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Abstract

This paper is intended to establish the equivalence between K-functionals and modulus of smooth-
ness tied to a Dunkl type operator on the real line.
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1. Introduction

Consider the first-order singular differential-difference operator on the real line

Af (x)= f’(x)+(a+%] -t (_X)—Zn f(—x)’

X X
where « >-1/2 and n=0,1,--. For n=0, we regain the differential-difference operator
f(x)-f(-
D, f(x)=f ’(x)+(a +%jM
X

which is referred to as the Dunkl operator with parameter « +1/2 associated with the reflection group Z, on
R . Such operators have been introduced by Dunkl [1]-[3] in connection with a generalization of the classical
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theory of spherical harmonics. The one-dimensional Dunkl operator D, plays a major role in the study of
quantum harmonic oscillators governed by Wigner’s commutation rules [4]-[6].

The authors have developed in [7] [8] a new harmonic analysis on the real line related to the differential-dif-
ference operator A in which several classical analytic structures such as the Fourier transform, the translation
operators, the convolution product, ..., were generalized. With the help of the translation operators tied to A,
we construct in this paper generallzed modulus of smoothness in the Hilbert space L?(RR, |x|2a+l . Next, we
define Sobolev type spaces and K-functionals generated by A . Using essentially the properties of the Fourier
transform associated to A , we establish the equivalence between K-functionals and modulus of smoothness.

In the classical theory of approximation of functions on R, the modulus of smoothness are basically built by
means of the translation operators f — f (x+y). As the notion of translation operators was extended to vari-
ous contexts (see [9] [10] and the references therein), many generalized modulus of smoothness have been dis-
covered. Such generalized modulus of smoothness are often more convenient than the usual ones for the study
of the connection between the smoothness properties of a function and the best approximations of this function
in weight functional spaces (see [11]-[13] and references therein).

In addition to modulus of smoothness, the K-functionals introduced by J. Peetre [14] have turned out to be a
simple and efficient tool for the description of smoothness properties of functions. The study of the connection
between these two quantities is one of the main problems in the theory of approximation of functions. In the
classical setting, the equivalence of modulus of smoothness and K-functionals has been established in [15]. For
various generalized modulus of smoothness these problems are studied, for example, in [16]-[19]. It is pointed
out that the results obtained in [16] emerge as easy consequences of those stated in the present paper by simply
taking n=0.

2. Preliminaries

In this section, we develop some results from harmonic analysis related to the differential-difference operator
A . Further details can be found in [7] [8]. In all what follows assume « >-1/2 and n a non-negative integer.
The one-dimensional Dunkl kernel is defined by

e, (2)= ja(iz)+2(;jw(iz) (zeC) )

a+1)

where

L (2)=r(@ 3 G2 VG2, ¢

sniC(n+a+1)

is the normalized spherical Bessel function of index « . It is well-known that the functions e, (1), 1€C,
are solutions of the differential-difference equation

D,u=A4u, u(0)=1. 2

Furthermore, we have the Laplace type integral representations:

e, (z)=a, jﬁi(l—tz)wv2 (1+t)e™dt, 3)
i, (z)="2a, J'Ol(l—t2 )a_]/2 cos ztdt, 4)
where
_ T(a+l) ©)
Jar(a+12)

The following properties will be useful for the sequel.
Lemmal1l)Forall xeR, |e (ix)| <1.
2) Thereis ¢, >0 such that |1 e, (ix)|zc, forall xeR with |x|>1.
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3)Forall xeR-{0}, e, (ix)=1.
4) Forall xeR,

I'(a+1) o<
fr(a+3/2)| <]

Proof. Assertions (1) and (2) are proved in [16]. By (1), (4) and the fact that

|1 e, |x)|

1=2a, [ (1)t
we have
e, (ix)|21- j,(x)=2a, j:(l—tz )a_l/z (1-cosxt)dt.

