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Abstract

In this paper, a least-squares finite element method for the upper-convected Maxell (UCM) fluid is
proposed. We first linearize the constitutive and momentum equations and then apply a least-
squares method to the linearized version of the viscoelastic UCM model. The L2 least-squares func-
tional involves the residuals of each equation multiplied by proper weights. The corresponding
homogeneous functional is equivalent to a natural norm. The error estimates of the finite element
solution are analyzed when the conforming piecewise polynomial elements are used for the un-
knowns.
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1. Introduction

In recent years, there has been an increased interest in the least-squares finite element method for the approxi-
mation of partial differential equations, see e.g. [1]-[6]. This technique is attractive because the linear systems
generated by the discretization are symmetric and positive definite, thus the algebraic system can be solved by
fast direct or iterative algorithms. Moreover, in contrast to the mixed finite element method, the inf-sup or LBB
type of conditions is naturally satisfied. However, without the weights in the least-squares functional, this me-
thod results in poor numerical solutions even for simple problems. In [7], Bochev and Gunzburger pointed that
the weighted least-squares method was optimal for the velocity-pressure-stress formulation of the Stokes equa-
tions. The weighted least-squares method has also been used to solve other viscoelastic problems, such as the
Oldroyd-B, Carreau, and Phan-Thien-Tanner models [1] [3] [8].

In the viscoelastic fluids of the differential type, the constitutive equations consist of an algebraic tensorial
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relationship between the stress tensor and the rate of deformation tensor. The upper-convected Maxwell fluid [9]
is the simplest, if not the easiest, representative of that class and has served as a model fluid for developing nu-
merical techniques. The purpose of this paper is to present a finite element method for the upper-convected
Maxwell fluid which is one of the most used viscoelastic models. The nonlinear model is first approached by li-
nearizing the equations and a weighted least-squares finite element method is applied to solve the linear equa-
tions. Error estimates of the finite element solutions to the linear system are derived.

2. Governing Equations

Assume that Q is a bounded and connected domain in R? with Lipschitz boundary I'. We consider the
steady incompressible flows governed by the conservation equations for mass and momentum

V-u=0 (2.1)
pu-Vu+Vp-V.o=f (2.2)
where u denotes the velocity vector, p the constant density, p the pressure, o the extra-stress tensor
and f the body force.
For the upper-convected Maxwell model, the extra-stress tensor o satisfies the following constitutive equa-
tion
o+A0) = 2ne(u) (2.3)
where 7 is the constant viscosity, A the relaxation time and &(u)= Vu+vu' ) /2 the standard strain rate
tensor. The subscript (1) denotes the upper-convected material derivative

o = u-Vo—g(o,Vu)
and
g(o,Vu)=Vu-c+o-Vu'.

To simplify our analysis, homogeneous boundary conditions are assumed on T". The results in this article can
be extended to nonhomogeneous boundary conditions easily. Collecting (2.1)-(2.3), we obtain the steady UCM

model
V.u=0, inQ,
pu-Vu+vVp-V.o=f, inQ,
0'+l(u-Vcr—g(0',Vu))= 2ne(u), inQ, @4
u=0, onT.

3. Mathematical Notation and Preliminaries

Throughout the paper, we use the standard notation and definition for the Sobolev spaces H* (Q) s>0, with
inner products and norms denoted by (). and |, . For s=0, we write L*(Q), (--) and [{. As usual,
Hs (©) denotes the closure of C;'(Q) with respect to the norm ||{|, and L5(€2) denotes the space of squ-
are integrable functions with zero mean

Lé(Q)E{peLZ(Q):_[dex=O}.

The spaces H™*(Q) with positive values of s is defined as the dual space of H; (Q) with the following
norm

(d.v)
vl

where (--) stands for the duality pairing between H™*(Q) and H;(Q).
We use the following approximation

3.1

I#]., = sup

O¢y/eH8

u=u o=0



S. L. Zhou, L. Hou

to linearize the equations in (2.4). Moreover we assume that V-u, =0 and the approximation satisfies

max{|u, [Vul, Jel. Vel f <M <. (3.2)

We introduce the replacement rules
u-Vu=u-vu +u,-Vu-u, -Vu,

u-Vo~u-Vo,+u,-Vo-u,-Vo,
9(o,Vu)=g(oy,Vu)+g(o,Vu,)-g(o;,Vu,)
which result in the linearized system
V-u=0,
p(u-Vu +u,-Vu)+Vp-V.o = f inQ, (33)

0'+/1(u1-V0'+ B(u,a))—Zns(u)z F, inQ,
onTI.

