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Abstract

This paper shows existence and efficiency of equilibria of a production model with uncertainty,
where production is modeled in the demand function of the consumer. Existence and efficiency of
equilibria are a direct consequence of the catastrophe map being smooth and proper. Topological
properties of the equilibrium set are studied. It is shown that the equilibrium set has the structure
of a smooth submanifold of the Euclidean space which is diffeomorphic to the sphere implying
connectedness, simple connectedness, and contractibility. The set of economies with disconti-
nuous price systems is shown to be of Lebesgue measure zero.
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1. Introduction

This paper considers the Arrow-Debreu model with a complete set of contingent claims [1] and production.
Existence and efficiency of equilibria of this model are shown by [2] in a seminal paper. This paper, however,
derives global topological properties of the set of equilibria. The structure of this set has been studied before by
Balasko [3] in the context of deterministic pure exchange economics. Such models lack a time structure, and as
a consequence do not incorporate uncertainty [3]-[5] (Balasko (Preprint 2011) for example).

The aim of this paper is to consider a reformulation of the Arrow-Debreu model in terms of an exchange
model with production in the utility function. Preliminary results are found in [6]. A version of the decentralized
production model is found in [7]. The formulation of the production model considered in this paper allows
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extending some of the known results about deterministic economies to production economies with uncertainty
and production of adjusted demand functions. It is shown that the set of equilibria is a smooth manifold. Its di-
mension depends on the number of goods available for consumption, the number of uncertain states of nature
and the number of consumers. This manifold is also shown to be diffeomorphic to a sphere. This result has deep
economic implication. It implies that geodesics can be defined on it. This property is particularly useful when
designing economic policies.

The paper is organized in three sections. Section 2 introduces the model. Section 3 establishes the results, and
Section 4 is a conclusion.

2. The Long Run Private Ownership Production Model with Uncertain States of
Nature

We describe the two period private ownership production model 7 (L) introduced in [1], chapter 7. Uncer-
tainty is defined by a finite set of mutually exclusive and exhaustive states of nature denoted by se{0,1,- S}
where s = 0 is the certain event in time period one. In total there are S + 1 states of nature. There are ie { -, m}

consumers, je{l,---,n} producers, and k e{l,---,1} physical goods. For all consumers ie {1, m}, a
consumption bundle is a collection of vectors X, =(x (0),-+, % (s),--,% (S)) € X, =R!®" where consump-
tion in a particular state s <{0,1,-+-,S} is a vector x (s)=(x(s).-x (s))e R}, . Associated with physical

commodities is a set of normalized prices, denoted S ipeR (843) . ! (s)=1,vse{0,1,---,S}{. Consumers
are further endowed with a fraction 6, e [0,1] of the profits of each firm. 6, represents the exogenously de-
termined ownership structure of the private ownership production economy. It satisfies for each je{1,---,n}
and ie{l,--,m}, 0<¢, <1,and } 6, =1.Denote the set of ownership structures

©={6,eRI":Y 6, =1,Vje{l-n}}.
Consumers are endowed with a collection of vectors of initial resources

@ = (a’i (0), e (s), (S)) eQ =R,
where initial endowments in a particular state se{0,1,---,S} is a vector o, (s)=(wi1(s),~-~,a)i' (s))eRL+
Consumer ie{1,---,m} is further characterized by a smooth Marschallian demand function

fiSxRI — Rlﬁﬂ)*

where f;(p,w;) is defined for price vector peS and wealth level w, e RS [8],where W, =p-@ .2

Producers are characterized by production sets and their smooth supply functions. The main property of
the long run production model is that all activities of the firm are variable. An activity y; is a collection of
vectors y; = (y( )oY (), (S )) R'®*Y where an activity in state s=0 is a vector of inputs
y;(0)=(¥;(0).-+¥;(0))eR’, and vy, (s)=(y}(s).- Yj(s))eRL is the associated vector of outputs in

state se{l,-,S}.Let & :S—R'" denote the smooth supply function of firm je{L,---,n}, where & (p)
is defined on the set of normalized prices. Standard assumptions of smooth production economies introduced in
[1] hold for each production set Y; R'CY n particular Y; isconvex, 0eY,,and dY; has a strictly posi-
tive Gaussian curvature for every je{1,---,n}.

