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Abstract

In present paper we prove the local well-posedness for Von Neumann-Landau wave equation by
the T. Kato’s method.
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1. Introduction

For the stationary Von Neumann-Landau wave equation, Chen investigated the Dirichlet problems [1], where
the generalized solution is studied by Function-analytic method. The present paper is related to the Cauchy
problem: the Von Neumann-Landau wave equation

i0u=(-A,+A, Ju+f(u)
: 1)
u(0,%,y) = o (%.Y)
2
where A, = Z?:IO—Z for x=(x,-,%,)€eR", u(t,xy) isan unknown complex valued function on R**"

and f isanonlinear complex valued function.

If the plus “+” is replaced by the minus “~" on right hand in Equation (1), then the resulted equation is the
Schrédinger equation. For the Schrédinger equation, the well-posedness problem is investigated for various
nonlinear terms f . In terms of the nonlinear terms f , the problem (1) can be divided into the subcritical case
and the critical case for H* solutions. We are concerned with the subcritical case and obtain a local well-
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posedness result by the T. Kato’s method.

The paper is organized as follows. Section 2 contains the list of assumptions on the interaction term f and
the main result is presented. Section 3 is concerned with the Strichartz estimates. Finally, in Section 4, the main
result is proved.

2. Statement of the Main Result

In this section we list the assumptions on the interaction term f and state the main result. Firstly, we recall
that the definition of admissible pair [2].
Definition 2.1. Fix d =2n, n>1.We say thata pair (q,r) of exponents is admissible if

()

ZSrSdZ—dZ(ZSr<oo,ifd=2). 3)

and

Remark 2.1. The pairs (oo,2) is always admissible, so is the [Zdz—dzj if d>2. The two pairs are

called the endpoint cases.
Secondly, let f eC(C,C) satisfy

f(0)=0, 4)
and
[ (u)=f (V)| <K(M)Ju-v], (5)
forall u,veC suchthat |u].[v|<M, with
» 4
K(t)<C,(1+t%), 0<a<d_2, (6)

where C, isa constant independent of t. Set
F()(0)=f (u(x)), ™

for all measurable function U anda.e. xeR">",
Finally, let us make the notion of solution more precise.

Definition 2.2. Let | be an interval such that 0e 1. Wesay that U isastrong H*-solution of (1) on |
if u eC(I,Hl(Rd )) satisfies the integral equation

u (t) _ e—itLuO _ iJ’(:e—i(t—s)L f (u (s))ds . (8)

forall tel, where L=-A,+A,.
The main result is the following theorem:
Theorem 1. Suppose n>1. Let f eC(C,C) satisfy (4)-(6). If f (considered as a function R® — R?)

is of class C', then the Cauchy problem (1) is locally well posed in H!(R®). More specially, the following
properties hold:
(i) Forany R>0 thereexistsatime T=T(d,«,R)>0 andconstant c=c(d,a) such that for each u,

in the ball B = {(pe Hl(Rd)Z"¢"H1(Rd) < R} there exists a unique strong H*-solution U to the Equation

(1) in C([—T,T],Hl(Rd)) such that

()
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||U||Lw((_T,T),H1(Rd ) +||“||Lq((_T,T),Wn(Rd )< °||Uo||H1(Rd) ’ ©)
where r=a+2, and (q, r) is an admissible pair.
(i) Themap u, — u is continuous from B, to C([—T,T], H (R ))
(iii) For every u, e Hl(Rd ) the unique solution u is defined on a maximal interval (-T T, ), With
Toox = Toax (Ug) €(0,0] and T =T (Uy) €(0,00];

(iv) There is the blowup alternative: If T, <o, then ||u(t) i (R) —>+o as t /T, (respectively, if

T <o, then |u (t)||H1(Rd) — 40 as t\,-T ).
Remark 2.2. It follows from Strichartz estimates that
u € L}|,0C ((_Tmin ’Tmax ) ’lep (Rd )) ?

for any admissible pair (7, 0).
Remark 2.3. For the Schrédinger equations, the similar results hold [2]. It implies a fact that the ellipticity of
the operator —A, —A, is not the key point in the local well-posedness problem.

