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Abstract

We consider the real three-dimensional Euclidean Jordan algebra associated to a strongly regular
graph. Then, the Krein parameters of a strongly regular graph are generalized and some genera-
lized Krein admissibility conditions are deduced. Furthermore, we establish some relations be-
tween the classical Krein parameters and the generalized Krein parameters.
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1. Introduction

In this paper we explore the close and interesting relationship of a three-dimensional Euclidean Jordan algebra
V to the adjacency matrix of a strongly regular graph X . According to [1], the Jordan algebras were formally
introduced in 1934 by Pascual Jordan, John von Neumann and Eugene Wigner in [2]. There, the authors at-
tempted to deduce some of the Hermitian matrix properties and they came across a structure lately called a Jor-
dan algebra. Euclidean Jordan algebras were born by adding an inner product with a certain property to a Jordan
algebra. It is remarkable that Euclidean Jordan algebras turned out to have such a wide range of applications.
For instance, we may cite the application of this theory to statistics [3], interior point methods [4] [5] and com-
binatorics [6]. More detailed literature on Euclidean Jordan algebras can be found in Koecher’s lecture notes [7]
and in the monograph by Faraut and Koranyi [8].

Along this paper, we consider only simple graphs, i.e., graphs without loops and parallel edges, herein called

How to cite this paper: Vieira, L.A. and Mano, V.M. (2015) Generalized Krein Parameters of a Strongly Regular Graph. Ap-
plied Mathematics, 6, 37-45. http://dx.doi.org/10.4236/am.2015.61005



http://www.scirp.org/journal/am
http://dx.doi.org/10.4236/am.2015.61005
http://dx.doi.org/10.4236/am.2015.61005
http://www.scirp.org
mailto:lvieira@fe.up.pt
mailto:vascomocomano@gmail.com
http://creativecommons.org/licenses/by/4.0/

L. A. Vieira, V. M. Mano

graphs. Considering a graph X, we denote its vertex set by V (X) and its edge set by E (X )—an edge whose
endpoints are the vertices x and y is denoted by xy. In such case, the vertices x and y are adjacent or neighbors.
The number of vertices of X, |V (X )|, is called the order of X.

A graph in which all pairs of vertices are adjacent (non-adjacent) is called a complete (null) graph. The num-
ber of neighbors of a vertex vin V (X) is called the degree of v. If all vertices of a graph X have degree k, for
some natural number k, then X is k-regular.

We associate to X an n by n matrix A= aij]f, where each a; =1, if vyv; € E(X), otherwise a; =0,
called the adjacency matrix of X. The eigenvalues of A are simply called the eigenvalues of X.

A non-null and not complete graph X is (n,k,a,c) -strongly regular; if it is k-regular, each pair of adjacent
vertices has a common neighbors and each pair of non-adjacent vertices has ¢ common neighbors. The parame-
ters of a (n, k,a, c) -strongly regular graph are not independent and are related by the equality

k(k-a-1)=(n-k-1)c. (€))

It is also well known (see, for instance, [9]) that the eigenvalues of a (n, K, a,c) -strongly regular graph X are
k, & and 7,where @ and r aregiven by

€:(a—c+\/(a—c)2+4(k—c))/2, )

r:(a—c—\/(a—c)z+4(k—c))/2. ©))

Therefore, the usually called restricted eigenvalues ¢ and z are such that the former is positive and the
latter is negative. Their multiplicities can be obtained as follows (see, for instance, [10]):

C1f o (0+7)(n-1)+2k

M_Z[n ! -t j’ @

" :i(n—l+(9+r)(n_l)+2k]. -
2 -7

Taking into account the above eigenvalues and their multiplicities, the following additional conditions are widely
used as feasible conditions for parameters sets (n,k,a,c) of strongly regular graphs; that is, if (n,k,a,c) isa
parameter set of a strongly regular graph, then the equality (1) and each one of the following inequalities holds:
e The nontrivial Krein conditions obtained in [11]:

(0+1)(k+6+207) < (k+6)(r +1), (6)

(r+1)(k+r+2¢9‘r)S(k+r)(¢9+l)2. @)
e The Seidel’s absolute bounds gre (see [12]):

ngﬂl(ﬂlTJrg) and nsw. (8)

With these conditions, many of the parameter sets are discarded as possible parameters sets of strongly regu-
lar graphs. To decide whether a set of parameters is the parameter set of a strongly regular graph is one of the
main problems on the study of strongly regular graphs. It is worth noticing that these Krein conditions and the
Seidel’s absolute bounds are special cases of general inequalities obtained for association schemes.