2.1. Equilibrium P(L)

Each consumer ie{1,---,m} chooses a utility maximizing consumption bundle x; € X; atfixed o €Q and
6, € © satisfying his budget constraints. Each producer j e {1,---,n} chooses profit maximizing net activities
y, €Y, atcompetitive prices peS. Let

“Note that, at variance to the summary of some results in the previous section, the consumption space X, and space of initial resources Q

are considered to be strictly positive, i.e., R'®™ . This assumption is chosen for mathematical convenience. It allows to avoid problems at
the boundaries (i.e., continuity but not smoothness) without compromising on the economics.
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)

be the market excess demand function in state SE{O,l,---,S}. Then, market clearance requires demand to
equal supply in each market and uncertain state of the world. Hence

2(p(s) @(s).0(s))=0, Vse{0,1,-,S}.

An equilibrium is a price vector peS which satisfies this equation for a fixed distribution of initial re-
sources and exogenously given ownership structure. An equilibrium pair is an equilibrium price vector peS
with associated @ e Q. An equilibrium allocation is an allocation (x,y,8) associated with an equilibrium
price p eS. The model of the consumer is to solve a constraint optimization problem. This requires a consum-
er to maximize utility subject to a sequence of (S+1) budget constraints. Hence, each consumer ie{1,---,m}

(% (s)) e argmax{u; (x(s)): x € B, (s)}, ¥s e {0,1,---,S},

(s+1)

where u, R — R is the consumer’s smooth?® utility function. The new production adjusted budget set is

now defined by
B (S)r={xi (s)eR.. :p(s)-x(s)=p(s) @ (S)+§9u (s)p(s)-y, (S)}

The model of the producer is to maximize profits. Each producer solves a constraint optimization profit
maximization problem. Hence, each je{1,---,n}

(v;(s))eargmax{p(s)-y;(s):y;(s)eY;(s)}, vs€{0.1-+,S},

where the state dependent production set Y (s) forall se{0,1,---,S} satisfies the assumptions of Debreu [1]
also stated in the pervious section for the deterministic case.

Definition 1. An equilibrium of the two period private ownership production model with uncertainty 7 (L)
is a price vector peS at fixed pair (w,0)eQx® if for utility maximizing consumers ie{1,---,m} and
profit maximizing producers j e {1,---,n}

z(p,w,0)=0. 2

An equilibrium allocation is a pair (x, y)eR'ff“)m xR'C*" associated with an equilibrium price vector
peS for fixed parameters (w,6)e Qx®. Let (] denote the mathematical operation defined by a state by state
inner product. There are 1(S+1) equilibrium equations less (S+1) equations satisfying Walras’ law
pOz(p,w)=0, hence we have a system of 1(S+1)—(S+1) linearly independent equations. This amounts to

the number of unknowns, given the number of normalized prices of (S+1).

A study of the qualitative equilibrium structure of the two period private ownership production model with
uncertainty amounts to a study of the structure of the solution set of the equilibrium equation z(p,»)=0. The
first result is an equivalence relation between the two period exchange model with uncertainty and the two pe-
riod production model with uncertainty. The relation between these models follows from the definition of a two
period exchange model with production adjusted Marshallian demand functions.

Let ¢ (p(s))= NACI (p(s)) forany price system peS and uncertain state of the world

s€{0,1,2,--,S}. Let h:SxRS* RS defined by h (p,w)=f (p.w +p-¢ (p))-< (), where hy(s)
is given by

h(p(s).w(s))= fi(p(s),wi (s)+ p(s)-{i(p(s)))—g(p(s)), vse{0,1,2,-,S} ©)

*Smoothness” follows from the same reasons as in the previous section [8]. It essentially means that all functions are differentiable at any

order required.
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denote the individual demand function of the two period “production adjusted” exchange model P(E), where

forevery ie{l,---,m} ownership structure 6, (s) is fixed, and total wealth defined by

p(s)-@ (s)+p(s)-¢i (p(s))

inevery ie{l,--,m}.Now, let the equilibrium equation of the production model P (L) be given by

20(p(5):p(5)- (e (5) 61 (p(5)) = 2o 5) + 24, (P(5))
where
(p(s). p(s)- (a1 ()44 ((5)))) @

denotes the individual demand function. This follows immediately from rewriting the excess demand equation in
terms of demand equal to supply. Rewriting &, (s) in terms of ownership 6, (s), summing over i, and using

G (p(s))=2 6 (s)¢;(p(s)) vields
Z:fi(p(s)):iieij(s)fj(p(S))=ZT:§i(p(s)).