3. Strichartz Estimates

In this subsection, we recall that the Strichartz estimates. Let (5,77) denote a general Fourier variable in R*",

E=(& &), n=(m,--m,). Let L=—A,+A, then by Fourier transform(denoting by F or ) we
have

Lu=7"*((l& I )a). (10)

forany ueH? (RZ”). It is easy to verify that the L is a self-adjoint unbounded operator on L (Rz”) with
the domain H? (RZ”). Then, by Stone theorem we see that e™

e can be expressed explicitly by Fourier transform.

p=F" (e"(éz"z)é)j , (11)

is an unitary group on L (RZ”) . Moreover,

forany @eL?(R*"). By the direct compute, we conclude

—i\x—x'\z i\y—y'\z

e M op(x,y)dxdy’. (12)

(e“Lgo)(x, y) _

R e
(4nilt])’ fe
itL

The following result is the fundamental estimate for e™.
Lemmal.If pe[1,2] and t#0, then e maps L (Rd) continuously to Lp'(Rd) and

"e“L(p"LP’(Rd ) = (47t M)*”‘[;*g) "@"LP(Rd ) (13)

where p’ is the dual exponent of p, defined by the formula l+i,:1.
p P

Proof. For the proof please see [3] or [4]. o
The following estimates, known as Strichartz estimates, are key points in the method introduced by T. Kato

[5].

Lemma 2. Let (q,r) and (g,F) be any admissible exponents. Then, we have the homogeneous Strichartz
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estimate
"em_¢ Lq(]R‘L'(]Rd )) g’dquf "q)"LZ(]Rd) ! (14)
the dual homogeneous Strichartz estimate
”,[ eim_ I_z (r4) Sa.ar ||¢||Lq R (R )) (15)
and the inhomogeneous Strichartz estimate
t i(t—s)L < - N
HLF ¢(S)dS Lq(JYLr(Rd)) ~5d,q.r,q,7 "¢"|_“‘(J,|_r (Rd ))’ (16)

for any interval J and real number t,.
Proof. For the proof please see [3] or [4] in the non-endpoint case. On the other hand, the proof in the
endpoint case follows from the theorem 1.2 in [6] and the lemma 1 in the present paper. o

4. The Proof of Theorem
Proof. Let y eCy’(R®) besuchthat y(z)=1 for |z/<1 and x(z)=0 for |z|>2. Setting
fi(z)=x(2)f(2),
f.(2)=(1-2(2)) 1 (2),
one easily verifies that forany z,weC
|fl(z)—fl(w)|§a|z—w|,

" " @an
|1, (2)- f,(w)| <, (|z| +|w| )|z—w|.
Set f,(u)(x)=f, (u(x)) for 1=1,2. Using (17), we deduce from Hélder’s inequality that
” fl(u) "l_2 Rd Se "U V”L2 Rd
3 (18)
|2 (u)~ 1, (v) () N ("”"u(Rd) +|v Lr(Rd)j"“ V)
And it follows from Remark 1.3.1 (vii) in [2] that
"Vf ”L2 ]Rd Na "Vu"L2 "
(19)

[V ()l ) Sl e ||VU
(=)

L' ]Rd)

We now proceed in four steps.
Step 1. Proof of (i). Fix AT >0, to be chosen later, and let r=a+2, g be such that (g,r) is an ad-

missible pair, and set | =(-T,T). Consider the set

E= {u el (I’ Hl(Rd ))n L (I’ler (Rd )) : ||u||L°°(I,H1(Rd)) <A ||u|||_q(|,wlv’(ﬂkd)) <Ap (20)

equipped with the distance
d (u,V) = "u _V||L°°(I,L2(Rd )) +"u _V"Lq(l,L’(Rd )) : (21)

We claim that (E,d) is a complete metric space. Indeed, let {uk}IKZl < E be a Cauchy sequence. Clearly,

{u},., is also a Cauchy sequence in L°°(I,L2(IRid )) and L“(I,L’(IR%d )) In particular, there exists a

()
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function ueL” (1,1 (R*))NLY(1,L"(R*)) such that u, —»u in L"(1,L°(R*)) and L*(1,L'(R?)) as
k — . Applying theorem 1.2.5 in [2] twice, we conclude that

wel”(1H (RY))NL (Lw' (R)),
and that

"u”L I Hl(Rd)) <liminf "uk" H(R )) <A

k—o

"u”Lq |W“(Rd)) <liminf "uk "Lq IWl'(]Rd)) <A

k—o0

thus, u, »u in E as k— .
Taking up any u,veE. Since f, is continuous LZ(Rd)»LZ(Rd), it follows that fl(u):l—>L2(]Rd)

is measurable, and we deduce easily that f,(u)e Lw(I,LZ(R")). Similarly, since f, is continuous