Clearly the integral above is null only for x =0, which proves assertion (3). Let us check assertion (4). Using
(3) and the fact that

1=a, [ (1) (L+t)dt (6)
L-e”|<|z| forallze®
we get
i-e, (ix)| =4, 711(1-t2)°”“2 (1+t)(1—eix‘)dt‘
<a, fl(l—tz)"']/2 (1+t)[1—e™|dt
<a, X[ (1-t7) " @)t
By (6),
a, [ (1-t2) " (e t)dt<a, [ [ (1-12) T (L t)de =[x
Moreover,

a, Y[ (1-1) " (et
a, |x| [(a+1)
a+1/2 fr(a+3/2)

=23, | [(1-12) " tdt =

which concludes the proof.
Notation 1 Put

1
T2 (T(a+))

We denote by
« L2 (R) the class of measurable functionsfon R for which

o+ 12
[l =(11F P e <on

* S(R) thespace of C” functionsfon R, which are rapidly decreasing together with their derivatives, i.e.,

such that forall m,n=0,1,---,
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m|d"
O ( ) =sup(L+|x]) ‘dx” f(x)| < oo.

xeR

The topology of S(R) is defined by the semi-norms g, ., m,n=0,1,---.
* S,(R) the subspace of S(R) consisting of functions f such that

f(0)=---=f*¥(0)=0.

* S'(R) the space of tempered distributionson R.
* S (R) the topological dual of S, (R).

Clearly A isa linear bounded operator from S, (R) into itself. Accordingly, if S e S;(R) define AS e S (R)
by

(AS,w)=—(S,Ay), veS, (R)
For k=01 and SeS'(R),let x*SeS'(R) be defined by
<ka,1//> = <S,th//>, v e S(R).
Definition 1 The generalized Fourier transform of a function f € S, (R) is defined by

F(1)(A)= [ F(X) & (A X" dx, AeR,

Remark 1 If n=0 then F reduces to the Dunkl transform with parameter «+1/2 associated with the
reflection group Z, on R (see [3]).

Theorem 1 The generalized Fourier transform F is a topological isomorphism from S, (R) onto S(R).
The inverse transform is given by

FH9)(x)=x"[ g(2)e,.20 (i2x)do (),
where

do(4)=m

a+2n

|l|2a+4n+l dﬂ,
Theorem 2 1) Forevery f e S, (R) we have the Plancherel formula
2| 2a+1 2
J O X dx= [ |7 (f)(2)] do(4).
2) The generalized Fourier transform F extends uniquely to an isometric isomorphism from L2 (R) onto

L*(R,0).
Definition 2 The generalized Fourier transform of a distribution S e S; (R) is defined by

<.7:(S),|//>:<S,f’l(l//)>, y eS(R).

Theorem 3 The generalized Fourier transform F is one-to-one from S (R) onto S'(R).
Lemma2If felL’(R) then the functional

<Tf,w>=fRf(X)t//(x)|x|2a+ldx, y e S(R),
is a tempered distribution R . Moreover,
F (Tfa ) _ Tga+2n (7)

with g(A)=m,,, F(f)(-1).
Proof. The fact that T € S'(R) follows readily by Schwarz inequality. Let y e S(RR). It is easily checked

that
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FH)=71()
where 7 (4)=w (—A4). So using Theorem 2 we get
<.7-"(Tf“ )(//> = ij (x)F* (1//)(x)|x|2“+l dx = J]Rf (X)F* (t/?)(x)|x|2“+l dx
=m, . [ F(f )(A)w (=2)| A" da

=M [ F (A (A 2= (17,

which completes the proof.
Lemma3Llet feS (R) and SeS;(R). Thenfor k=1,2,--- we have

F(AF)(2)=(14) F()(4) ®)

F(A*s)=(-i2) F(s) ©)

Proof. Identity (8) may be found in [7]. If w e S(R) then
(F(A*s).w)=(A's, 77 (1)) = (1) (S.AF* ()