Hence, the equilibrium equation of the production model P (L) writes

m m

20(p(5). P(s) (2 (5) 4, (p(5)))) = X (5)+ 251 (p(5))

since »""6; (s)=1. This can be rewritten as

m

2 (P(5).p(s)-(@ (5)+¢ (P(5))) - 2 (P(5)) = Den (5).
This is the equilibrium equation of the exchange model with production adjusted demand functions P(E).
Hence, by definition of the production adjusted demand function h obtain

21 (p(s). W (5)) = 2o (5), Vs {01}, ©)
since W (s)=p(s)-@ (s)+p(s)-& (p(s)) for all se{0,1,---,S}. This is the equilibrium equation of the
production adjusted exchange model P(E) intermsof h (s). This concludes the proof of theorem (1).

Theorem 1. For fixed €®, (p,w)eSxQ is an equilibrium of the long run production model with un-
certainty P(L) ifandonlyif (p,@)e SxQ isan equilibrium of the two period exchange model with uncer-
tainty and production adjusted demand functions P(E).

We have established a relationship between the production model with a long term time structure and uncer-
tainty 7P (L), and a pure exchange model with a long term time structure and uncertainty with production ad-
justed demand functions P(E).

The result suggests that the decentralized production model can be reformulated as a centralized model. It is
efficiently applied in establishing many properties about production economies in the next section.

2.2. Equilibrium Structure £ of P(E)

Let £cSxQ denote the set of equilibrium solutions of the production adjusted exchange model P(E) or
the set of solutions of the long run production model P (L).* This set consists of pairs (p,»)eSxQ satisfy-
ing the equilibrium equations z(p,)=0. Formally, for the case of the production model P (L) we have

={(p,w)eSXQiif{p, P +$ﬂjp-§j(p)}[i@ +i§j(p)j=0},

i

¢ is always understood from the context.

)
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and in the case of the production adjusted exchange model P(E), we have
E:{(p,w)e SxQ: YN (pw)-Dw :O}.

Theorem 2. Theset £ of model P(E) is a closed subset of the Euclidean space defined by SxQ.

Proof. & is defined by pairs (p,)eSxQ satisfying the equilibrium Equation (5). £ is the preimage of
the vector 0 R'®™ by the smooth mapping (p,@)— Y h (p(s).w (s))- Y@ (s) forall se{01, S},
and closed by the closed map lemma closed ([9], p. 553). The closed map lemma requires the excess demand
mapping to be continuous and the domain to be a compact set and the range a Hausdorff space. Recall that the
excess demand mapping is differentiable at any order required. This is a consequence of subtracting differentia-
ble aggregate supply mappings from differentiable aggregate demand mappings. Differentiability of demand and
supply mappings is in turn a consequence of the assumptions of the model discussed earlier ([1] [8]). [ |

Theorem 3. Theset £ of model P(E) isa smooth manifold of dimension (S+1)Im.

Proof. Consider the mapping Z:SxQ into R'*Y defined by the smooth mapping

(po)— 2 h(pw)-> .

By theorem the regular value theorem & is the preimage of 0e R'®*Y. We need to prove that this mapping
does not contain critical points. This follows by showing that the linear tangent map D,Z is onto. The onto
property follows directly from the rank property of the Jacobian matrix chosen for any arbitrary individual
ie{l,--,m} and state of nature se{0,1,---,S}. By the chain rule, we obtain