Lr(IR{d)—> L"(Rd), we see that f,(u)e L“(I,L"(Rd )) Using inequalities (18) and (19) and Remark
1.2.2 (iii) in [2], We deduce the following:

f(u)e (1, HY(R)), f,(u) e L* (1w (R?)),
€l ) S Il ey
[ (u ||Lq.w1 () e [0 10 e
and
[ ()= 1, (V)"Lw(.,g(Rd)) S 0= 2
[ (u)- 1. (V)”Lq(.,u'(Rd ) e ("U"[ix(l,u(ﬂgd ) +||V||tw(.,Lr(Rd))j||” “Vafo (e

Using the embedding Hl(Rd)H Lr(Rd) and Holder’s inequality in time, we deduce from the above
estimates that

a9-q'
"f "L1 I, H1 ]Rd +||f "Lq |W“(R“)) Nd a [T +T j(l—i_ AQ)A’ (22)
and
q-q
" fl(u) "L1 I, |_2 R“‘ +||f f ”Lq L (Rd)) Nd “ [T T J(1+ Aa)d (U,V). (23)
Given u, Hl(Rd). Forany ueE, let H(u) be defined by
H(u ey, —i j e (9 ds. (24)
It follows from (22) and Strichartz estimates (lemma 2) that
H(u)eC([-T,T],H (R ))NLE ((-T,T) W (RY)), (25)
and
a-q
"H ” LHY( Rd +||H )"Lq(l,Wl'r(]Rd )) < Cl(d’a)["uf)"l-al(R“) +[T +T ](1+ Aa)A]' (26)
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Also, we deduce from (23) that

9-q'

[ (u)=H(v)]. (12(e5) +|H(u) (v)"Lq(ler(Rd))SCl(d,a)[T+T o j(l+A")d(u,v). (27)

Finally, note that q>q’. We now proceed as follows. For any R 2||u0||H1(1Rd), we set A=2C,(d,a)R,

andwe let T=T(d,a,R) be the unique positive number so that

(28)

I\)IH

a-q
Cl(d,a){T +T ](1+ A) =
It then follows from (26) and (28) that for any u, By

[¢(u)

1 1
L°°(I H1 Rd +||H ||Lq(I,W1*’(]Rd )) < Cl(d’a)"u0||H1(]Rd) +EAS Cl(d’a) R +EA= A (29)
Thus, H(u)eE and by (27) we obtain
d (H(u),H(v))s%d (u,v). (30)

In particular, H is a strict contraction on E. By Banach’s fixed-point theorem, 7 has a unique fixed
point ueE; that is u satisfies (8). By (25), u=H(u)eC([—T,T],Hl(Rd)). By the definition 2.2, we
con- clude that u is a strong H*-solution of (1) on [-T,T]. Note that T(d,a,R) is decreasing on R,
then the estimate (9) holds for ¢=2C,(d,) by letting R =]u,],. {(29) in (29).

For uniqueness, assume that u,v are two strong H*-solution of (1) on [-T,T] with the same initial value
U, - Then, we have

V() =-[E L £ (u(s) - f (v(s))]os (31)

For simplicity, we set

= |'[e’ItS [ (s))-fi(v(s ))]ds,

for 1=12, and w=u-Vv. For any interval J —(-T,T), by (18) and Strichartz estimates (16), then we
obtain

”Wl"L*(J,LZ(Rd )) +"W1"L‘4(J,U(Rd )) St " fl(u)_ f, (V)"LI(J’LZ(Rd )) St ”W”Ll(J,LZ(R“ )) (32)
Similarly, for w, we have

||W2 ||L°°(J‘L2(]Rd )) +"W2 ||Lq(J,L'(Rd )) dea ” f, (LI)— f, (V)||Lq'(J,L"(R" ))

} } (33)
fsd,a (”u"L"C(I,Hl(]Rd )) +||V|||;"’~‘(|,H1(Rd ))j"W”Lq'(J,U(R“ )) '
Note that w=Ww, +W,. Then, it follows from that
"W"L*(J,LZ(R" )) +||W||Lq(J,Lr(Rd )) <G, (1+ B)("W"Ll(J,LZ(Rd )) +||W||Lq'(J,Lr(Rd ))j ' (34)

where the constant B:”u"(zm(l,Hl(Rd))+||V||¢If°°(l,H1(Rd)) and the constant C, is independent of J by above

inequalities. Note that g’ <, we conclude that w=0 by the lemma4.2.2in[2]. So u=V.
Step 2. Proof of (ii). Suppose that ué") — U, in By as k—o. By the part (i), we denote u, and u by
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the unique solution of (1) corresponding to the initial value u((,k) and U, respectively. We will show that
u —u in C([—T,T],Hl(Rd)) as k — . Note that

e (t)-u(t) =™ (uf? —ug )+ H(u )~ H(u), (35)

and the estimate (29) which implies that (27) holds for v=u,. Note that the choosing of the time T in (28),
it follows from (27) with (30) that

d (Uk!u) Sd,a ul(Jk) —Uy

ey T8 00) (36)

