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Abstract 
Lα, Lβ, and Lγ X-ray fluorescence cross sections for Ho and Yb have been measured at various inci-
dent photon energies in the energy range 16.04 ≤ E ≤ 24.68 keV. The measurements have been 
done using an X-ray tube with a secondary-excitor system of Zr, Nb, Mo, Cd, and In. The experi-
mental values of the cross-sections were determined by measuring the absolute yield of L subshell 
X-rays emitted from a standard target of a given energy. Theoretical tabulated values of subshell 
photoionization cross-sections, fluorescence yields, Coster-Kronig transition probabilities and ra-
dioactive decay rates have been used to calculate the theoretical values of the cross-sections. The 
experimental results of the cross-sections at various excitation energies have been compared with 
theoretically calculated values. Fairly good agreement is obtained between the present experi-
mental results and the calculated values. 

 
Keywords 
L X-Ray Fluorescence, Cross Section 

 
 

1. Introduction 
A large variety of measurements of photoionaization cross section at photon energies from 5 keV to 1 MeV in 
different elements with atomic numbers 22 ≤ Z ≤ 92 have been reported in literature [1]-[8]. Information on L 
X-ray cross sections, for different elements and various photon energies, is important because of their wide-
spread use in the fields of atomic, molecular, radiation physics, in nondestructive elemental analysis by X-ray 
emission technique and basic studies of nuclear and atomic processes. L X-ray fluorescence cross sections are 
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also important for developing highly reliable theoretical models describing the fundamental inner shell processes. 
For example, the theoretical photoionization cross-sections can be converted into X-ray production cross-sec- 
tions using the tabulated values of fluorescence and Coster-Kronig yields, and then compared with the experi-
mental values, thereby providing an indirect check on the accuracy of both the theoretical calculations of the 
photoionization cross-sections and the yields [9]-[12]. 

L X-ray fluorescence cross-sections and their intensities can be calculated by using photoelectric cross-sec- 
tions, fluorescence yields, and fractional emission rates. Uncertainties in these tabulated quantities largely reflect 
the error in L X-ray fluorescence cross-sections. For this reason most users prefer the experimental values of the 
cross sections whenever large discrepancies are observed between theoretical and experimental values [11]. 

An X-ray tube with a secondary target arrangement is used, in which the primary radiation generated by the 
electrons is used here to excite the secondary target. In this process the major part of bremsstrahlung radiation 
generated by X-ray tube is eliminated, and the radiation from the secondary target has a high degree of mo-
nochromatization with high intensity. Rao  [11] has reported L X-ray fluorescence cross-sections (σL) for ele-
ments in the atomic region of 46 ≤ Z ≤ 51, excited by photons of energies 6.47, 7.57, and 8.12 keV. 

Mann  [13] measured Ll, Lα, Lβ, and Lγ X-ray production cross-section by 59.57 keV photons for elements of 57 ≤ 
Z ≤ 68 and earlier for 73 ≤ Z ≤ 92. However, they  [13] have concluded that the uncertainties in the measured cross 
section of their latest work were 6% - 8% due to counting statistics and errors in determining various parameters. 
Earlier experimental L X-ray cross-sections were measured using radioisotopes as excitation sources [14]-[19]. 
They have the advantages of stable intensity and a well-defined energy, and small size, which allows compact, 
and efficiency geometry, and they operated without any external power. The drawbacks are the small number of 
suitable radioisotopes available at different excitation energies, the decline of intensity with time if the half-life 
is of the order of a few years or shorter, and the low relative fluency rate. 

The present measurements have been performed with an X-ray tube with secondary exciter systems as an ex-
citation source. L X-ray cross-sections measurements using X-ray tube have been reported in literature. The K 
X-rays of Zr, Nb, Mo, Cd, and In, secondary exciters provided sources of photons with energies of: 16.04, 16.90, 
17.78, 23.62 and 24.68 keV, respectively. In the present study, Lα, Lβ, and Lγ X-ray production cross-sections 
were measured for Ho and Yb at the above mentioned photon excitation energies. 

2. Experimental Arrangement 
The experimental arrangement and geometry used in the present study are shown in Figure 1. The primary ex-
citation source contained X-ray tube with a Mo anode whose maximum voltage and current were 55 kV and 60 
mA, respectively. The tube operating voltage can be varied between 20 and 55 kV and secondary target was ex-
cited at an operating voltage of 25 kV with a current of 5 mA. 