An association scheme with d classes is a finite set S together with d +1 relations R. defined on S satis-
fying the following conditions.

1) The set of relations {R,,R,,---,Ry} is a partition of the Cartesian product of SxS .

2) Roz{(x,x):XeS}.
3)If (x,y)eR , thenalso (y,x)eR, vx,yeS andfor i=0,---,d.
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4) For each (x,y)eR,, the number piﬁ of elements zeS such that (x,z)eR; and (z,y)eR; de-
pends only from i, j and k.

The numbers pi‘} are called the intersection numbers of the association scheme. Some authors call this type
of association schemes symmetric association schemes. The relations R, of the association scheme can be re-

1, if (xy)eR
0, otherwise.

say that A is the adjacency matrix of the graph G,, with V(G,)=S and E(G,)=R;. The Bose-Mesner
algebra of the association scheme (introduced in [13]) is defined, using these matrices, by the following condi-
tions, which are equivalent to the conditions 1) - 4) of the association scheme:

D) YA =3,

2) Ay=1,,

3) A=A, Vie{0--,d},

4) AA =Y piA. Vi jef{0--,d},
where J, is the matrix of order n whose entries are equal to one and 1, is the identity matrix of order n.
From 1) we may conclude that the matrices A are linearly independent, and from 2) - 4) it follows that they
generate a commutative (d +1) -dimensional algebra A of symmetric matrices with constant diagonal. The
matrices A commute and then, they can be diagonalized simultaneously, i.e., there exists a matrix B such that
VAe A, B'AB isa diagonal matrix. Thus, the algebra A is semisimple and has a unique complete system of
1, ifi=j,
0, otherwise.

This paper is organized as follows. In Section 2, a short introduction on Euclidean Jordan algebras with the
fundamental concepts is presented. In order to obtain new feasible conditions for the existence of a strongly reg-
ular graph, in Section 3, we define the generalized Krein parameters of a strongly regular graph. In Section 4, we
establish some relations between the Krein parameters and the generalized Krein parameters, and present some
properties of the generalized Krein parameters. Finally, since the generalized Krein parameters are nonnegative
we establish new admissibility conditions, for the parameters of a strongly regular graph that give different in-
formation from that given by the Krein conditions 6) - 7).

presented by their adjacency matrices A of order n =|S| defined by (A )xy :{ We may

ij

orthogonal idempotents E,,--, E, . Therefore, Z?:OEi =1, and EE; =¢;E;, where o ={

2. Euclidean Jordan Algebras and Strongly Regular Graphs

In this section the main concepts of Euclidean Jordan Algebras that can be seen for instance in [8], are shortly
surveyed.

Let V be a real vector space with finite dimension and a bilinear mapping (u,v) Huov from VxV to
V, that satisfies (ueu)ou=u o(u ou), YueV. Then, V is called a real power associative algebra. If V
contains an element, e, such that foralluin V', ecu=uoce=u, then e is called the unit element of V. Con-
sidering a bilinear mapping (u,v)+>uov, if for all u and v in V we have (Jl)]uw=Vou and (J,)
Uc>(u2 ov) =u”o(uov), with u?=uou, then V is called a Jordan algebra. If V' is a Jordan algebra with
unit element, then V is power associative (cf. [8]). Given a Jordan algebra V with unit element e, if there
is an inner product (-,-) that verifies the equality (uov,w)=(v,uow), for any u, v, win V, then v is
called an Euclidean Jordan algebra. An element ¢ in an Euclidean Jordan algebra V', with unit element e, is
an idempotent if c*=c. Two idempotents ¢ and d are orthogonal if cod=0. We call the set
{c,.¢,.+.¢,} a complete system of orthogonal idempotents if (i) ¢ =c;, Vie{l,--k}; (i) ¢oc, =0,
Viz j and (iii) ¢ +c,+--+¢, =e.

