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Abstract 
This paper introduces a parametric model of partially funded social security system and analyzes 
inter-generational distribution of consumption and welfare in an OLG general equilibrium. This 
paper specifically aims to examine the effects of transition toward more funded system on saving 
and capital accumulation. It is shown that an increase in intensity of fundedness increases capital 
accumulation unless the income effect from interest rate change outweighs other effects and ne-
gatively affects the total saving severely. By deriving closed form solutions for the variables, this 
paper finds that an increase in the intensity of fundedness increases saving but decreases con-
sumption, when population growth rate is greater than the net return to capital. This paper also 
finds that for a partially funded system, an increase in tax rate increases public saving but reduces 
private saving unambiguously, while the effects on consumption and capital accumulation are not 
conclusive. 
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1. Introduction 
This paper introduces a parametric model of a comprehensive social security system, by which different social 
security plans are represented via certain degrees of fundedness. As pointed out by many researchers including 
Feldstein, Kunze, and Kaganovich and Zilcha [1]-[3], the transition from an unfunded pension system to a fully 
funded or more funded one may be necessary due to the demographic change toward aging society1 in many 
developed countries. Based on this notion, this paper develops a model of a unified pension system that can di-

 

 

1Regarding social security with other consideration such as aging population, see Pecchenino and Utendorf, and others [4]-[12]. 
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rectly show the transition effect of the system on many variables related with welfare and growth2. This paper 
particularly assumes a generic social security system financed by a payroll tax but parameterized by the intensity 
of fundedness. Thus given any payroll tax rate, the funded portion is to be invested for the pension income of 
current young for their retirement years, while the remaining portion to be transferred to current old as their 
pension benefits. Zero fundedness specifies PAYG system, in which all taxed amount should be used to finance 
pensions for the current old. If it is the case of full intensity, then the scheme specifies fully-funded social secu-
rity system. Between these two extremes, there are many partially funded systems. By this model, it is possible 
to evaluate many types of national pension plans in which different combinations of funded and non-funded are 
allowed. 

With the unified social security system, this paper analyzes inter-generational distribution regarding con- 
sumption and welfare in general equilibrium. This paper specifically compares the saving, consumption, and 
capital accumulation under the three different social security systems, PAYG, Fully Funded, and Partially 
Funded and examines the effects of alternative system on these variables. One contribution of this paper is to 
derive closed form solutions for these variables so that direct comparison among different systems is made 
possible. The solution is based on the maximization problem of two-period intertemporal choice model in an 
environment of OLG production economy populated by young generations who work, consume and save and 
the old who consume out of their personal savings and/or public pensions. It is well known that a social security 
system gives the old generation opportunities to smooth out consumption stream over time. However there is 
crowding-out effect between private saving and public saving and the effect largely depends on the size of fun-
dedness. When the interest rate increases, given fundedness intensity, it increases public saving/transfer. But this 
in turn tends to decrease the incentive for private saving, while the private saving itself is subject to income and 
substitution effects in an inter-temporal choice when there is a change in interest rate. The result shows that in-
crease in intensity of fundedness increases capital accumulation under the condition that the total saving would 
not decrease a lot from income effect which outweighs substitution effect and others with higher interest rate. 
Likewise the increase in intensity increases private saving but decreases consumption, when population growth 
rate is greater than the net return to capital. This paper also finds that, for a partially funded system, an increase 
in tax rate increases public saving but reduces private saving unambiguously, while the effects on consumption 
and capital accumulation are not conclusive. 

2. The Model 
2.1. Environment 
Time is discrete. Consider an overlapping generation model for 0,  1,  2,  t =  , where each individual lives for 
two periods 1,  2,s =  i.e., the young who works, consumes and saves and the old who consumes. At each time 

tL  individuals are born and the population is grown at a rate of .n  Thus it is satisfied that ( ) 11t tL n L −= +  
and ( )0 1 .t

tL L n= +  Because the individuals live for two periods, at time t  there are tL  individuals who are 
in their first stage of life, i.e., young and ( )1 1t tL L n− = +  individuals who are in their second stage. Each agent 
is endowed with te  efficient unit of labor when young and earns income of t tw e , where tw  is the market de-
termined wage rate. When the agent is old, he consumes private saving from the first period, together with social 
security benefit. There is no labor income in the second period. The financial income at the second period from 
private saving is ( )1 1 11 t tr S+ ++ , where 1 1tS +  is the saving of young made at time t  for the next period and 

1tr +  is the market determined interest rate. Let 1tc  and 2 1tc +  be the consumption of an agent who is young at 
t  and old at 1.t +  There exist initial old agents who own capital stock and this capital stock 0K  is distri-
buted equally by all old individuals. Lastly, there is no bequest by the old and the economy is closed. 

