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Abstract

The compressible miscible displacement in a porous media is considered in this paper. The prob-
lem is a nonlinear system with dispersion in non-periodic space. The concentration is treated by a
characteristics collocation method, and the pressure is treated by an orthogonal collocation me-
thod. Optimal order estimates are derived.
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1. Introduction

The mathematical controlling model for compressible miscible displacement in porous media with dispersion is

given by
d(c)gt—p+V~u:d(c)%—V»[a(c)Vp]zq, (x,y)eQ, te(0,T] 1)
¢%+b(c)2—f+u~Vc—V-(D(u)Vc)=(E—C)q, (x,y)eQ,te(0,T]. 2

where c= Cl :1_(:27 a(C) = a(X1 y,C) = k(X, y) /ﬂ(C), b(C) = b(X, le) = ¢(X, y)cl{zl _Z ZjCj}v
j=1

2
dc)=d(x,y,c)=p(x,y)>. Z;c;. c; and z; denote the concentration and constant compressibility factor for
j=1

the i component of the fluid mixture respectively. Let Q =(0,1)x(0,1) with the boundary &Q, p(x,y,t) the
pressure in the mixture, u is the Darcy velocity of the fluid, and c(x, y,t) is the relative concentration of the
injected fluid. k(x,y) and ¢(x,y) are the permeability and the porosity of porous media, u(c) is the vis-
cosity of the fluid. D(u)=¢{d,, +1+|u|(d,E(u)+d,E*(u))} are the molecular dissipation and dispersion
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terms, where d,,d,,d, arethe molecular dissipation, longitudinal and tangential dispersion coefficients. | is a 2
unit matrix, E(u) = (u.u,/|ul*),., iSa matrix representing orthogonal projection along the velocity vector and

E*(u)=1—E(u) isthe complementary projection. g and ¢ etc. refer to the definition and significance of [1]
[2].
We shall assume that no flow occurs across the boundary
uev=0, D(u)vVc-v=0, (x,y) € 0Q, 3)
where v is the outer normal to 6Q, and the initial conditions are
P(X Y, 0) = po(x,Y), c(xY,0) =cy(X,y), (xy)eQ, 4)

The compressible flow problems are strongly nonlinear coupling system for partial differential equations of
two different types, and we consider the system with dispersion in non-periodic space, so these factors lead to
many difficulties for convergence analysis of algorithms. The collocation methods are widely used for solving
practice problems in engineering due to its easiness of implementation and high-order accuracy. But the most
parts of mathematical theory focused on one-dimensional or two-dimensional constant coefficient problems [3]
[4]. [5] proposes the collocation method of two-dimensional variable coefficients elliptic problems. The charac-
teristics collocation scheme for the incompressible flow is given in [6]. The characteristics finite element me-
thod for the compressible miscible flow is proved in [7]. In the paper we shall use different technique to treat
different types of equations, the orthogonal collocation methods solve the pressure equation and the characteris-
tics collocation scheme approximate the concentration equation. We develop some technique to analyze con-
vergence of these algorithms for this strongly nonlinear system with dispersion in non-periodic space. Finally
we can obtain the optimal order error estimate. We shall assume the coefficients a(c), D(u),b(c), ¢(x,y),d(c)
etc. and their partial derivatives have positive upper and lower bounds independently as well as smoothly.
Throughout, the symbols K and ¢ will denote, respectively, a generic constant and a generic small positive
constant.

The organization of the rest of the paper is as follows. In Section 2, we will present the formulation of the
characteristic collocation scheme for nonlinear system (1) (2). In Section 3, we will analyze convergent rate of
the scheme defined in Section 2.