But by (8),

NF () =F((12) )
So

(F(2'8)p) = (0 (8. 72((14) w)) = (-0 (F (). (1) )= (- (12)' (5).),

which ends the proof.
Notation 2 From now on assume m=1,2,---. Let )" be the Sobolev type space constructed by the dif-
ferential-difference operator A, i.e.,

W, ={fell(R):A'fel’(R),j=1,2m|.
More explicitly, f €))7, if and only if for each j=1,2,---,m, there is a function in 2 (R) abusively

denoted by A’f,suchthat A'TS =T¢ .
Proposition 1 For f )}’ we have

F(AM)(2)=(14)" F(f)(2). (10)
Proof. From the definition of A" we have
ATTE =TS
By (7) and (9),
F(A™) = (<ia)" F(T7) =T
with g(4)=m,,,,(-i4)" F(f)(-1). Again by (7),

a _ T a+2n
]—"(TAmf ) =T,

a+2n

Definition 3 The generalized translation operators *, xeR,tiedto A are defined by

)

with h(2)=m,_,, 7 (A" f)(=1). Identity (0) is now immediate.



R. F. Al Subaie, M. A. Mourou

7 f(y)=

oo p (T2 ey )
2 (x2+y2—2xyt)n m

X (Xy)Zn J‘_ll f E_ 24 y2 _2xyt)[1_ X—y JA(t)dt

2 X +y? - nyt)n m
where
At) =2, 5 (1+1)(1-1° )Mm
with a,,,, given by (5).

Proposition2Let xeR and f el (R).Then 7*f L (R) and

o f

| <2x|f|,, (11)

2,a

Furthermore,

F(F)(A) = X", 00 (14X) F (£)(2) (12)

3. Equivalence of K-Functionals and Modulus of Smoothness

Definition 4 Let f el (R) and r>0. Then
* The generalized modulus of smoothness is defined by

a)m(f,r)zva = sup A’h"f”zﬂ

O<h<r
where
ATE=(c" =)

I being the unit operator.
* The generalized K-functional is defined by

Ko ( f,r)z’a = inf{||f _9"2,0, +r|Amg

by 9 e)/Vz'f'a}.

The next theorem, which is the main result of this paper, establishes the equivalence between the generalized
modulus of smoothness and the generalized K-functional:
Theorem 4 There are two positive constants ¢, =c, (m,n,) and ¢, =c,(m,n,«a) such that

coy, (f,r),, <r*™K, (f, r’“)z’a <c,o,(f.1),,

forall fel?(R) and r>0.
In order to prove Theorem 4, we shall need some preliminary results.

Lemma4Let fel?(R) and h>0.Then
|are], <smhem ], (13)

F(AFF)(2)=h"™ (e, 20 (i20)=1)" F (1)(4) (14)

Proof. The result follows easily by using (11), (12) and an induction on m.
Lemmab5 Forall feW" and h>0 we have

< hm(2n+1)
2,a

)

||A;‘ f A" f (15)

2,a
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Proof. By (10), (14), Lemma 1 (4) and Theorem 2 we have

L) @) do(2)

=h*™ [ [1—e, 0 (140)[" | (1)(2) do(2)

<h?METI A |F (1 )(A)[ do(2)

=nzE [ E (AT )(2)] do ()

_ h2m(2n+l) 2

A" f

2,a

which is the desired result.
Notation 3For f e L’ (R) and v >0 define the function

P(1)(X) =X [ F (1)(2)e,.z (12X)dor(2)

Proposition 3 Let f e’ (R) and v>0. Then
1) The function P, (f) isinfinitely differentiable on R and

AR(H)(X)=x"[ F()(A)(1) €,.z0 (14X)dor (2) (16)
forall k=0,1,---.
2)Forall k=01, AP (f)el’ and
F(AR())(A)=(12) F(£)(2) 2. (2), (17)
where
I RV R
Zvu)_{o if [4]>v.