Social Security System 
There is a government who implements a generic social security system financed by a payroll tax of tτ , para-
meterized by the intensity [ ]0,1φ ∈  of fundedness such that tφτ  is the portion to be invested for the future 
social security income of current young agents for their retirement years. This means that only a fraction of 
taxed amount is utilized for the benefit of retirement account holders, and the remaining portion ( )1 tφ τ−  is 
used to pay for benefits of the current old. Thus, under this system old individuals at time t  receive social se-

 

 

2Regarding the relationship between the size of an unfunded public pension system and economic growth, see Lambrecht, Michel, and Vidal 
[13]. 
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curity income of ( ) ( )( )1 1 11 1 1t t t t t t tr w e n w eφ τ φ τ− − −+ + − + , where tτ  is the social security tax collected from 
current young agents at time t  and t tw e  is their labor income3. Regarding pension plan, if 0,φ =  then this 
model specifies PAYG system, while if 1,φ =  the model implies Fully-Funded system. Between these two ex-
tremes, there stand many partially funded ones. 

2.2. Household’s Optimization 
Suppose that young households at time t  have time separable utility and choose consumption and saving level 
to maximize their lifetime welfare. Young agents born in period t  solve the following maximization problem 
in which the periodic utility is specified by CRRA4. 

( )
1 1
1 2 1

1 2 1Max ,
1 1

t t
t t t

c c
U c c

γ γ

β
γ γ

− −
+

+ = +
− −

                                 (1) 

subject to 

( )1 1 1 1t t t t tc S w eτ++ = −                                           (2) 

( )2 1 1 1 1 11t t t tc r S T+ + + += + +                                         (3) 

with 1 0,tc ≥  2 1 0tc + ≥  and the social security income 

( ) ( )( )1 1 1 1 11 1 1t t t t t t t tT r w e n w eφ τ φ τ+ + + + += + + − +                        (4) 

The second budget constraint shows that old households live on both private saving 1 1tS +  and public saving 
(or public transfer)5 1tT + . Solving the household problem yields the following saving 1 1tS +  by the young 
households at first period for the next. 

( ) ( )

( ) ( )

1

1 1
1 1 1

1 1

1 1

1 1

t t t t t
t

t t

r w e T
S

r r

γ

γ

β τ

β

+ +
+

+ +

 + − − 

 + + +

=



                              (5) 

with 1tT +  as defined in Equation (4). Notice that the saving is a function of both interest rate and wage rate, as 
well as other parameters. Plugging 1 1tS +  into the household budget constraints yields the following life time 
consumption profile. 

( )( ) ( )( )

( ) ( )
1 1 1 1

1 1

1 1

1 1 1 1

1 1

t t t t t t t t
t

t t

r w e n w e
c

r r γ

τ φτ φ τ

β

+ + + +

+ +

+ − + + − +
=

 + + + 

                           (6) 

( ) ( )( ) ( )( )

( ) ( )

1
1 1 1 1

2 1 1 1

1 1

1 1 1 1
1

1 1

t t t t t t t t
t t

t t

r w e n w e
c r

r r
γ

γ

τ φτ φ τ
β

β

+ + + +
+ +

+ +

 
+ − + + − +  = +   

  + + +  

             (7) 

This is the solution to the household maximization problem. Before we get equilibrium with production sector, 
we want to look for the immediate effect of φ  on the saving function assuming market interest rates and wage 
rates are given6. Later we look for the effect in a general equilibrium where all variables are adjusted and fur-
thermore in steady states so that the effect tells what would happen to the saving rate and other variables in the 
long run if we move away from non-funded pension program to funded one. From Equation (5), the partial de-
rivative w.r.t. φ  is 

( ) ( )

( ) ( )
1 1 1 11 1

1

1 1

1 1

1 1

t t t t t t tt

t t

n w e r w eS

r r γ

τ τ
φ β

+ + + ++

+ +

+ − +∂
=

∂
 + + + 

                           (8) 