M) o, M) L M)
YOS LIS
D,Z = : : :
ohi™(s) < oh(s) . o) oh'™(s)
G5 " G PO
By simple algebraic manipulations we obtain the new matrices
M) L ) ) ()
@) 5" @t Y G
ohi™(s) s _ohi(s) ah,"l(s)',fl oh™(s) |
205 " O aa@)" Y Fam P O el
L) L (s (s)
L e’ ()'8@(5) ) Za)
nt(s) < _ohi(s) . < oh!™(s)
* a0 e ) Gy
Finally, we obtain
o (s)
10
8hi".1(5)
"0
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from which we extract the information required. Rank D,Z is equal to (I —1) in every state s e {0,1,~--,S} .
By the regular value theorem & is a smooth manifold. This manifold is parameterized by smooth coordinate
functions o = (a)(O)a)(s)w(S)) e Q. From the regular value theorem it also follows that its dimension
is equal to the dimension of SxQ minus (1-1)(S+1), hence

dim(&)=((1-1)(S+1)+mI(S +1)-(1-1)(S+1)) =mI(S+1). u

The following theorem illustrates other economically interesting global properties of the equilibrium manifold.
It says that by construction of a diffeomorphism f restricted to the equilibrium manifold £ into
Sx R RIVMVED that ¢ is diffeomorphic to the sphere in R™™ implying that the equilibrium
manifold is arc-connected, simply connected, and contractible. These properties are particularly useful in ap-
plied work such as economic policy equilibrium analysis.> For example, economic policy is often concerned
with finding a path between a current pointon £ and a desired pointon &.

Theolre(zsml)4. The smooth equilibrium manifold & of model P(E) is diffeomorphic to the sphere of dimen-
sion R,

Proof. The aim of the proof is to define two smooth mappings between smooth manifolds such that we can
apply the theorem (Hirsch [10], pp. 15-16). Hence, let

f:SxQ— SXREijl)m XRE!:l)(S+1)(m—1)
be smooth mappings defined by
F(p(s). oy (5). @, (5), 0y (5))
=(p(s).(s) @ (s), p(s) @, ()., P(S) @ (5), @ (5), @, (3), . @ 1 (5)), Vse€{0,1,,S}.
Then, let
g:Sx RO RUI-VESAM-Y g )
denote smooth mappings defined by
0 (p(5),3(5), @ (8),-+ @1 (S), by (8),@ (5)), Vs {0,1,---,S}.

Observe that the coordinates for the 1" good of the m — 1 consumersin se{0,1,---,S}, | (s), -, @ (s)
are defined

a)i'(s)sz(s)—[épk(s)-a)i' (s)j, VieLm-1, kel I-1. ()

Also observe that the coordinates for the m™ consumer of the 1-1 goods in SE{O,l,~~~,S},
@y (8), @ (), @) (s) are defined by
1

n (5)= 2 (p(5).4 ()~ 2o 9). 0

i=1 i

The application of theorem ([10]) requires to show that & = Im(g) and that f og = Id . The first part of the
proof requires to calculate two inclusions, (i) Im(g)c& and (ii) £c<Im(g). We start by showing the se-
cond part first. Now, to show that (i) Im(g)< &, take any consumption bundle

X(s)=(p(s), Wi (8). Wi (). 8 (), By s (5))
and compute the inner product of (7) with p(s) se{0,1,---,S}, and apply Walras’ law to obtain
W, (s)=p-w,(s), Vvse{0,1,---,S}.

5The construction of a Riemanian metric on the equilibrium manifold would be a very useful result towards economic policy analysis.
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From that a reformulation of (7) readily follows in terms of the equilibrium equation

m

Sh(p(s).w(s)= X1 (s), vs {015},
This is the equilibrium Equation (5), hence Im(g)< €. Next, need to show that (i) €< Im(g). Take
( p, a)) e &. Itis then trivial to do the computations proving following equality

f(s)eg(p(s).@(s))=(p(s).@(s)), ¥s € {01, S}

from which it readily follows that £ c Im(g) . Clearly we have constructed the two smooth relations such that
f(s)og(s)=1d(s),vse{0,1,--,S},

where 1d is the identity map defined on £S x RED™  RU-DEDMD) \We have shown that the smooth map-
ping f restricted to the equilibrium manifold & defines a diffeomorphism between & and the sphere of
dimension R, [ |

It remains to be shown that equilibria in the long run production model with uncertainty always exist. The
strategy of the proof is to show that the natural projection mapping 7 :& — Q is smooth and proper. Existence
of long run equilibria of the production model with uncertainty follows immediately from the smoothness
lemma (1) and the properness lemma (2) below.

Theorem 5. Equilibria of the two period production model with uncertainty P(E) always exist.