Let V be an Euclidean Jordan algebra with unit element e. Then, for every u in V', there are unique distinct
real numbers 4, 4,,--, 4, and an unique complete system of orthogonal idempotents {c,,c,,---,c} such that

U=4G + 4,0+ + AL, )

with ¢, eR[u], j=1---,k (see [8], Theorem Ill 1.1). These A,’s are the eigenvalues of u and (9) is called
the first spectral decomposition of u.

The rank of an element uin V' is the least natural number k, such that the set {e,u,---,u*! is linear depen-
dent (where u* =uou“*"), and we write rank(u)=k . This concept is expanded by defining the rank of the
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algebra V' as the natural number rank (V)= max{rank(u) ue V} . The elements of V' with rank equal to the
rank of V are the regular elements of V. This set of regular elements is open and dense in V. If u is a regular
element of V), with r:rank(u), then the set {e,u,uz,m,ur is linearly dependent and the set {e,u,u2,~--,u”1
is linearly independent. Thus we may conclude that there exist unique real numbers a, (u),---,ar (u) , such that
u"—a, (u)u"+--+(-1)"a (u)e=0, where 0 is the null vector of V. Therefore, with the necessary adjust-
ments, we obtain the following polynomial in A: p(u,A)=A"-a (u)A""+--+(-1)"a (u). This polynomial
is called the characteristic polynomial of u, where each coefficient a is a homogeneous polynomial of degree
i in the coordinates of u in a fixed basis of V. Although we defined the characteristic polynomial for a
regular element of V', we can extend this definition to all the elements in V', because each polynomial a, is
homogeneous and, as above referred, the set of regular elements of 1 isdense in V. The roots of the charac-
teristic polynomial of u, A4,4,,---,4, are called the eigenvalues of u. Furthermore, the coefficients a, (u)
and a, (u) in the characteristic polynomial of u, are called the trace and the determinant of u, respectively.

From now on, we consider the Euclidean Jordan algebra of real symmetric matrices of order n, V', such
that VA, BeV, AoB :(AB+ BA)/Z, where AB is the usual product of matrices. Furthermore, the inner
product of V' is defined as (A, B) = tr(AB) , where tr is the classical trace of matrices, that is the sum of its
eigenvalues.

Let X bea (n, k,a,c) -strongly regular graph such that 0<c<k<n-1,and let A be the adjacency ma-
trix of X . Then A has three distinct eigenvalues, namely the degree of regularity k, and the restricted ei-
genvalues @ and 7, given in (2) and (3). Now we consider the Euclidean Jordan subalgebra of Vv, V',
spanned by the identity matrix of order n, I, and the powers of A.Since A has three distinct eigenvalues,
then V' is athree dimensional Euclidean Jordan algebra with rank(V')=3 and B= {In VA, AZ} is a basis of

V'
Let S ={E0,E1,E2} be the unique complete system of orthogonal idempotents of V' associated to A.
Then
P—(0+7)A+orl, J,
E, = =1,
( O)(k=7)  n
E 2—(k+7)A+krl, (10)
L (9 7)(0-k)
—(k+0)A+kol,
E, = ,
(r—0)(z-k)

where J, is the matrix whose entries are all equal to 1. Since V' is an Euclidean Jordan algebra that is
closed for the Hadamard product of matrices, denoted by e and S is a basis of V', then there exist real
numbers g, and 0y, , 1<a, F<3, a=},such that

2
E E _anz p? Ea.Eﬂzzoqa’r)ﬂllEp' (11)
p=

The real numbers, defined in (11), (whose notation will be clarified later) g?, and qaml, 1<a B <3,
a = 3, are called the “classical” Krein parameters of the graph X (cf. [10]). Since @, >0 and g2, >0, the
“classical” Krein admissibility conditions 67 —26°r —6° —k@+kz* +2kz >0, and
0’1 —2607* —t* —kr +k@* +2k@ >0 (presented in [9], Theorem 21.3) can be deduced.