 

 

3The government is assumed to be in balanced budget each time. 
4By this, it is satisfied that 0u′ > , 0u′′ <  and ( )0lim .c u c→

′ = ∞  
5We may want to use the term public saving for ( )11 t t t tr w eτ++  and public transfer for ( ) 1 1 11 t t tn w eτ + + ++ . 
6This implies we are getting the transition effect from a less funded system to more funded one in partial equilibrium. 
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That is, 1 1 0,tS
φ
+∂

∂
  which implies if ( ) ( )1 1 1 11 1t t t t t t tn w e r w eτ τ+ + + ++ > +  then as fundedness increases private  

saving by the young households increases. If all the rates are fixed over short period of time, this simply tells 
that when 1 1 ,n r+ > +  the saving increases. In other words, if population growth rate is higher than the interest 
rate, personal saving increases as we move toward more funded system. This is because their lifecycle income is 
reduced through lower transfer from young generation due to higher fundedness intensity. In fact, from the so-
cial security income equation ( ) ( )( )1 1 1 1 11 1 1t t t t t t t tT r w e n w eφ τ φ τ+ + + + += + + − + , as φ  increases the weight of 
second part of the RHS decreases and this would affect negatively on overall social security income because this 
part has greater portion in the equation when 1 1 .n r+ > +  Intuitively, with more funded system, young house-
holds need to save more because they cannot expect a lot through the transfer from future young generation 
when they are old. Also the total savings from both private and public ones will be increasing because, for the 
total saving defined by ( )1 1 1 1 11t t t t t tZ S r w eφ τ+ + += + + , the partial derivative is 

( ) ( )( )1 1
1 1 1 11 1 1 0t

t t t t t t t
Z

n w e r w eθ τ θ τ
φ
+

+ + + +

∂
= + + − + >

∂
                     (9) 

with 
( ) ( )

1

1 1

1 1.
1 1t tr r γ

θ
β+ +

= <
 + + + 

 This implies that regardless of system, higher fundedness intensity in- 

creases total saving, outweighing the possible decrease in private saving. Likewise as shown in Equation (10), 
the effect on consumption has the opposite direction and thus if ( ) ( )1 1 1 11 1t t t t t t tn w e r w eτ τ+ + + ++ > +  then the 
consumption decreases as fundedness intensity increases: 

( ) ( )

( ) ( )
1 1 1 11

1

1 1

1 1

1 1

t t t t t t tt

t t

r w e n w ec

r r γ

τ τ
φ β

+ + + +

+ +

+ − +∂
=

∂
 + + + 

                                 (10) 

which is greater or lower than zero depending on ( ) ( )1 1 1 11 1t t t t t t tr w e n w eτ τ+ + + ++ + . Of course, when labor in-
come is about the same over time, then the relative size of population growth rate to interest rate determines the 
direction of consumption change. This is mainly because the consumption is a function of lifecycle income and 
as explained above the income reduces as φ  gets higher when 1 1 .n r+ > +  Moreover, because 2 1tc +  is mo-
notonic to 1tc , the effect on consumption at second period remains the same. To explore the effect of payroll tax 

tτ  increase, we assume that the change in tax rate is permanent: 1 .t tτ τ τ+= =  Then for a fixed level of ,φ  

( ) ( )( ) ( )( )

( ) ( )

1
1 1 1 1

1 1
1

1 1

1 1 1 1
0

1 1

t t t t t t
t

t t

r r w e n w eS

r r

γ

γ

β φ φ

τ β

+ + + +
+

+ +

 + + + + − + ∂
= − <

∂
 + + + 

              (11) 

This implies that given fundedness intensity, as public saving and transfer increase, the young household’s 
incentive for personal saving decreases. Similarly 

( ) ( ) ( )

( ) ( )
1 1 11

1

1 1

1 1
1

1 1

t t t t tt

t t

n w e r w ec

r r γ

φ
τ β

+ + +

+ +

+ − +∂
= −

∂
 + + + 

                                   (12) 

Thus 1 0,tc
τ

∂
∂

  which explains that given a partially fundedness intensity level 0 1,φ≤ <  a higher tax rate  

gives higher consumption among young agents when ( ) ( )1 1 11 1t t t t tn w e r w e+ + ++ > + . This is because when the 
condition is satisfied, the overall lifecycle wealth level is increased7. Notice that when 1,φ =  the tax is neutral  

on consumption: 1 0.tc
τ

∂
=

∂
 This also can be explained by the intertemporal budget constraint with 1φ = : 

2 1
1

11
t

t t t
t

c
c w e

r
+

+

+ =
+

. 

