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Abstract

Several new integral inequalities are presented via new ideas.
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1. Introduction

In [1] the following result was proved

Theorem 1.1. If f >0 is continuous function on [0,1]

such that
1 1
[ f(t)dt > [tdt, wxe[0,1] (1)
then
1 1
[t (x)dx > [x* f(x)dx, Ya>0 (2)
0 0

and the following question was posed.
If f satisfies the above assumption, under what addi-
tional assumption can one claim that
1 1
[t (x)dx > [x* £7(x)dx, Va, >0 (3)
0 0
The following result as well, was achieved in [2]
Theorem 1.2 If f >0 is a continuous function on
[0,b] satisfying

b b
[fe(t)dt=[t“dt, b>0, vxe[0,b] (4)
then
b b
[t (x)dx = [x“ £7(x)dx, VB>0. (5)
0 0
In their roles, Zabadan [3] and Hoang [4] generalized the
previous results by introducing the following theorems
respectively.
Theorem 1.3 Suppose f, gel'[ab], f,g>0, g

is non-decreasing. If

Tf(t)dtz}g(t)dt, vxel[ab],  (6)
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then
b

o7 (x)dx >

a

f*(x)g” (x)dx,Va, 20, a+B21(

D — T

7)

Theorem 1.4 Suppose fel'[ab], geC'[a,b]
f,g>0, g is non-decreasing. If

X ey T

f(t)dt > }g(t)dt, vx e|[a,b],

then Va,8>0, a+ =1 the following integral ine-
quality holds

T o7 (x)dx = ;f f(x)g” (x)dx.

a

The object of this paper is to prove some of the above
results via simpler methods as well as to present some
other new results.

2. Results

We start with the following:
Lemma 2.1 Let ¢>0 is non-decreasing on [a,b],
If

T¢(t)dt >0, Vxe[a,b], (8)

X

then

b

I¢(x)¢(x)dx >0. 9)

a

If (8) reverses, then (9) reverses.
Proof.
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Therefore

oo >
.

being the sum of two non-negative terms.
Lemma 2.2. Let ¢ >0 isnon-increasing, If

T¢(t)dtz 0, Vxe[a,b], (10)

then
b

[ (x)(x)dx 0. (11)

a

If (10) reverses, then (11) reverses.
Proof.

by

T{ﬂ'(X)@W)dtde=[¢(x)i¢(t)dt} ~[o(x)g(x)dx

a a a

Therefore

b

Jo(x)g(x)ax = —E(P'(X)[Tﬂt)dtde

+ ¢(b)}¢(t)dt >0,

being the sum of two non-negative terms.

The following two results are similar to theorem 1.4
and proved via short simple methods:

Theorem 2.3 Let f, g>0 defined on [ab], f is
non-decreasing. If

Jq f7(t)dt = Tgﬂ(t)dt, vxel[ab], (12)

then
b
J' f a+p (

X)dx > T fe(t)g” (t)dt,e >0, (13)

Proof. The proof follows from Lemma 2.1 by putting

Copyright © 2011 SciRes.

p(x)=17(x), #(x)=1"(x)-9"(x).
Theorem 2.4 Let f, g>0 defined on [a,b], g is
non-decreasing. If (12) is satisfied with g replaced by
a , then (13) is satisfied for «, 8 > 0.
Proof. By putting ¢(x)=g"(x), ¢(x)=f(x)
—-g“(x) inLemma 2.1, we get

.Tf“(x)g"(x)dxz}g‘””(x)dx. (14)

Now making use of the arithmetic-geometric inequality,
we have for «, > 0.

@ gen ()1 L
a+f a+pf

The above inequality, via (14) implies

ga+/f(x) > fa (x)gﬂ(X),

b
ajf“*”(x)dx

>(a+p)| £° (x)gﬁ(x)dx—ﬂj:g“ﬂ(x)dx

x)dx—ﬁzf“(x)gﬁ(x)dx

The theorem follows.

The coming two results are new:

Theorem 2.5 Let f, g>0 defined on [ab], f is
non-decreasing. If

Tf*" (t)dt > Tg*ﬂ (t)dt, (15)

then
b

Jf“’ﬂ(x)

a

dszf”‘(t)g*ﬂ(t)dt, a, f=0, (16)

Proof. The proof follows from lemma 2.1 by putting
o(x) = 17(x), ¢(x)=17(x)-g7"(x).