in Q,

u=0,

where
f=f+ pu; -V

B(u,0)=4(u-Vo,-g(0,,Vu)-g(a,Vy,))
F=4(u-Vo,+9(0,,Vy))

The velocity u, the pressure p and the extra-stress tensor o belong to their respective spaces
V=H}(Q)={veH (Q):v] =0}
Q=L (Q)={ge’(Q): ], pdx=0}

EZ{TZ(Tij):Tu’ =757 €L’ (Q)}

andlet X =VxQxZXZ.
Based on [7], we define the weighted least-squares functional for the linearized system (3.3)

~ ~ 12
J(u, p,o; f,F)=[V-u g p(u-vVu +u, -Vu)+Vp-V.o—f
+||o-+/1(u1 Vo +B(u,0))-2ns(u)- F"
Now we show that the homogeneous least-squares functional of (3.4) is equivalent to the norm
ll(w. p.o)l| = Jul; + oI+l +[w- Vol
Theorem 1. There exist positive constants ¢, and c,, which dependon p, M and 7, such that

¢ |||(u p,o-)|||2 <J(u,p,o;0,0)<c, |||(u p,o-)|||2 (3.5)

hold for any (u,p,o)e X .
Proof. The upper bound in (3.5) follows easily from the triangle inequality and (3.2). For the lower bound, we

will show that
l(wp.o) <c¥ (36)

where
¥ =|Vuf +]o+ 2y, ~V¢:r—27yg(u)||2 +p(u-Vu, +u,-Vu)+Vp —V-o-||:.

Using the Green’s formula and Cauchy-Schwarz inequality, we obtain

)
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(Vp.@)=(p(u-Vu, +u,-Vu)+Vp-V-0,0) (6, Vo) p(u-Vu, + 1, -Vu,p)
<C(J(u- v +u,-vu)+ V-, +|o] +]ul,).
forany ¢eHg(Q). By using Lemma 2.1in [10] as

[pl<c|vel,
we obtain

[l <clvel, <C(l(u-vu +u-vu)+vp-V |, +]o] +|u,)
which implies that
[p] < C(¥** +[o+]ul,) (37)
Similarly, we have
v, -Vl < ||0'+}»u1 -Vcr—2778(u)||+||0'||+277||€(u)||

<[ +lof +|ul) ‘3'8)
By the arguments similar to Theorem 4.1 in [11], we obtain
lo|+|ul, < c¥*>. (3.9)
Combining (3.7)-(3.9) yields (3.6).
From the inequality || +ﬂ||2 > ||a||2/2—||,3||2 , we establish
J(u, p,0:0,0)
>[v-ul* +|o+Au, -Va—2775(u)||2/2— B(u,0)’ +[o(u-vu +y, ~Vu)+Vp—V~0'||i 10)
3.10

> (||V~u||2 +o+ Ay, ~V0'—2775(u)||2 +[p(u-Vu +u -Vu)+Vp—V-o-}:)/2— B(u,0)’
=¥/2-B(u,0).
Note that
B0 = 22|u-Vo, - (01, V0)-g (. vu ) <Catm (uf: o)
and, using (3.10),

3 (u,p.:0,0) > ¥/2-CA*M? (ul; +[o])

2 ([l p.o)ff =222 (Juf +lo )2 & f[w. o)

where ¢, >0 for 2 and M chosen sufficiently small. This completes the proof.
However the least squares functional J (u, p,o; f, F) is not practical. The negative order Sobolev norm

. leads to difficulties in the assembly of the linear algebraic equations. In [7], Bochev and Gunzburger used
the weighted norm h| where h denotes some parameter of the finite element space instead of the norm
4., - Hence we will consider the mesh dependent functional in which the residuals of each equation in L*
-norm are multiplied by proper mesh dependent weights.

4. Finite Element Approximations

We assume that the domain Q is a polygon, and 7" is a triangulation of Q made of triangular elements
T with h= max{diam (T):Te T“} . Thus, the computational domain is given by

Qz{uT:TeTh}.
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We assume that the partition 7" is regular and satisfies the inverse assumption. Let R(T) denote the
space of polynomials on T of degree less or equal to 1. We define the finite element spaces for the approxi-
mation of (u, p,o) as follows

V= {v evc(Q) V| ePHl(T),VTeTh}
Q“={q“eQmC(Q):q“| R, (T),vT eT“}

5" :{rh exnC(Q)* 7| eR(T).vT eT“}.