2. Characteristic Collocation Scheme (CCS)
2.1. Preliminaries

In this subsection, we will give some basic notations and definition for the characteristics collocation methods,
which will be used in this article. We make the partition of the domain Q, which is quasi-uniform and equally
spaced rectangular grid by h, and h, steps along x-direction and y-direction. Let

5,10=x<x <<xy =L O6,:0=yy<y <<y =1 ho=x-X,h=y;-y,,
h=max{h,h}, @ =,-x)x(y -y =011 =Dx,-xL1 =[y, -]
Define function spaces as follows:
m(3,6,)={veC (1)lveR(I})i=1-N,}
M, (3,5,)={vem (3:5,),v(0) =v(1) = 0)}
where P, denotes the set of polynomials of degree <3, similarly we can define m1(3, 5y), m e (3, 5y). Let

ml(3,§)=m1(3,5X)®m1(3,5y), mLP(3,5):mlvp(3,5X)®ml,P(3,5y), then let m, (3,5) be the spaces of
piecewise Hermite bicubics.
Next, we take four Gauss points as collocation points in € :(gﬁﬁ, Jy,), k\l=12, and & =x,+h¢&,

1 =Y. thé, where & = (3—\/§)/6, & = (3+\/§)/6. Introduce the following summation notation:
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(V) =((uv), 1) =((uv),. 1), (wu)=lulr

|||u|||ié( j(DuX,uX dx+HDu u>dy, Yuem(3,8)

yrry

Uil = [} {u,ou,), des [ {u,0,) dy, Yuem(3,6)

Let T,; em, (3,6) be the interpolation operator of piecewise Hermite bicubics on Q, and T,s € m, (3,6,)
and Tw € ml(§3 0, ) be the interpolation operators of piecewise Hermite bicubics in x and in vy, respectlvely,
which may be efined by T,5v=Ts, Tw V= T3,5VT3,5XV for sufficiently smooth function v.

2.2.CCS

In this subsection we will present the fully discrete characteristic collocation scheme for nonlinear system (1) (2)
with dispersion term in non-periodic space. At first time [0,T] can be discretized: 0=t <t' <-.-<t" =T,

1
At =t"—t"". We consider the concentration Equation (2), let v = [(oz +u12 +u22]2 , and the characteristic di-

rection associated with the operator ¢c, +usVc is denoted by z(x,y), hence V/S—C = ¢%+ usVc.
T
The Equation (2) can be put in the form
2—C+b(c) -V -(D(u)Vve) = (€ -c)q, (x,y)eQ, te(0,T]. (5)

For (5), we use a backward difference quotient for S—C along the characteristic line:
T

ac” c"(x,y)—c" (X, y c"—¢"?
VS~ (x.Y) ( Z)=¢ M ®)
3 At 1+ uf 1g® |
£n N gN N 4n on-1 un n_ U2
where f"=ft"(x",y",t"), X""=x-—LAt, y"=y-—2At.
2 2

So we can obtain the following discrete equation:

Cn én -1 Pn Pn -1
h +b(Cn 1)—
At

¢ -V (D(uh)vch) (_nl Crr:il)qzon n=12.

Now that use the interpolation operator T, and the Gauss points (ffiﬁlcij,) , We give the fully discrete cha-
racteristics collocation scheme (CCS):

C®=T,5C (%, ¥), P” =T, sy (X, Y), (7
{d(C” l)—tF> V-(a(C”1)VP”)—Q}(§£,§5)=O, (8)
{co—c _Af YOS Vil —V-(D(U”)VC“)—(C_”l—C“)q}(;ﬁ,gjyl):o, ©)
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and U" =—a(C"!)VP" (10)

for 1<i<N,,1<j< N,k 1=12, computed in the order: at first P" can be computed from (8), then from
(10) and (9) we can solve C". Because the system is non-periodic, we need to do a continuation as shown in
Figure 1.

We can understand the following method intuitively from above schematic diagram. When X is through the
boundary 6Q, we will do continuation according to specular reflection method, namely when X is outside Q,
we do the normal from % to o0Q, and the normal intersects oQ at Y . Then we do inner normal at Y , and
we choose point % soasto |xy|=|gY|, and the value of c(X) replaces the one of c(X) , in this way cand C
etc. functions are certain meaning. Because ¢ satisfies (3), the continuation is logical [7].