Theorem 2.6 Let f,g>0 defined on [ab], f is
non-increasing. If

jf/”(t)dt > jgﬂ(t)dt, 17
then

[er (x)de 2

» —_—y

f“(t) g’ (t)dt, >0, (18)

Proof. The proof follows from lemma 2.2 by putting

o(x) = 17(x), $(x)=1"(x)-9"(x).
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Theorem 2.7 [4] Suppose f,g >0,
creasing. If

g is non-de-

X C— T

f(t)dt > Tg(t)dt (19)

then Va>1, >0, the following integral inequality
holds

Tf‘””’(x)dxzif“(x)gﬂ

a

Proof. On putting ¢(x)=g“"(x), ¢(x)="f(x)
—g(x) inlemma 2.1, we obtain

b b
jf(x)g“’l(x)dxzjg“(x)dx. (20)
By the AG inequality, we have, for « >1,
1 a-1
- fa ©® e > f a-1 .
— £ ()+ =g (x) 2 ()9 (x)

The above inequality, via (19) implies for « >1,

D — T

f”(x)dx—ig"(x)dx

za[
za[

By the AG inequality again,

f (x)g“’l(x)dx—jlg“ (x)dxj (21)

a

DT @ — T

g“ (x)dx—Tg“ (x)dxj =0.

a

& g ()L
a+pf a+p

which implies

ga+ﬂ(x)2 f"(X)gﬁ(X),

h p ﬂ g 13
[ 7 (x)dx = jf dx+a+ jf x) dx

a+,6

OHﬁij dx+aﬂ jg“*ﬂ X)dx

> [ f“(x)g” (x)dx.

» —_—

All of the following results are new:

Theorem 2.8 Let f,g >0, fis non-decreasing such
that (15) is satisfied, then

jf’ﬂ(x)g“(x)dxzig“’ﬂ(x)dx, (22)

forall «,5>0.
Proof. As (*(x)—g”(x))(f*(x)-g7(x) <0,
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then
b

lga(x)(f’ﬂ(x)-g’ﬂ(x))dx
fo(x )(f‘”(x)—g‘ﬁ(x))dx.

But by Lemma 21 by putting ¢(x)=
#(x)=f7(x)—g~”(x), we obtain

zf“(x)(fﬂ

then, the result follows:

Theorem 2.9 Suppose f,g>0,g is non-decreasing.
If (19) satisfied, then the following integral inequality
holds

>

» —y

f(x),

—g’ﬂ(x))dx >0,

b

J1 (a9

a

x)dx, a,>0,a- B >1.
(23)
Proof. By the AG inequality,

()97 (%2 2

Integrating, we have, via (21),

f“*ﬁ(x)_i

59 )

a o
a—ﬂ!f (x) dx

IN
—c

.

N

a dx+££g”ﬁ(x)
[t (x)a” (x dx+iﬂff”(x)

a

IA

which implies (23).

Theorem 2.10 Let f,g>0, and defined on [a,b], f
is non-decreasing and g is non-increasing or conversely.
Then

1 b
ﬁ;[f“ dxjg x)dx

mf o {joon]

Proof. Concerning the left inequality , we have
(f“ (x)—f (y))(g”(y)—g”(x))z 0, Va, >0,
which implies

ii(fa(x)—fa(y»(gﬂ(y)—g”(x»dxdyzo,

and hence

f7(x)g” (x)dx<

» —_—

(24)
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ﬂ f(x)g” (y)dxdy+ ﬂ £ (y)g” (x)dxdy

bb bb
> ” f<(x)g” (x)dxdy + ” f(y)g” (y)
and the above implies

”f”(x)gﬁ(y)dxdyz f<(x)g” (x)dxdy

b

:(b—a)f f(x)g” (x)dx

a

D — T
D C— T

therefore
b
If“(x)gﬂ(x)dx <—— f“(x)dxf g” (y)dx

a

b-a

D ey, T

The right inequality follows by opening the inequality

(T fe (X)O'X—Eg”?(X)dxj2 >0.
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Remark. It may be mentioned that many other new

inequalities can be obtained via Lemmas 2.1 and 2.2.
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