 

 

7The intertemporal budget constraint is ( ) ( ) ( )1 1 12 1
1

1 1

1 1
1 .

1 1
t t t t tt

t t t
t t

n w e r w ecc w e
r r

φ τ + + ++

+ +

+ − +
+ = + −

+ +
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2.3. Technology and Perfect Foresight Equilibrium 
We assume that the production technology is the same as in the Ramsey model8 and CRS with Inada condition is 
satisfied. For simplicity, let us assume that there is no technological progress. Specifically let the functional 
form of the technology be 

( ) 1,t t t t tY F K L K Lα α−= =                                    (13) 

Competitive market equilibrium induces each factor price to be paid out its marginal productivity. 

( ) 1
t t tr f k kαδ α δ−′= − = −                                  (14) 

( ) ( ) ( )1t t t t tw f k k f k kαα′= − = −                             (15) 

where t
t

t

K
k

L
=  and ( ) ( ),1 .f k F k≡  Capital accumulation should meet economy-wide saving level at equili-  

brium. In the model there are two channels of saving: private saving by households and public saving through 
payroll tax. The capital stock at t+1 is the amount saved by young individuals at period t plus the amount in-
vested at t  for social security income for period 1.t +  Because from all social security tax collection, only 
portion φ  is saved and ( )1 φ−  is allocated to the current old for their retirement benefit, the market clearing 
condition implies 

( )1 1 11t t t t t t t tK L S r L w eφτ+ + += + +                              (16) 

where the saving for time 1,t +  i.e., 1tS +  is a function of tw  and 1tr +  and the interest rate is assumed to be 
the same in both components of private and public saving. Dividing both sides by tL  returns the following ex- 

pression in capital per labor, t
t

t

K
k

L
= : 

( ) ( )1 1 11 1t t t t t tn k S r w eφτ+ + ++ = + +                            (17) 

Substituting 1tr +  and tw  into the above, together with letting 1 1t te e += =  generates the following law of 
motion: 

( )
( ) ( )
( ) ( )

( )
1

1 1
1 11

1 1

1 1
1 1

1 1
t t t t

t t t t

t t

r w T
n k r w

r r

γ

γ

β τ
φτ

β
+ +

+ +

+ +

 + − − + = + +
 + + + 

                    (18) 

where ( ) ( )( )1 1 1 11 1 1t t t t t tT r w n wφ τ φ τ+ + + += + + − + . Replacing the variables defined above ( 1tr + , tw  and 1tT +  
equations) into the law of motion generates the following relationship among the variables9:  
( ) ( )1 1 11 , , , :t t t t tn k m k k τ τ φ+ + ++ = . For the case of ( )( ) logu c c= 10 and 1 ,t tτ τ τ+= =  the equation returns to 

( )
( )

( )
( )

( )( )
( )( ) ( )1 1

1 11
1

1 1 1 1
1

1 1 1 1
t

t t t t
t

n n k
k k k k

k

α
α α α

α

β τ φτ φ τ
α δ φτ

α β β α δ
+ −

+ +−
+

+ − − − +
= − + + −

− + + + −
            (19) 

Before we study long run result through steady states from this equation, we want to revisit the question re-
garding the effect of φ  and τ  on the saving function and capital accumulation, but in equilibrium with all 
adjusted variables. From the market clearing condition (17), for 1t tτ τ τ+= =  

( ) ( )1 1 1 11 1t t t t tn k S r w Zφτ+ + + ++ = + + ≡                             (20) 

where 1tZ +  is the total saving defined in previous section. Because  
( ) ( ) ( ) ( )( )1 1 1 1 1, , : , , , : ,t t t t t t tZ f r w w f r k w k w kφ τ φ τ+ + + + += =  Equation (20) determines 1tk +  as an implicit func-

tion of tk , φ , and .τ  To get the effect of φ  and τ  on other variables, we need to derive all the partial de-
rivatives from the equation. Thus, the total differentiation from Equation (20) gives 

 

 

8The Ramsey model implies a representative firm in a decentralized economy with profit maximization of the following: 
( ) ( ),i i i i iF K L r K wLπ δ= − + − . 