Proof. The fact that P, (f)eC”(R) follows from the derivation theorem under the integral sign. Identity
(16) follows readily from (2) and the relationship
A(xz"f): x*"D, .,

a+2n

which is proved in [7]. Assertion (2) is a consequence of (16) and Theorem 2.
Lemma 6 There is a positive constant ¢ =c(«,n) such that

"f _ " cm 2mn Am
2,a

2,a

forany fel’(R) and v>0.
Proof. By (17) and Theorem 2, we have

2 2 2
[f =P (D), =[R2 (A [F (D)) do(2)= ],
By Lemma 1 (2) there is a constant ¢ >0 which depends only on « and n such that
e, (i2/v)|2
forall 2eR with |4|>v.From this, (14) and Theorem 2 we get
2 -2m
" f - PV ( f )||2,a sc ’ J.sz

:C—va4an'R‘f(Aln;Vf)( )‘ dO'( ) C—Zm 4mn

)

F(1)(2)] do(2)

1-e

a+2n

(i) F () () do(2)

Al/v f
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which achieves the proof.
Corollary 1 Forall f el’(R) and v>0 we have

||f -P (f )"M <c ™M, (f ,1/v)21a

where c is as in Lemma 6.
Lemma 7 There is a positive constant C =C (a, n) such that

[amr.(f) Ay, T

< Cmvm(2n+l)
.=

2, 2,a

forevery fel’(R) and v>0.
Proof. By (17) and Theorem 2 we have

; =["22"|F (£)(2) do(2)

[ /12m _ i1/v 2m
et L NAU0

™. (1)

2

dd(l)

Put
C =supL.
1 [1—€, ., (it)|
By L’Hopital’s rule,
i
lim——————=2 2n+1).
tT;J] |l_ea+2n (It)| (a+ " )

This when combined with Lemma 1 (3) entails 0 < C <. Moreover,

AZm 2m (l/v)zm
sup - m - 2m
e [L—e, o0 (i2/V) i L=, 0 (I2/V)
2m
=" sup—————— = (Cv)™"
lt<1 1—ea+2n(it)|2m ( )
Therefore
[AR (D, < (@)™ [ it (ifr)" |7 (1)(2)] dor(2)

= C2mV2m(2n+1) J'fv ]:(Aln/]v f )(/1)‘2 do'(/’L)

< c2my2men .[R‘}'(A;‘V f )(l)r do (1)

_ CZm V2m(2n+1)

m
Ay, f

2
2,a
by virtue of (14) and Theorem 2.

Corollary 2 Forany f eL(R) and v >0 we have

where C is as in Lemma 7.
Proof of Theorem 4. 1) Let hel0,r] and geW),,. By (13) and (15), we have

AR, (f)

. <CV o (1),



R. F. Al Subaie, M. A. Mourou

antl,, <fan(t-g),, +[aral,,

<3"h*™| f -gf,, +h""Y

2,

A"

|2,a

< 3m r2mn " f— 9"2 3 + rm(2n+1)

A"

o)

2,a

<3mpm (||f -gf,, +r"|A"g

Calculating the supremum with respect to he]0,r] and the infimum with respect to all possible functions
g €W, we obtain

co, (f.r),, < rz""‘Km(f,rm)2

a

with ¢, =3™".
2) Let v be a positive real number. As P, (f)e W), it follows from the definition of the K-functional and
Corollaries 1 and 2 that

m

Km(f,rm)m §||f—PV(f)||2‘a+rm

<c ™Mo, (1), +CTrMVE e (1),

< p2mn (C’ma)m (f '1/‘/)2,0, +C" (vr)m o, ( f ’]/V)Z,a )

A" PV ( f )||2,a

Since v is arbitrary, by choosing v =1/r we get

ernKm (f,rm)z(l SCza)m(f’r)Z,az

with ¢, =c¢™ +C"™. This concludes the proof.
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