives the worse error almost for all values of n, the errors decreases as q approaches to the ex-
treme values 0 and 1. Using this result and (3) the q-integral can be calculated for very large value of q ap-
proaching to 1 which will approximate the ordinary integrals whose q-integrals is easier than ordinary integrals 
by using q-integral approximation for n = 2 and different values of q, as illustrated in Table 4 and following the 
examples, where 

( ) ( )
1

0 0

lim d d .
z z

qq
f x x f x x

→
=∫ ∫

 

6. Conclusion 
In this paper, a new algorithm for the numerical approximation of q-integration based on q-calculation of appro-
priate nodes and weights is introduced. The evaluation of nodes and weight is based on q-integral error minimi-
zation, as expected in the numerical examples which give a good approximation in comparison with exact solu-
tions for the given values of q and fixed n. As the q-fractional integration can be transferred to q-integrals, the 
procedure is also applicable for q-fractional integration, and also improper integrals for the large values of q. 
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