9This is because ( ) ( ) ( ) ( )1
1 1 1 11 1 1 (1 ) .1t t t t t tT k k n kα α αφ α δ τ α φ τ α−
+ + + += + − − + − + −

 
10This implies 1γ =  in CRRA. 
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( ) ( ) ( )

( )

1 1
1 1 1

1 1 1
1 1

1 d d d

d d d

t t
t t t t t

t t t
t t

Z Z
n k r k k w k k

r w
Z Z Z

w k k
w

φ τ
φ τ

+ +
+ + +

+ + +
+ +

∂ ∂′ ′+ = +
∂ ∂
∂ ∂ ∂′+ + +
∂ ∂ ∂

                  (21) 

Then each of the partial derivatives is represented by the notation of 
( ) ( )1

1
1

1

1 1t tr r
γθ

β+ +

=
 + + + 

 as fol- 

lows. Keep in mind that 0 1.θ< <  

( )( )1

1

1 1 0t

t

Z
n

w
θ φ τ+

+

∂
= − − + <

∂
                                      (22) 

( ) ( ) ( )( )1 1
1 11 1 1 1 0t

t t
t

Z
r r

w
γ

θ τ β θ φτ+
+ +

∂
 = − + + − + > ∂

                  (23) 

Given a value of fundedness intensity ,φ  the total saving increases when current income increases while it 
decreases with higher future income. But φ  itself increases total saving as seen in Equation (9): 

( ) ( )( )1 1
1 11 1 1 0.t

t t t
Z

n w r wθ τ θ τ
φ
+

+ +

∂
= + + − + >

∂
 Unlike these three, two other derivatives, 1tZ

τ
+∂

∂
 and 1tZ

r
+∂

∂
  

are not deterministic. 

( ) ( )( ){ } ( )( )1
1 1

1
11 1 1 1 1t

t t t t t
Z

r w n w r w
γ

θ β φ θ φ
τ
+

+ + +

∂
 = − + + − + + − + ∂

            (24) 

This shows that an increase in tax reduces private saving but increases public saving. The overall direction 
depends on the relative strength. Even more complicated effect comes from the interest rate change due to trade-  

off between income and substitution effects, as well as lifecycle wealth change. That is, 1 0tZ
r
+∂

∂
 11. When the  

interest rate increases, given fundedness intensity, it increases publicly saved amounts through 1tT + . However, 
increased 1tT +  tends to decrease the incentive for private saving, while the private saving itself is subject to in- 

come and substitution effects in an inter-temporal choice when there is an increase in the price, i.e., 
1

1
1 tr +

−
+

.  

Together with these, it is also true that ( ) ( ) 21 0t t tr k kαα α −′ = − − <  and ( ) ( ) 11 0.t t tw k kαα α −′ = − >  Collecting 
all the components, the overall effects of φ  and τ  on 1tk +  in adjusted variables are 

( ) ( ) ( )

1

1

1 1
1 11

t

t

t t
t t

Z
k

Z Zn r k w k
r w

φ
φ

+

+

+ +
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∂
∂ ∂=
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                          (25) 
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τ
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∂
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                          (26) 
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( )

( ) ( ) ( )

1

1

1 1
1 11

t
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t

t tt
t t

Z w kk w
Z Zk n r k w k

r w

+

+

+ +
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∂ ′∂ ∂=
∂ ∂∂ ′ ′+ − −
∂ ∂

                            (27) 

Because it is satisfied that 1 0tZ
w
+∂
<

∂
 and ( )1 0tw k +′ >  if 1tZ

r
+∂

∂
 is positive then all the denominators are 

positive. Even though it is negative, if it is not too big in absolute value so that it is satisfied 

( ) ( ) ( )1 1
1 11 t t

t t
Z Z

n w k r k
w r
+ +

+ +

∂ ∂′ ′+ − >
∂ ∂

 then we have positive denominators for all the cases and thus direction 

of changes solely depends on the numerators. If this is the case here, then it is straight forward to have  
1 0tk

φ
+∂
>

∂
 and 1 0.t

t

k
k
+∂
>

∂
 For the case of 1tk

τ
+∂

∂
 because 1tZ

τ
+∂

∂
 is not deterministic, the overall result is am- 

biguous. 