Let X" =V"xQ"xXZ" be a finite dimensional subspace of X with the following approximation properties:
H h +k
(,;I“QI:“ ||¢ - "k <Ch" ||(p||m+k , VpeH™ (Q) (3.11)

where " = {go“ eC(Q):p" |T eR,(T) VTe Th} and k=0,1. The space X" admits the property

inf (|- +|v-(z=2")]) < b (e, + [V -=],,) (3.12)

Mesh

with 7eZNH™(Q) and V-zeH"(Q). The properties hold for finite element spaces consisting of conti-
nuous piecewise polynomials based on quasi-uniform triangulations [11] [12].

The mesh dependent least squares functional is defined by the weighted sum in L*-norms of the residuals of
the equations in (3.3)

J, (u, p,o; f F) =Lh?2 ||V~u||2 +h7? ||0'+/”t(u1 -Vo+ B(u,o-)) 2ne(u F"
(3.13)
+”p(u-Vul+u1~Vu)+Vp—V-o-— f“z,

where L is a positive constant. The least squares finite element problem is to minimize this functional over X":
seek (u,, p,.0,)e X" such that

Jh(uh, Ph: O f,F)= inf) Xth(vh,qh,rh; f,F).

(VhGh7h)e

The minimizer of (3.13) necessarily satisfies the Euler-Lagrange equation given by
B((u p.o).(v.0,7))=F(v,q,7), V(v.q,7)eX" (3.14)
where
B((u,p,0).(v.q,7))=[ Lh?(V-u)(V-v)
+h? (o-+i(u1~V0'+ B(u, a))—an(u))'(7+l(ul-Vr+ B(V,z'))—an(v))
+(p(U-VUu +U,-VU)+Vp-V-a)-(p(V-VU + U - V) +Vq -V 7)dX,

F(v.az)=[ h?F:(v+i(u-Ve+B(v,7))-2nz(v))+ f-(p(v-Vu +u-Vv)+ Vg -V 7 )dx
and the double-dot product is defined as
oIT=), 0T

Based on Theorem 1, we establish the ellipticity of the functional J, in Theorem 2.
Theorem 2. For any (u, p,a)e X", there exist positive constants ¢, and c,, which depend on 4, 7
and p, such that

cl|||(u p,o-)|||2 <J,(u,p,0;0,0) < c,h? |||(u p,o-)|||2 , (3.15)
for h<1.

)



S. L. Zhou, L. Hou

Proof. The first inequality in (3.15) is straightforward from Theorem 1. To prove the upper bound, we assume
that the spaces Q" and X" satisfy the following inverse inequalities

[Vel<ch|p]
and
[V-of < ch™e].
From the triangle inequality, we obtain
Jy(u, p,030,0)]
= Lh2|V-ul" +h? ||cr+/1(u1 Vo + B(u,o-))—zng(u)"2 +[o(u-Vu +u, -Vu)+Vp-v -o'||2
<L Juff +eh? (ol + 27 Ju -Vl +Julf +[plf +lof’ )+ o ulf
< (Julf +o” + [l +[u Vol ).

This completes the proof of the theorem.

By virtue of Theorem 2 and the Lax-Milgram theorem, we establish the following theorem.

Theorem 3. For any h<1, the functional (3.13) has the unique minimizer out of X", i.e., there exists a
unique solution satisfies the Euler-Lagrange equation (3.14).

Now we derive error estimates for the least-squares finite element solution (u“, p“,o-“) which satisfies
(3.14).

Theorem 4. Assume that (u, p,o)e X is the solution to (3.3), then the least-squares finite element solution
(u“, p“,o-“) e X" satisfies

l(u-v" - 5" -0 )| (|, +[pl, +lo, +1v-oll,). (3.16)
for m<I+1.

Proof. From Theorem 2, we obtain the following bound
m(u—uh, p- Ph,a—ah)m <, Copt

V07 )X €

”(u—v“, p—q“,o-—rh)m.

Combining the properties (3.11) and (3.12), we have
<ot (Ju=v*l+[p=a+for - u-v (o)

(u-vp-p".-o")]
<O (Jul.y +lel, +lol, + V-, ).

This completes the proof of the theorem.

5. Conclusion

In this paper, we have proposed and analyzed a weighted least-squares method for the approximate solution of
the upper-convected Maxwell fluid. The weights in our least-squares functional involve mesh dependent weight
and mass conservation constant. The homogenous functional is shown to be equivalent to a natural norm. A
prior error estimate is given for the finite element solutions. An adaptive least-squares finite element method for
this viscoelastic fluid model will be discussed in the future.
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