Lemma 1 (Smoothness) z:& — Q is smooth.

Proof. Recall that £ is a smooth submanifold of SxQ. It follows from the definition of a smooth manifold
that its natural embedding 7:& — SxQ is itself smooth. The projection mapping 7 :SxQ — £ being itself
smooth, it follows that = the restriction of the natural projection to £ as the composition of two smooth
mappings 7z =7zoz is therefore smooth. |

The next lemma makes use of theorem (see [11], p. 174).

Lemma 2 (Properness) z:& — Q is proper.

Proof. Pick an arbitrary o, for ie{l,---,m}. Let o eK; be an element in a compact set K;. Now, for
every peS and o €K, needtoshow (i) that f, ( p,Wi) is bounded from below. It follows that

ui(a)l)SUi(fi(p!Wi))

and by non-satiation have also

which by monotonicity of u; implies that
u (o) <u,(f(p,w)).
Clearly, there exists some x' e R'C*™Y forevery peS and o eK,; satisfying
X <u (f(p.w))

by boundedness of indifference mappings from below for every ie {1m} . (if) We now show that for every
peS and o eK;, f(p,w) isalsobounded from above. For (p,e ) have

(fi(p’Wi)):Zi:&). —;fi(p,wi)
where
Zi:a). —Zi:fi(p,wi)szi“a)I _;Xi'

Clearly, f,(p,w,), is bounded above by some x'eR!®™, since for (p,@)e&, > @ is bounded from

above for every w e K . Hence have established upper and lower bounds defining a compact set

@)
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(X< f(pw)<x}

for every (p,w)ez(K). Let G be a compact set defined by the preimage of the diffeomorphism f; (p,w,)
projected onto S . Now, by continuity of 7:& —> Q, ﬁ’l(K) is closed in &, which by theorem (2) is a
closed subset of Sx. Closedness of 7*(K) follows from closedness of 7' (K)NGxK cGxK. [ |

The number of equilibria of the long run production model with uncertainty is odd for any regular economy
® < Q. The modulo 2 degree of 7z is +1. See Guillemin and Pollack for example [12].

I now define a subset of points on & at which pairs (p,@)e & are not regular.

Definition 2. &, is the set of singular equilibria (p,w)e & given by the singular points of 7.

Proposition 1. &, is closed.

Proof. A necessary and sufficient condition for an equilibrium pair (pa)) e £ to be singular is that the de-
terminant of the Jacobian matrix of =, denoted by det(Dﬂ) is equal to zero. Now, the set of critical points
&, defined by the preimage of Oedet(Dx) is closed by the closed mapping lemma ([9]), since =, D,
and the coefficients of det(D), are all continuous, from which the result follows. [ |

Definition 3. = ={w e Q: for all @ € Q singular values of r}.

A singular value weQ is the image of 7 of a singular point (p,@)e&, into Q. The set of regular
values is defined by R ={weQ:forall w e Q regular values of z}. It follows that R =Q\X represents the
sets of regular economies. The next proposition states the X is closed and of measure zero. This means that the
probability of observing an economy with this property is “close” to zero. Hence, its complement R is an
open dense set.

Proposition 2. The set of singular economies X is closed and of Lebesgue measure zeroin Q.

Proof. The proof follows from the application of Sards’s theorem which describes the set of singular values of
a smooth mapping having the property of Lebesgue measure zero. Hence know that X is a set of Lebesgue
measure zero. Closedness of T follows from the properness of = . |

3. Conclusion

This paper discusses local and global equilibrium properties of a production economy with a long-term time
structure. Production is modeled in the demand functions of the consumers. The advantage of this way of mod-
eling production is that it enables us to establish a relationship between production and pure exchange econo-
mies. Adding uncertainty to the production model is a further step towards realism. It is shown that the equili-
brium set of all production economies with uncertainty has the structure of a smooth submanifold of the Eucli-
dean space which is diffeomorphic to a sphere. These topological properties are of significant economic impor-
tance in terms of economic policy design since they imply connectedness and contractability of the set of solu-
tions. It is also shown that the set of singularities of the catastrophe map is closed, and of Lebesuge measure ze-
ro. The practical implication of this result is that the probability of observing an economy with a discontinuous
price system is close to zero.
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