3. Long-Run Equilibrium 
In this section, we explore the long-run effect of transition toward more funded system by analyzing the change 
of variables at steady states. We start with the law of motion in Equation (19) steady states and analyze the ef-
fect of parameter change on the main variables studied above. Because of the implicit relation among variables, 
the Equation (19) does not generate closed form solutions for steady states. However, given a specific value of 

,φ  it is possible to obtain those solutions. In the Appendix, two closed form solutions are obtained with the 
main social security system: PAYG and Fully-Funded. Once the steady state capital level k∗  is obtained, all 
other steady state variables, such as steady state saving and consumption are determined. They are 

( ) ( )1
11 1

1 1
w nS

r
β τ φτ φ τ

β

∗

∗

+ = − − − − + + 
                                  (28) 

( ) ( ) ( )1
11 1 1

1 1
w nZ r w

r
β τ φτ φ τ φ τ

β

∗
∗ ∗

∗

+ = − − − − + + + + 
                      (29) 

( ) ( )1
11 1

1 1
w nc

r
τ φτ φ τ

β

∗

∗

+ = − + + − + + 
                                   (30) 

( )
( ) ( )2

1 11 1
1 1

w r nc
r

β
τ φτ φ τ

β

∗ ∗

∗

+ + = − + + − + + 
                              (31) 

where ( ) ( )1r r k k αα δ∗ −∗ ∗= = −  and ( ) ( )1 .w w k k αα∗ ∗ ∗= = −  Next is to analyze the long-run effect of the 
fundedness on saving rates, consumption, and capital accumulation. From the steady state saving equation (28), 
the partial derivative w.r.t. φ  is 

1

1 1
S w n r

r
τ

φ β

∗ ∗

∗

 ∂ −
=  ∂ + + 

                                      (32) 

It is straight forward that given steady state wage rate and interest rate, higher fundedness intensity increases 
private saving if the population growth rate is greater than the steady state net return to capital. Likewise if pop- 

ulation growth rate is lower than the net return, then the saving decreases: 1 0.
S
φ

∂
<

∂
 Regarding the effect on 

consumption, the opposite result is obtained because 

1

1 1
c w r n

r
τ

φ β

∗ ∗

∗

 ∂ −
=  ∂ + + 

                                      (33) 

To see the effect of φ  on capital accumulation, we need to get partial derivative of : .kk
φ
∂
∂

 Because the law of  
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motion is an implicit function of capital and fundedness intensity, we need to obtain this through implicit diffe-
rentiation: from Equation (19), the partial derivative w.r.t. φ  around the steady state capital is 

( ) ( ) ( ) ( )
( )( )

( ) ( )
( )( )

( )

21 1

1

2
2

21

1 1 1 1

1 1
0

1 11 1
1 1 1

k n k

kk

n kn k k
k

α α

α

α
α α

α

α δ β α δ

α δ β
τ

φ τ φ α
φτα α

α β α δ

− −

−

−
− −

−

+ − + + + − + −

+ − +∂
= >

∂  + −+  + + −  −  + + − 

                (34) 

for positive net rate because ( ) ( ) ( )
21 11 1 1 1 ,k n kα αα δ β α δ− −+ − + + + > + −  together with 1 0α− >  and 

1 0.φ− >  This finding implies that transition from less funded system to more funded one would increase capi-
tal accumulation in the long run. Let us turn to the effect from tax rate change. What would happen to saving, 
consumption and capital accumulation if the tax rate increases given any fundedness intensity? Again from the 
saving function (28), the long-run effect of tax rate change is 

( )1 11 0
1 1

S w n
r

β φ φ
τ β

∗

∗

∂ + = − + + − < ∂ + + 
                           (35) 

Regardless of intensity level, a higher payroll tax induces lower private saving in the long run. For the direc-
tion of consumption from tax rate is 

( )1 1
1 1

c w n r
r

φ
τ β

∗ ∗

∗

 ∂ −
= − ∂ + + 

                                     (36) 

which is positive if n r∗>  but negative if n r∗<  for all values of 0 1.φ≤ <  But at 1φ =  the fully funded  

system, it is true that 1 0,
c
τ

∂
=

∂
 implying consumption level does not depend on tax level, i.e., tax is not distort- 

ing. Overall, the effect on consumption is not conclusive. Finally, for the effect of capital accumulation, we 
again use implicit differentiation to get 

