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Abstract

The object of the present paper is to investigate various argument results of analytic and multiva-
lent functions which are defined by using a certain fractional derivative operator. Some interest-
ing applications are also considered.
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1. Introduction

Let A(p) denote the class of functions f(z) of the form
f(z):zp+iap+kzp*k, (peN={123:1}), (1.1)
k=1

which are analytic in the open unit disk U = {z :zeCand |z| <1} . Also let A(1)=.A denote the class of all
analytic functions p(z) with p(0)=1 which are definedon U.

Let a, b and ¢ be complex numbers with ¢ =0,-1,-2,---. Then the Gaussian hypergeometric function
. F(a,b;c;z) is defined by

R (abcz)= é%i—k’ (1.2)

where (7). is the Pochhammer symbol defined, in terms of the Gamma function, by

k
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), :F(n+k)_{1, (k=0);

I'(n) “n(n+1)-+(n+k-1), (keN).

The hypergeometric function ,F (a,b;c;z) is analytic in U and if a or b is a negative integer, then it
reduces to a polynomial.

There are a number of definitions for fractional calculus operators in the literature (cf., e.g., [1] and [2]). We
use here the Saigo type fractional derivative operator defined as follows ([3]; see also [4]):

Definition 1. Let 0<A<1 and u, v eR. Then the generalized fractional derivative operator O’j'z”'v of a
function f(z) is defined by

A1V _d i z -4 . .
2 f(z)_d—z(ﬁfo(z—g) zFl(y—,z,l—v,l—z,l—%jf(;)dgj. (13)

The function f(z) is an analytic function in a simply-connected region of the z-plane containing the origin,
with the order

f(2)=0(7). (z-0)

for e>max{0, z—v}-1, and the multiplicity of (z—g)’l is removed by requiring that log(z—¢) to be
realwhen z—-¢ >0.

Definition 2. Under the hypotheses of Definition 1, the fractional derivative operator j{;;m"’*m”*m of a
function f(z) is defined by

:jzm o f(z), (zeUsmeN, =Nu{0}) (1.4)

With the aid of the above definitions, we define a modification of the fractional derivative operator Aj’;‘” by

C(p+1-u)T(p+1-2+v)
C(p+1)T(p+1-pu+v)

joﬂt;m,mm,wm f (Z)

N1 (2)= 2T (2) 19)

for f(z)eA(p) and u—v—p<1.Thenitisobserved that A% also maps A(p) onto itself as follows:

® 1 1—
Af’{;'”f(Z)=Z”+Z (p+ )k(p+ :““Lv)k k+ka+p
' c(p+l-u) (p+1-2+v), (1.6)
(zeU;0<A<Lu—-v—-p<LfeA(p)).
It is easily verified from (1.6) that
2(A13 1 (2)) =(P- ) ALZ" S (2) 4ty 1 (2). (L)

Note that A%%"f=f, A f=zf'"/p and AZ*"f=0Q0""f where Q" is the fractional derivative oper-
ator defined by Srivastava and Aouf [5].
In this manuscript, we drive interesting argument results of multivalent functions defined by fractional deriva-

. P
tive operator A7'(™".

2. Main Results

In order to establish our results, we require the following lemma due to Lashin [6].
Lemma 1 [6]. Let h(z) be analytic in U, with h(0)=1 and h(z)=0 (zeU). Further suppose that
a,peR" =(0,0) and
|arg (h(z)+ﬂzh’(z))| < g[a +Zarctan (,Ba)j (a>0;8>0) (2.1)
(L

then
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|argh(z)|<ga, (ze). (2.2)

We begin by proving the following result.
Theorem 1. Let 120, g<min{v+p+1p} and «, y, seR", and let g(z)e.A(p). Suppose that
f(z)e A(p) satisfies the condition

Aj,g,v f (Z) I s Aj+p1,y+1,v+lf (Z) A/l+1,y+l,v+lg (Z)
arg V— + . - — -
Azp"9(2) Att(z)  ALTe(2)

(2.3)
a2 { 5 }
< —| o +—arctan a ||,
2( n 7(p-n)
then
a1 (@)]']_n
arg{m} <Ea, (ZGU). (24)

Proof. If we define the function h(z) by
ApE £ (2) ’
h(z)= {—A“‘Vg( )}, (r#0), (2.5)

then h(z)=1+cz+c,z’+--- isanalyticin U, with h(0)=1 and h'(0)= 0. Making use of the logarithmic
differentiation on both sides of (2.5), we have

La(z)_2(AlpT () 2(alpe(2)
Sh) M) Are(s) @0

By applying the identity (1.7) in (2.6), we observe that

S ' A/I,,u,v f (Z) 4 A?pl,,,u,wlf (Z) Aﬂ.+1,y+1,v+lg (Z)]
h h —E 2 1146 - ,
(Z)+}/(p—lu)z (Z) {Ai/wg( )} { + [ Aj’,’f'vf(z) Aiﬂvg( )

Hence, by using Lemma 1, we conclude that

|argh(z)|<ga, (zeU),

which completes the proof of Theorem 1.