3. A Generalization of the Krein Parameters

Herein the generalized Krein parameters of a (n, K, a,c) -strongly regular graph are defined and then, necessary
conditions for the existence of a (n, k,a,c) -strongly regular graph are deduced. These conditions are generali-
zations of the Krein conditions (see Theorem 21.3 in [9]). Throughout this paper we use a slight different notation
from classical books like [9] [14], because, in this way, the connections between the “classical’’ and the genera-
lized parameters are better understood. Now we generalize the Krein parameters in order to obtain new genera-
lized admissibility conditions on the parameters of strongly regular graphs. Firstly, considering S = {EO, E,. E2}
defined like in (10) in the Basis B, and rewriting the idempotents under the new basis {In,A,Jn -A- In} of



L. A. Vieira, V. M. Mano

V' we obtain

[fn+7-k  n+z-k T—
= | A J. —A-1), 12
Y (s e s Ly e ) 12
on+k-6 -n+k-6 k-6
= | J. —A-1_).
> " n=7) " hie=r) Mo AT

Consider the natural number p and denote by M, (R) the set of square matrices of order n with real en-
tries. Then for Be M, (R), we denote by B and B®" the Hadamard power of order p of B and the
Kronecker power of order p of B, respectively, with B*=B and B® =B.

Now, we introduce the following compact notation for the Hadamard and the Kronecker powers of the ele-
ments of S. Let X, y, z, «, B and y be natural numbers such that 1<ea, B, y <3, x>2 and a<p.
Then we define

E/=(E,)" and EJ=(E,)”,
Ex=(E,)"+(E,)" and E%=(E,)”®(E,)",

Again, since the Euclidean Jordan algebra V' is closed under the Hadamard product and S is a basis of

V', then there exist real numbers ¢, Q5. Qep, @ O),qp, » SUCh that
2 2
E(;X = gq:zx Ei' E;:ZZ = ;q:xﬁyz Ei (13)

We call the parameters qLX_ and 0, defined in (13) the generalized Krein parameters of the strongly re-
gular graph X . Notice that g, and q;ﬂn are precisely the Krein parameters of X already presented. With
this notation, the Greek letters are used as idempotent indices and the Latin letters are used as exponents of Ha-
damard (Kronecker) powers.

4. Relations between the Krein Parameters and the Generalized Krein Parameters

In this section we prove that the generalized Krein parameters can be expressed in function of the Krein para-
meters. Before that, it is worth to mention that the previously introduced generalizations are straightforward ex-
tended to the Krein parameters of symmetric association schemes with d (d >3) classes, see [9]. Notice that
the algebra spanned by the matrices of a symmetric association scheme with d classes is an Euclidean Jordan

Algebra with rank d +1 and with the Jordan product AoB :# where AB is the usual product of

matrices. Furthermore, the inner product of V' is defined as (A,B)=tr(AB) where tr(.) is the classical
trace of matrices, that is, the sum of its eigenvalues. Let us consider the matrices P and Q of the Bose-Mesner
algebra of an association scheme with d classes as defined in [14]. However, for convenience, we denote this

. L . 1.
matrix Q such as defined in [14] by Q". Therefore, we can say that Q :HQ , See [14]. Hence, we can say

that the matrices P and Q satisfy,
2
QiQu = lz;,quan (14)
ﬂ.
|Qij| < (15)
n

(16)



L. A. Vieira, V. M. Mano

Zn QIJQIk —_ (J k) (17)

The matrices P and Q are usually called the eigenmatrix and the dual eigenmatrix of the association
scheme, respectively.

Theorem 1. Let G be a (n,k,a,c) -strongly regular graph such that 0<c<k<n-1 whose adjacency
matrix is A and has the eigenvalues k, & and r and whose eigenmatrix and dual eigenmatrix matrix are
respectively P and Q If j, k and | are natural numbers such that 0< j, k, 1 <2, then

qzkn = ;QijQik Pi- (18)

Proof. Consider that {EO, E, Ez} is the of idempotents defined in (12) and the following notation A, =1,
A=Aand A =J —A-I_.