( ) ( )
( )

( )( )
( )( )

( )( )
( )( )

( )

1
1

2
2

21

1 1
1

1 1 1

1 11 1
1 1 1

n
k

kk

n kn k k
k

α
α

α
α α

α

β φ φ
α δ φ

β β α δ

τ φ τα
φτα α

α β α δ

−
−

−
− −

−

+ − +
+ − − −

+ + + −∂
=

∂  − ++  − + −  −  + + − 

                 (37) 

The result is ambiguous. However, for the case of 0,φ =  a higher tax rate increases capital level for  

( )
( )

1
11

1
0

1
k

αα τα
α

β
δ

− −
 −

+ 
< <  − 

 
 

 at steady states. Likewise for the case of 1,φ =  higher tax implies higher capital 

level when 
1

1
.0 k

αα
δ

− < <  
 

 

Comparison 
In this subsection, we specifically compare the three social security systems, PAYG, Partially Funded and Fully 
Funded, in terms of the three main variables at steady states. For this comparison, it is necessary to set the initial 
steady states of each system at the same level: PAYG PF FF.k k k∗ ∗ ∗= =  First regarding the saving, the three types of 
saving functions are 
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( )PAYG
1

11
1 1

w nS
r

β τ τ
β

∗

∗

+ = − − + + 
                                (38) 

( ) ( )PF
1

11 1
1 1

w nS
r

β τ φτ φ τ
β

∗

∗

+ = − − − − + + 
                         (39) 

( )( )FF
1 1

1
wS β τ τ
β

∗

= − −
+

                                       (40) 

Because the first terms in each of the equations are identical, we can focus only on the second terms: because 
( )1 0β+ >  and ( )1 0,n+ >  for all 0 1φ< <  it is true that if 1 1r n∗+ < +  

( )1 11
1 1

n n
r r

τ φτ φ τ τ∗ ∗

+ +
− < − − − < −

+ +
                              (41) 

implying PAYG PF FF
1 1 1 .S S S< <  Likewise, if the opposite is assumed, 1 1r n∗+ > +  then PAYG PF FF

1 1 1 .S S S> >  If 
the steady state population growth rate is greater than the steady state interest rate, then the households under 
Fully-Funded system save more. For a matured or stalled economy such as the case where there is little popula-
tion growth so that 1 1r n∗+ > +  it is easy to see that the households under PAYG system save more. And for a 
special case of 1 1n r∗+ = +  all of the three systems give the same saving rate for all 0 1.φ< <  In a dynamic 
system, however, this condition may be interpreted in terms of capital stock. That is, what would be the steady 
state capital stock under which all the three social security systems generate the same saving rate regardless of 
intensity of fundedness. To see this we need to get capital level which makes the three saving functions are equal to 
each other or simply the capital level that makes n = r∗  from above argument. Because 1r kαα δ∗ −= −  the 
identity condition yields ( )11 1 .n k αα δ∗ −+ = + −  Therefore, the steady state capital that generates the same sav-
ing rate is 

1

k
n

αα
δ

−
∗  =  + 

                                   (42) 

Next is the capital accumulation. Because of the interdependence of many variables, it may not be possible to 
get the direct comparison of steady state capital level among the different systems. Instead we want to demon-
strate this numerically. Thus for the parameters of { } { }, , , , 0.33,0.9,0.1,0.1,0.1nα β δ τ = , the steady state capi-
tal level is obtained in Figure 1. 