3. Convergence Analysis

In this section we consider the existence and uniqueness of the numerical solution, and obtain the optimal error
estimate. CCS (8) (9) can be rewritten as the discrete Galerkin method given by [3] [6] [8]

n n-1
<d(C“)—P P

- —V-(a(C“)VP“)—q,z>=o, Vxem(3.0) (11)

Cn —Cn71 n-1 Pn - Pn71 n n ~n-1 n-1

We can get the following convergence conclusion for the above numerical Scheme (11) (12).
Theorem 3.1 Suppose At = o(h), then there exists a constant K such that, for h sufficiently small,

T/At
max_|[c" —C" |F + 3 [| p" - P" [PAt < K (At? +h°).
o<n<[ L] par

Proof: Let ¢=T,,c,{=C-C,J=c—C,p=T,;p,7=p-P,n=p-p. Subtracting (11) from the discrete
Galerkin scheme of (1), we obtain the pressure error equation
(d(C"Hdz", 1) ~(V-(a(C")Vz"), 1)

=([d(C")~d(c")ld,p", z)—(d(c")d", 1)

n n apn n n (13)
+Hd(c")(d,p" - o )20 +(V-(@(c")Vp"), 1)
HV-[(ac")-aC" NVl z),  Vyem,(36)
fn _ n-1
where d, f" :A—t’ and choosing the test function 5 =" in (13), and the right terms can be denoted
by Ti', i=12,---,5 inturn. For error estimate, we shall need an induction hypothesis. We assume that
IC"|l . <K<h™, — 0<n<I-1 (14)

oQ

Figure 1. Continuation.
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We start this induction by seeing that || C° [l ¢° I+ & Il <! ¢° i SK< h™ for h sufficiently small.

We shall check that if n=1, (14) is right at the end of the proof. So we get the error estimate of the pressure [6]
(8].

m-1 m m-1
d 2" [FAt+d. |2 [P +D I VA" [PAt < K(h® + At + D ([ E [ AL), (15)
n=1 n=1 n=1

for ¢ sufficiently small.
Next we will consider the concentration equation, subtracting (12) from the discrete Galerkin scheme of (2),

<¢E‘A—fn_l,2>—<v<D(U")vg"),Z>

ac” ) " _En—l (v:n—l _én—l gn—l _ én—l
- PRTLIR S B ) W S O . Bl S
<¢ at Y A A

—<¢‘§H_A—f“,z>+<v-(D(U”)Vi”),z>+<V~[D(U“)— DU"IvVe",Z)

(16)

n _ n-1 n
(™ + Y + —c”)]q,Z)+(b(C”’l)%—b(c”)%,Z) V¥Z em,, (3.5)
To obtain optical estimate for { we choose z =& as test function in (16), and we denote the resulting
right-hand side terms by T, ,i=1,2,---,8. And we need another induction hypothesis, we assume that

|| VP" - <K, 0<n<l-1 17)

If 1=1, we can start the induction by (15) to get || P° ”Lf” vp’ IILw +||va° ”Lf K+Kh*(h*+At) <K,
for h sufficiently small and At =o(h) . We shall check that if n=1, (17) is right at the end of the proof. Simi-
lar to the discussion in [6] [8], and the relations (15) (17) and Gronwall lemma, we can get
max || £" [P < K(At? +h®). And it can be combined with (15) to show that

1<n<m

T/At
2" IPAt < K(At? +h°),

n=1
At last we shall check the induction hypotheses (14) and (17)
|c' I, <l ¢ Il +l £ Il <K+ Kh? || &' < h™(Kh+Kh™(At+h*) <h™,
| VP! Il <ll vp' I+l vz ll.<K+ Kh' || V7' |< K+Kh?(At+h') <K,

for h sufficiently small , and the proof is complete.
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