For j, k, 1€{01,2} since E; =3’ QA and E, ZZ QuA , it follows that E-E, =" Q,Q.A.
Therefore EEE =Y OQUQIkAE andsince A =Y" P,E implies AE =PRE, we obtain

Ej'Ek E = Z;,QijQik RE. (19)

Finally, from (19) the result follows.

Theorem 2. Let G be a (n,k,a,c) -strongly regular graph such that 0<c<k<n-1 whose adjacency
matrix is A and has the eigenvalues k, & and r and whose eigenmatrix and dual eigenmatrix matrix are
respectively P and Q. Let j, m and s be natural numberssuchthat 0< j, s<2. Then

2 m
i ZZ(Qij) R (20)
i=0
Proof. Taking into account that Q;" = Ziz:oqi,—m E, and by the equalities (21) and (22)
2
Ej = ZQijAl (21)
i=0
2
A= ijiEj’ (22)

we conclude that E"=>"" (Q )mA Therefore g5, E, =E"E, =>"" (Q )mAES and since by (22)

AE, =P,E, weobtain q},E =" O(QU) .E,. Hence g, =>" O(QU) »
As an application of the Theorem 2 we may conclude that considering a strongly regular graph G the gene-

ralized Krein parameters q'jm can be expressed in function of the classical Krein parameters as follows:
O = ZZ Z q |1,11 “Oms ,uqlm Ljil (23)
h=0l=0  Ip =0

The expression (23) is obtained using (14) and (20). Summarizing, we have the following corollary.
Corollary 1. Let G bea (n, k,a,c) -strongly regular graph such that 0<c <k <n-1. Then for all natural
numbers j, m and s suchthat 0< j, s<2

2+m ZZ Zq qllfjn"'Q:,r:,lj11Q|Smj11- (24)

I, =01,=0

Theorem 3. Let G be a (n,k,a,c) -strongly regular graph such that O<c<k<n-1. Then for all
natural numbers i, j, m, n and s suchthat 0<i, j, s<2,

qun = i(Qli )m (Qlj )n Psl' (25)
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Proof. We have E;™-E"=Y"" gl E. Sincefrom(21) E"E] =3 (Q:) A+, ,(Q:)" A then
E"-E" =Y, GimE - Hence we obtain

2

E"-E]'E, ZE(Q“) (Qu) o Es-

Therefore, the equality (25) follows. O

Recurring to (14) and (25), we may conclude the Corollary 2.

Corollary 2. Let G bea (n,k,a,c)-strongly regular graph such that 0 <c <k <n-1. Then for all natural
numbers i, i,, m, n and s suchthat 0<i, i,, <2,

qiiiznm Z |Z|z | Z q |1|111 2|111q| 1|211q| 11" qll:r,tgzizllqli,w,zizll'
h=0 0ln1=0 n+m-2=0
Theorem 4. Let G bea (n, k,a,c) -strongly regular graph such that 0<c<k<n-1. Then ¥vneN and
Vi, €{0,1,2),

2

zQ"h ’ Qnm st = = 0. (26)

r=0

Proof. We prove by induction on n. For n=1 the inequality (26) holds, since the classical Krein parameters
Gy @re nonnegative and z Qi Qui, Py = 05,1,- Now assummg that the inequality (26) holds for n=k >1,
we prove that (26) also holds for n=k+1. Consider the sum z Qi Qi , Py Then from (14), we obtain

iy T rigp srt

erll r|k+2 sr qull|211erer3 erkﬂ sr

2
qullzllerlQna' Fiks2 sr
1=0 r=0

Since for n=k the mequahty (26) is verified and the summands zr 0QuQui, *Qy, Py are nonnegative,
we may conclude that >?. Qi Qi P, 0. O

Recurring to the Theorem 4 we are conducted to the Corollaries 3 and 4.

Corollary 3. Let G be a (n,k,a,c)-strongly regular graph such that 0<c<k <n-1. Then for all natural
numbers i, m, s and s suchthat 0<i, s<2 the generalized Krein parameters q:, are nonnegative.

Corollary 4. Let G bea (n,k,a,c)-strongly regular graph such that 0 <c <k <n-1. Then for all natural
numbers i, j, m, n and ssuchthat 0<i, j, s<2 the generalized Krein parameters qi'jmn are nonnegative.