The direct beam from the X-ray tube was incident on the secondary target (called exciter). The secondary ex-
citers of Zr, Nb, Mo, Cd, and In were pure metal sheets about 0.5 mm thick (purity of 99.99%). The secondary 
 

 
Figure 1. Schematic set-up of the X-ray fluorescence spectro- 
meter employing an X-ray tube with secondary target. 1 = 
X-ray tube; 2 = collimator; 3 = secondary target; 4 = cylindri- 
cal collimator covered by filter material of secondary target; 5 
= sample; 6 = detector collimator; 7 = detector.              
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radiation leaving the target was collimated through a cylindrical collimator with a transmission filter of the same 
secondary target material, in order to avoid undesirable radiation of the photoelectric effect of the secondary 
radiation in the collimator and to improve the monochromaticity of the beam. The samples were placed at 45o 
angle with respect to the direct beam from the secondary exciter. The fluorescent X-rays from the sample were 
then detected by the collimated Si(Li) detector having a thickness of 5 mm and an energy resolution of 185 eV 
at 5.9 keV. The output from the preamplifier was driven to a shaping amplifier with a pulse pile-up rejection 
capability and fed to a multichannel-analyzer interfaced with a personal computer provided with suitable soft-
ware for data acquisition and peak analysis.  

3. Experimental and Theoretical Approach 
The values of the experimental L X-ray fluorescence cross-section can be calculated from the measured quanti-
ties using the equation: 

0
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=                                         (1) 

where ILi is the observed intensity (area under the photo peak in counts per seconds) corresponding to the Li 
group of X-rays, Io is the intensity of incident radiation, G is the geometrical factor, εLi is the detection efficiency 
for the Li group of X-rays, and t is the thickness of the target in g/cm2. Thus, knowing the product Io G εLi one 
can determine the absolute values of the X-ray fluorescence cross-sections. However, the value of Io G εLi, which 
contains terms related to the incident photon flux, geometrical factor and the absolute efficiency of the X-ray 
detector, was determined by collecting the K X-ray spectra of thin standards of Ti, V, Cr, Mn, Fe, Co, Ni, Cu, 
Zn, Ge, Se, and Br using the equation [9]: 
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where IKα, Io and εKα have the same meaning as in Equation (1) except that they correspond to K X-rays instead 
of the ith group of L X-rays. Theoretical values of σKα X-ray fluorescence cross-sections were calculated using 
the equation  [9]: 

( )K K K KE Fα ασ σ ω=                                    (3) 

where σ(E) is the K-shell photoionization cross-section [20] for the given element of excitation energy E, ωK is 
the K-shell fluorescence yield [12] and FKα is the fractional X-ray emission rate for Kα X-rays and is defined as: 
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where IKα and IKβ are the Kα and Kβ X-rays intensities, respectively [21]. Since the experimental values were not 
available for all elements, it was decided to use the theoretical values to obtain Io G εKα. The factor Io G εKα was 
fitted as a function of energy using the equation: 

( )3 2 3
0 0 1 2 3log Ki x x xE I G A A E A E A Eε = + + +                          (5) 

where Ex is the Kα X-ray energy and Ao, A1, A2, A3 are constants evaluated from the least-squares fitting. The 
values of the factor IoGεLi for each L X-ray line of average energy ELi are extrapolated from Equation (5). 

For a particular element, the X-ray cross-sections σi(E) (i = Kα, Kβ, Kγ, Lα, Lβ, Lγ) at a required energy E was 
obtained from the tabulated values using logarithmic interpolation. More details can be found in our previous 
work  [9]. 