The capital level in graph appeals to the intuitive notion that fully funded social security would give an eco- 
nomy a higher incentive to accumulate capital. Finally, we want to compare the welfare of the households in 
each system. Because we assume log utility and this function is monotonic in consumption, the first period con-
sumption determines the relative value of the utility. From Equation (30), we obtain the relationship among the 
steady state consumption profiles of the three social security plans. It may be convenient to describe both the 
PAYG consumption and Partially Funded consumption in term of the one in the Fully Funded system. Thus we 
have 

( )
( )( )

PAYG FF
1 1 1 1

w n r
c c

r

τ

β

∗ ∗

∗

−
= +

+ +
                               (43) 

( ) ( )
( )( )

PF FF
1 1

1

1 1

w n r
c c

r

φ τ

β

∗ ∗

∗

− −
= +

+ +
                              (44) 

Therefore, at steady states, if ,n r∗>  then for all 0 1φ< <  it is true that PAYG PF FF
1 1 1c c c> > . Also, if n r∗< , 

then PAYG PF FF
1 1 1c c c< <  for all 0 1.φ< <  In fact, the same ranking applies to the second period consumption 

because 

( ) ( )PAYG FF
2 2 1

c c w n rβ τ
β

∗ ∗= + −
+

                           (45) 

( ) ( )
( )

PF FF
2 2

1

1

w n r
c c

β φ τ

β

∗ ∗− −
= +

+
                           (46) 
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Figure 1. Steady state capital: the red curve is from 1,φ =  the blue one from 1 2,φ =  
and the black one from 0.φ =  The green line is at 1t tk k+ = .                             

 
This implies that if the long term population growth rate is higher than the steady state net return to capital, 

then because the PAYG consumption in both periods is greater than the one in Fully Funded, PAYG utility is 
greater than the Fully Funded utility12, i.e., ( ) ( ) ( )PAYG PF FF

1 2 1 2 1 2, , , .U c c U c c U c c> >  However for the econo-
my with low population growth rate, the overall result is ambiguous. 

4. Conclusion 
This paper develops a model of a unified social security system by which different social security plans are re- 
presented via certain degrees of fundedness and analyzes the inter-generational distribution of consumption and 
saving in general equilibrium. This paper specifically examines the effect of transition toward more funded sys-
tem on capital accumulation. The result shows that as we move toward more funded system, the capital accu-
mulation tends to increase as the total saving from both private and public savings increases. Only if the income 
effect from interest rate change is so strong to make the total saving decreases severely, then the more funded 
system may not produce this outcome. Also increase in the intensity of fundedness increases saving but de-
creases consumption, when population growth rate is greater than the net return to capital. This paper derives 
closed form solutions and demonstrates the direct effect of parameter change on many variables under different 
social security plans: given a partially funded plan, an increase in tax rate increases public saving but decreases 
private saving unambiguously, while the effect on consumption and capital accumulation are not conclusive. 

 

 

12 PAYG FF
1 1c c>  and PAYG FF

2 2c c> , thus ( ) ( )PAYG FF
1 2 1 2, , .U c c U c c>  
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Appendix 
Steady States in Closed Form 
The closed form solutions of steady states are obtained from the law of motion (19), setting 1 .t tk k k+= =  Let 
the payroll tax rate be constant, tτ τ=  for all .t  Then under the PAYG social security system in which 0,φ =  
the steady state condition implies 

( )( ) ( )
( )( )

1
1

1

1 1 11
1 1 1

k nn k
k

α
α

α

β τ α δ τ

α β α δ

−
−

−

− + − − ++
=

− + + −
.                         (A1) 

By rearranging, the closed form solution is obtained by ( )2 1 1 0,Ak Bk Cα α− −+ + =  with coefficients: 

( )( )
( ) ( )( ) ( ) ( )( )
( )( )( )

1 1

1 1 1 1 1 1

1 1 1

A

B n n

C n

αβ α τ

α β τ δ τ α β

δ β

= − −
 = − − − − + − + +   


= − − + +

 

The steady state is obtained at the capital level of 
1

12

PAYG
4

2
B B ACk

A

α
−
−

∗
 − ± −
 =
 
 

                              (A2) 

Under the Fully-Funded social security system where 1,φ =  the law of motion returns to 

( )1 11
1 1

n k kα αβ α δ τ
α β

− − +
= + − − + 

                            (A3) 

Rearranging to get 

( ) ( ) ( ) ( )( )( ) 12 1 11 1 1 1 1 0k k nα ατα β β δτ β β α −− −+ + − + − + + − =                  (A4) 

Thus we get the following closed form solution: 

( )( ) ( )( ) ( ) ( )( )( )( )
( )

1
12 1

FF

1 1 4 1 1 1 1

2 1

n
k

α
τ β δ β τ β δ β τ β α β α

τ β α

−
−−

∗

 + − ± + − + + + + − 
=  + 
 

       (A5) 
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