Hence, we have

"uk _u"Lx((—T,T),LZ(]Rd )) +"uk _u"m((q,n,u(md )) Sd.a u((Jk) —Ug LZ(JRd)' (37)
Next, we need to estimate ||V(uk—u) . ,.an. Notethat V commutes with e™  and so
L ((—T,T),L (r ))
vu(t)=e™vu, - |Ie i(t-s) V£ (u(s))ds. (38)
A similar identity holds for u,. We use the assumption feCl(Rz,Rz), which implies that
Vf(u)=f'(u)Vu, where f'(u) isa 2x2 real matrix. Therefore, we may write
V(u, —u)(t)=e™Vv(u i[e) (u,—u)ds
(u—u)(t) ="V (uf" ) i, (—u) )
—|je’Il ) )-f'(u ))Vuds.

Note that f, and f, arealso C', sothat f’=f/+f,, and from (17) we deduce that |f;(z)<C, and

| fz'(z) <. |z|“ forany zeC andsome constant C,. Therefore, arguing as in Step 1, we obtain the estimate

"v(uk _u)"L“’((—T,T),LZ(]Rd )) +"v(uk _u)"Lq((—T,T),L'(Rd ))

Sd,a |: _UO)

?(rY) +T "V(uk _u)

L7((-TT)L2(RY))

q—q'
+T 1 "uk ||L°° -T.T),L2 nzzd ”V u)”Lq((,T,T),,_r(Rd )) (40)
+ "( i (uk )_ i (U)) u Ll((—T,T),Lz(]Rd ))
+||( f2 (u)=f (u V ” B8 Lr(]Rd)):|
By choosing T =T (d,a,R) as (28) and noting that u, B, from (40) we obtain that
”V(uk _u) L”((—T,T),LZ(JRd )) +||V(uk u)"Lq((—T,T),L'(Rd ))
Sdw { Uék) _Uo) 2(re) Jr"( f/(uy )~ fl’(u))vu (T m(sd)) (41)

(£ (u) - £5( vU||

ar uw»}

There, if we prove that
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[GACHESAD))
as k — oo, then we have
"V(uk -u)

as k — oo, which, combined with (37), yields the desired convergence. we prove (42) by contradiction, and we
assume that there exists &, >0, and a subsequence, which we still denote by {u,} . such that

L e RHCORRHC)

By using (37) and possibly extracting a subsequence, we may assume that u, —-u a.e. on (—T,T)><]Rd

E(-Tm)2(r)) +|| ()= Vu" (T (R9)) -0, (42)

+[v (u -0, (43)

u)"Lq((—T ,T),L’(Rd ))

L”((-T ,T),Lz(Rd ))

|| uk —f

(( TT)U(R”)) 2 &,. (44)

and that there exists ve L°((-T,T),L"(R*)) such that [u,|<v ae. on (-T,T)xR". In particular, both
(f/(u)-f/(u))Vu and (f,(u)-f,/(u))Vu convergetoOae.on (-T,T)xR’. Since
(% (u)= F/(u)) Vu| < 2¢; [vul e L'((-T,T), L*(R?)),
and
(£, (u)- £ (w) vyl <, (|uk| +|uf” )|vU| (va+|u|“)|w|eLq'((_T,T),u'(Rd)),

we obtain from the dominated convergence a contradiction with (44).
Step 3. Proof of (iii). Consider u, e H* (Rd) and let

T (Up ) = sUp{T >0 there exists a solution of (1) on [0,T]},

Toin (Up ) =sup {T > 0: there exists a solution of (1) on [-T,0]}.

min
It follows from part (i) there exists a solution

uec(( T T )Hl(Rd)),

min !

of (1).
Step 4. Proof of (iv). Suppose now that T, <oo, and assume that there exist M <o and a sequence

t, /T Such that ”u(tj) Hl(Rd)sM. Let k besuchthat t +T(d,a,M)>T,, (u,). By part (i), from the

initial data u(t ), onecanextend u upto t +T(d,a, M), which contradicts maximality. Therefore,

Jut || Rl ast /T,
One shows by the same argument that if T, <o, then
Ju (t)”Hl(]Rd) —w,ast \ T . .
This completes the proof. o
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