The values of L X-ray fluorescence cross-sections were calculated from the theoretical sub-shell photoioniza-
tion cross-sections  [20], radiative decay rates [22], semi-empirically fitted values of fluorescence yield and Cos-
ter-Kronig transition probabilities using the following equations: 

( )1 13 1 12 23 3 23 3 3 3L L L L Lf f f f Fα ασ σ σ σ σ ω= + + +                          (6) 

( ) ( )1 1 1 1 12 2 2 2 1 13 1 12 23 2 23 3 3L L L L L L LF f F f f f f Fβ β β βσ σ ω σ σ ω σ σ σ ω= + + + + +                 (7) 



H. Al-Taani et al. 
 

 
1415 

( )1 1 1 1 12 2 2 2L L L LF f Fγ γ γσ σ ω σ σ ω= + +                          (8) 

where σL1, σL2 and σL3 are sub-shell photoionization cross sections of the elements at the excitation energy; ω1, 
ω2, and ω3 are L sub-shell fluorescence yields; f12, f13, and f23 are the Coster-Kronig transition probabilities, and 
Fny (F3l, F3α, F3β, etc.) are the fraction of the radiation width of the subshell Lη (LI, LII, LIII) contained in the y-th 
spectral line, i.e. 

3
3e.g.,ny

nyF F α
α

Γ Γ
= =

Γ Γ
                         (9) 

where Γ is the theoretical total radiative transition rate of the L3 shell and Γ3α is the sum of the radiative transi-
tion rates which contribute to the Lα lines associated with the hole filling in the L3 shell. That is, 

( ) ( )3 3 4 3 5 3M L M LαΓ = Γ − + −                            (10) 

where Γ3 (M4 – L3) is the radiative transition rates from the M4 to the L3 shell. The radiative transition rates for 
many elements have been calculated by Scofield [21] [22] who applied the relativistic Hartree-Slater theory with 
a central potential and included the retardation effect. 

4. Results and Discussion 
The measured values of L X-ray fluorescence cross-sections for Ho and Yb at different incident photon energies 
have been plotted as a function of incident photon energy and are shown in Figure 2(a) and Figure 2(b). Fur-
ther details of these calculations are given elsewhere in our previous work  [9]. The measured values of cross- 
section are in fairly good agreement with the predicted values. 

According to Equation (1) the overall error in the measurement L X-ray fluorescence cross-section is esti-
mated to be around 8%, except for the L X-ray line around 10%. The estimated error in measured cross-sections 
arises from the uncertainties in the various physical parameters (Table 1) required evaluating the experimental 
results using Equation (1), further details are given in  [9]. The error in the values of L-subshell Coster-Kronig 
transition probabilities fij is between 10% to 20%, and 3% - 15% is the error in the tabulated values of L-subshell 
fluorescence yields. The error in the final value of L X-ray fluorescence cross-section can rise up to 20% due to 
the uncertainties in ωi and fij. 

The systematic error in the experimental measurements or the error in the calculated values of the physical 
parameters (σLi and/or Fny) used to evaluate the theoretical L X-ray fluorescence cross-sections can be the reason 
of disagreement between the experimental and theoretical results. 

 

    
(a)                                                         (b) 

Figure 2. Comparison of measured and theoretically calculates Lα, Lβ, Lγ X-ray cross-sections as a function of energy for: (a) 
Ho; (b) Yb. Experimental values are indicated as: Lα open squares, Lβ solid squares, Lγ stars. Calculated values are 
represented as: Lα solid curve, Lβ dashed curve, and Lγ dash-dot curve.                                             
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Table 1. Uncertainties in the quantities used to determine L X-ray fluorescence cross-sections in Equation (3).              

Quantity Nature of Uncertainty Uncertainty (%) 

Ii, Ni (i = l, α, β, γ) Statistical plus peak stripping <3 

IoGεLi Error in different parameters used to evaluate this factor <3 

t Non-uniform thickness and other random experimental errors <3 

 
Theoretical values of L-subshell photoionizations cross-sections have been taken from the latest available ta-

bulations. The error in these tabulated values is less than 0.1%. No reliable experimental results for L-subshell 
photoionization cross-sections are available. Also, experimental and theoretical results of total-atom photoioni-
zation cross-sections above 100 keV are in good agreement, with an uncertainty of a few percent. 

The values of parameters such as fluorescence yields and emission rates need to be measured accurately. 
These parameters based on relativistic Dirac-Hartee-Slater theory need to be calculated for all the elements in 
question in order to check the validity of the theory in this atomic region. However, for trace elemental analysis 
using a fundamental approach, one should use experimental values of L X-ray fluorescence cross-sections since 
they involve an error around 8%, whereas, theoretical values of L X-ray fluorescence cross-sections can have an 
error of up to 20% [21] [22]. L X-ray fluorescence cross-sections need to be measured using more elements 
covering a wider range of energy. 
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