Remark 1. Putting A=x=0, 6=p=1 and g(z)=2z in Theorem 1, we obtain the result due to Lashin
([6], Theorem 2.2).

Taking y =1 and g(z)=z" in Theorem 1, we have the following corollary.

Corollary 1. Let 21>0, g<min{v+p+1p} and a, §eR". Suppose that f(z)e.A(p) satisfies the

condition
i 2 oo
<=| a+—arctan ,
2 T p—u

<ga, (zeU).

N (2)

arg{(l—é) : r +0

Aja;l,ml,wl f (Z )}

7P

AL f
arg[ 2 (Z)J
zP

Theorem 2. Let A>0, pg<min{v+p+1p}, 0<5<1 and «,6eR". Suppose that f(z)eA(p) sa-

then
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tisfies the condition

A#Y §
wf HE110)
ZP

<g(a +%arctan{y(p5_ﬂ)aD, (zeU). (2.7

then

_ r(p—n) ) 7(p-p)-8(p+l)
am[ﬂﬁsﬂh s A%”HQM]

T
<—a. 2.8
5% (2.8)

Proof. If we set
_ r(p-#)  r(p-#)-5(p+1)
n(e)= o T e 29)

then h(z)=1+cz+c,z’+--- isanalytic in U, with h(0)=1 and h’'(0)=0. By using the logarithmic dif-
ferentiation on both sides of (2.9), we obtain

h(z)+

Thus, in view of Lemma 1, we have

o

CAT(2)
y(p—u) - '

7P

zh'(z)

largh(z)| <ga, (ze),

which evidently proves Theorem 2.

Remark 2. Setting A=x=0 and y=0=p=1 in Theorem 2, we get the result obtained by Goyal and
Goswami ([ 7], Corollary 3.6).

Putting A=u=y=0=1 in Theorem 2, we obtain the following result.

Corollary 2. Let o eR". Suppose that f(z)e.A(p) (p=1) satisfies the condition

f'(z)) = 2 a
arg <—| a¢+—arctan| —— | |,
pzPt ) 2 n p-1
then
p-1pf(t) | =
arg[FLTdt <Ea, (ZEU).

Finally, we consider the generalized Bernardi-Libera-Livingston integral operator £ (f) (o>-p) de-
fined by (cf. [8] [9] and [10])

L (f)=L, (f)(z)= O-thj:t“’lf (tydt, (feA(p)io>-p). (2.10)

Theorem 3. Let A>0, pg<min{v+p+Lp}, oc>-p and a,y,6eR", and let g(z)e.A(p). Suppose

that f(z)e.A(p) satisfies the condition
<I a+garctan ° all,(2.11)
2 s 7/(0‘+ p)

g {Af‘{;’vﬁg ( £ )(Z)}y {1+5( Affpl"”l'”lf (Z) ) Af:}l,;ﬁl,vﬂg (Z) J}
AL, (9)(2) AL (F)(2) A5 L, (9)(2)

then

" {Af;::% (f )(z)}

AL, (9)(2)

<ga,(zeUy (2.12)

Proof. From (2.10) we observe that
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Ca (e

2(AFEL, (1)(2)) = (o + P)AZEY f (2)—oAl4 L, (£)(2). (2.13)
If we let
N <f><z>}7
h(z)={—22 et AZL (5 10), (2.14)
re T
then h(z)=1+cz+c,z*+--- is analytic in U, with h(0)=1 and h’(0)= 0. Differentiating both sides of
(2.14) logarithmically, it follows that

1av(2) 2(AUE (D)) 2(Al L (9)(2)
4 h(z) B Af,’,ﬁ“vﬁa(f)(Z) Af]ff’vﬁg(g)(Z) . (2.15)

Hence, by applying the same arguments as in the proof of Theorem 1 with (2.13) and (2.15), we obtain

|argh(z)| <ga, (zel),
which proves Theorem 3.