Theorem 5. Let G be a strongly regular graph and let i, s and m be natural numbers such that 0<i, s<2.
Then ¢, <1.

Proof. Recurring to the inequalities (14)-(17) we have:

Theorem 6. Let G be a (n,k,a,c) -strongly regular graph such that 0 <c<k<n-1.Let i, j, m,n ands
be natural numbers such that 0<i, j, s<2 and m+n=>3. Then the generalized Krein parameter ¢,
satisfy g, <1.

Proof. Similar to the Proof done in Theorem 5. O

Let G be a (n k,a, c) -strongly regular graph such that 0<c<k <n-1. Since the generalized Krein para-
meters ., and ¢, are nonnegative then we can establish new adm|SS|b|I|ty conditions distinct from the
Krein conditions (6) and (7). For instance, the generalized Krein condition g, >0 allows us to establish a new
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theorem on strongly regular graphs after some algebraic manipulation of its expressions. Analyzing the genera-
lized Krein parameter g, of a strongly regular graph with one in its spectra we deduce the following theorem
.

Theorem 7. Let G be a (n,k,a,c) -strongly regular graph such that 0<c<k <n-1 whose adjacency
matrix is A and has the eigenvalues k, =1 and z If k>9 then

n<=+—k. (27)
Proof. Since qg, >0 then we have
on+k-0) k—g) keg )
n+k— -n+k-— -
+ K+ n-k-1)>0. 28
(n(a—r)] [n(e—a] [n(e—ﬂj( : )

From the inequality (28) and after some simplifications we conclude that

n* (6° —k)+n(-36° +3k* +30°k —3k0) +(20° — 2k° + 66k* — 667k ) > 0.
Therefore if =1 then
n® (1-k)+n(-3+3k” +3k —3k) +(2-2k* + 6k* — 6k ) > 0

Finally we have

n* (1-k)+n(-3+3Kk*)+2(1-k*+3k* —3k) > 0 (29)
Dividing both members of (29) by 1-k we are supposing that k >1 we obtain

n’ =3n(1+k)+2(k* -2k +1) <0. (30)
Now from the inequality (30) we conclude that if G isa (n, p,a,c) -strongly regular graph with one in his
53

spectra* then k>9 implies that n£§+2—0k.

We now present in Table 1 some examples of parameter sets (n, k,a, c) that do not verify the inequality (27)
of Theorem 7. We consider the parameter sets P, =(28,9,0,4), P, =(64,21,0,10), P, =(1225,456,39,247),
P, =(1296,481.0,40.0,260) and P, =(1024,385,36,210) . For each example we present the respective eigen-

values @, r and the value of q,, defined by qkn:2—§k+g—n.

5. Some Conclusions

In this paper, we have generalized the Krein parameters of a strongly regular graph and obtained some relations

Table 1. Numerical results when k >9.

Py P2 Ps P4 Ps
0 1 1 1 1 1
T -5 -11 —209 —221 =175
o ~2.65 ~6.85 ~15.1 -19.85 -25
. 3(k+1)—k*+34k +1
'We must note that the equation X*—3x(1+k)+2(1-2k+k’)=0 as the roots x = (k+1) 5 TS and the root

< C3(k+1)+ vk +34k +1

. Since k>8 implies that k*+34k +1<5k* and finally this implies that x, <

w therefore
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between the classical Krein parameters and the generalized Krein parameters (see Corollaries 1 and 2). We also
establish that these generalize Krein parameters are always positive and less than one (see Corollaries 3 and 4,
and Theorems 5 and 6). Let i, j, m, n and s be natural numbers such that 0<i, j, s<2. The generalized
Krein admissibility conditions g;,, >0 with m+n>3 and g, >0 with m>3 allow us to establish new
admissibility conditions; they permit us to establish new inequalities on the parameters of a strongly regular
graph. For instance the generalized Krein parameter condition @3, >0 after some algebraic manipulation al-
lows us to establish the inequality (27) in Theorem 7. Finally, we conclude that we can extend the definition of
generalized Krein parameters to a symmetric association scheme with d classes.
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