Acknowledgements

This work was supported by Daegu National University of Education Research Grant in 2014.

References

[1] Srivastava, H.M. and Buschman, R.G. (1992) Theory and Applications of Convolution Integral Equations. Kluwer
Academic Publishers, Dordrecht, Boston and London.

[2] Samko, S.G., Kilbas, A.A. and Marichev, O.1. (1993) Fractional Integral and Derivatives, Theory and Applications.
Gordon and Breach, New York, Philadelphia, London, Paris, Montreux, Toronto and Melbourne.

[3] Raina, R.K. and Srivastava, H.M. (1996) A Certain Subclass of Analytic Functions Associated with Operators of Frac-
tional Calculus. Computers & Mathematics with Applications, 32, 13-19.
http://dx.doi.org/10.1016/0898-1221(96)00151-4

[4] Raina, R.K. and Choi, J.H. (2002) On a Subclass of Analytic and Multivalent Functions Associated with a Certain
Fractional Calculus Operator. Indian Journal of Pure and Applied Mathematics, 33, 55-62.

[5] Srivastava, H.M. and Aouf, M.K. (1992) A Certain Fractional Derivative Operator and Its Applications to a New Class
of Analytic and Multivalent Functions with Negative Coefficients. | and 1. Journal of Mathematical Analysis and Ap-
plications, 171, 1-13.

[6] Lashin, A.Y. (2004) Applications of Nunokawa’s Theorem. Journal of Inequalities in Pure and Applied Mathematics,
5, 1-5. Art. 111,

[7] Goyal, S.P. and Goswami, P. (2010) Argument Estimate of Certain Multivalent Analytic Functions Defined by Integral
Operators. Tamsui Oxford Journal of Mathematical Sciences, 25, 285-290.

[8] Bernardi, S.D. (1969) Convex and Starlike Univalent Functions. Transaction of the American Mathematical Society,
135, 429-446. http://dx.doi.org/10.1090/S0002-9947-1969-0232920-2

[9] Libera, R.J. (1965) Some Classes of Regular Univalent Functions. Proceedings of the American Mathematical Society,
16, 755-758. http://dx.doi.org/10.1090/S0002-9939-1965-0178131-2

[10] Srivastava, H.M. and Owa, S. (Eds.) (1992) Current Topics in Analytic Function Theory. World Scientific Publishing
Company, Singapore, New Jersey, London, and Hong Kong.



http://dx.doi.org/10.1016/0898-1221(96)00151-4
http://dx.doi.org/10.1090/S0002-9947-1969-0232920-2
http://dx.doi.org/10.1090/S0002-9939-1965-0178131-2

Scientific www.scirp.org

Research
Publishing

Scientific Research Publishing (SCIRP) is one of the largest Open Access journal publishers. It is
currently publishing more than 200 open access, online, peer-reviewed journals covering a wide
range of academic disciplines. SCIRP serves the worldwide academic communities and

contributes to the progress and application of science with its publication.

Other selected journals from SCIRP are listed as below. Submit your manuscript to us via either

submit@scirp.org or Online Submission Portal.

Advances in n American Journal of
Biosgience and Biotechnology 0 Plant sciences

Agricultural Sciences

Spacial Issue on Ressarch on Rice

Journal of Computer
and Communications

Ay

| TR '}:‘t o e —— @ [reer]

Journal of
Modern Physics [EULCULRIIIEIL et
\ \ Science

e, :N*’. \.ﬂi ’/.MM\"
\ -
'L‘__‘i \-y

\ »4;. - k':"wk ‘4:'\



http://www.scirp.org/
mailto:submit@scirp.org
http://papersubmission.scirp.org/paper/showAddPaper?journalID=478&utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ABB/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJAC/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJPS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AM/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AS/
http://www.scirp.org/journal/CE/
http://www.scirp.org/journal/ENG/
http://www.scirp.org/journal/FNS/
http://www.scirp.org/journal/Health/
http://www.scirp.org/journal/JCC/
http://www.scirp.org/journal/JCT/
http://www.scirp.org/journal/JEP/
http://www.scirp.org/journal/JMP/
http://www.scirp.org/journal/ME/
http://www.scirp.org/journal/NS/
http://www.scirp.org/journal/PSYCH/

	Argument Estimates of Multivalent Functions Involving a Certain Fractional Derivative Operator
	Abstract
	Keywords
	1. Introduction
	2. Main Results
	Acknowledgements
	References



