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Abstract

In this paper we discuss two measures for the quantumness of correlations (quantum discord and
entanglement) of two isolated moving atoms which are initially in Werner state. We compare and
analyze the effect of the atomic motion in quantum discord and entanglement. The results show
that the atomic motion related to the field mode structure parameter can make the entanglement
and quantum discord evolve periodically. The results also indicate that the entanglement sudden-
ly disappears during the evaluation but quantum discord remains non zero, so quantum discord is
considered as indicator of disentanglement.
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1. Introduction

Entanglement is a kind of quantum correlation that has been regarded as a valuable resource for quantum infor-
mation processing [1]. However, it is was shown both theoretically [2] and experimentally [3] that some mixed
separable states allow one to realize the advantages of quantum algorithms in comparison with their classical
analogies and quantum nonlocality has been observed in the systems without entanglement [4] [5]. Such obser-
vations suggest us to conclude that the entanglement is not the only type of quantum correlation for quantum
technology. A new but promising candidate is quantum discord first introduced by Ollivir and Zurek, which is
used to quantify all nonclassical correlation in a system [6]. Quantum discord is built on the fact that two clas-
sical equivalent ways of defining the mutual information turn out to be inequivalent in the quantum domain. It is
observed that quantum discord is a more general measure of quantum correlation that may include entanglement
but is an independent one. Moreover, quantum discord provides a larger region of quantum states with nonclas-
sical correlations, and a nonzero quantum discord but not entanglement may be responsible for the efficiency of
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a quantum computer [3]-[7]. Therefore, quantum discord could be a new resource for quantum information pro-
cessing. Recently, numerous works have been devoted to the study of quantum discord [8]-[12]. Usually, quan-
tum discord is somewhat difficult to calculate and we cannot obtain analytical solutions. But in [13], the authors
evaluated the quantum discord for a family of two-qubit states and obtained analytical formulas. For more gen-
eral quantum states, such as the so-called X states, the authors [14]-[21] derived explicit expressions for
quantum discord and found that the quantum discord, entanglement and classic correlation were independent
measures of correlations with no simple relative ordering. An extreme example is realized in the search of
maximally discordant mixed states. It has revealed that states maximizing the quantum discord for given value
of the classical correlations do not maximize the entanglement and are, in some cases, even separable [22]. Very
recently a reliable and effective algorithm for the evaluation of the quantum discord of the general two-qubit
states was presented, where the optimization problem for the quantum discord was expressed in a compact form
[23]. In this work, we calculate and compare the time evolution of quantum discord and concurrence of two
moving isolated atoms. This paper is organized as follows. In Section 2, we give the model and its solution. In
Section 3, we give two types of measures including quantum discord and concurrence to analyze quantum cor-
relation. Numerical results and discussion are given in Section 4. Finally we conclude in Section 5.

2. The Model and Its Solution

We consider two identical moving two-level atoms labeled A and B interact with two single-mode thermal
cavity fields labeled a and b. Each atom-cavity system is isolated (atom A at a constant velocity interact-
ing only with field a and similarly for the atom B and the field b). For simplicity, we suppose that these
two atoms be coupled to the field with the same coupling constant g, and the field mode be resonant with the
transition frequency of both atoms. The interaction Hamiltonian under the rotating wave approximation (7 =1)
is

HI* = o, (2)= (a0 +o7a,). (i=AB) ?

where aJT (aj) is the creation (annihilation) for j™ mode of the cavity field and o—j+ , o; aretheraising and
lowering operators respectively. f, (z) denotes the mode structure of cavity field which can be defined spe-
cially as [24]
[ pyvmt
fj(z)=fj(w)=5|n[1+j, )
J

where, v; denotes the velocity of the j™ atomand p ; represents the half-wave number of cavity field with
length L;. We restrict our study for atomic in the z -axis direction, so that only the z -dependent field mode
function needs to be taken into account. For simplicity we assume that v, =v; =v, L, =L; =L and
P, = Ps = P . Using standard technique, it can show that H}”t in Equation (1) gives rise to the following time

evolution operator
—isin[g@(t),/aja} }aj
T
\/ajaj

- M cos[g&(t)\/a]

where, 6(t)= I; f (vt')dt’ =Lp[1—cos(,8t)] and A= pnv/L . For a particular choice of the atomic motion ve-

U, (t)= exp[—ij; H}”‘dt'} - @A)

locity v=gL/m, 6(t) becomes
e(t):%[l—cos(pgt)]. 4

We assume that the two atoms are initially in the Werner state
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P10 (0)=pu ()=t} [+ 1. ©)

Here, |1//*>:(|1O)+|01))/\/§, I, isthe 4x4 identity matrix and r varies from 0 to 1, and for r=0
the Werner becomes maximally states, while for r=1 they are the well known Bell states. The two cavity
fields a and b are initially in single-mode thermal field states

p(O)=ZRI)0L 5 (0)= [ ®

The weight function P, and P, are,

n m
P=———r R )
(1+m)™ (1+m)™"
-1 -1
where ﬁ:[exp(ha)f kﬂTa)—l] and m:[exp(ha)f kﬁTb)—l] are the mean photon numbers of the two

thermal cavity fields a and b corresponding to the equilibrium cavity temperatures T, and T, respectively, k, is
the Boltzmann constant and «, is the frequency of the field.
Using the evolution operator, we can generate the density operator of the system at time t as

p(1)=U. (1) 80U, (1) s (0)@ 0, (0)© 5, (0)]U (UL (1) @

We can obtain the reduced density matrix for the two atoms at time t by tracing over the field variables. Under
the standard basis {|11),/10),|01),|00)} the reduced density matrix p,; (t) can be obtained in the form

(
pn 0 0 0
0

0 pp P
P () =trip(t) = 0 Pz p: ol ©)

0 0 0 p,

where the matrix elements are expressed as follow

1-r 1+r
pll = 4 Z Z(Pn PanerlCerl + Pn—lpm—lsrf—lsri—l) + 4 Z Z( Pn Pm—lcrilcri—l + Pn—l Pmslf—lsrfwl )'
nom nom
1-r 2 @2 2 ~2 1+r 2 ~2 2 o2
p22 = 4 ZZ(Pn Pan+18m+l + Pn—lpmsn—lcm—l)+ 4 ZZ(PH Pan+1Cm + Pn—lpmsn—lsm+1 )'
n om nom

1-r 1+r
Paz = TZ Z(Pn PerirlCr?Hl +F, Pm—lcr?sri—l ) + TZ Z( R Pm—lsrirlsrf]—l +h, PanzCrfwl )’
n -m n m

1-r 1+r
,044 - TZZ(Pn Per?+lSr$1+l + I:)n PmC:Sri)_i_TZZ(Pn Pmsfirlcff‘ + P” PmCr?Serl),
nom nom

r
Pz = EZZ(Pn PrCiCinChiiCin )v (10)

with p,, = p,, (the asterisk denotes complex conjugation) and all matrix elements are zero, P, and P, are
given in Equation (7), and the time-dependent operations are expressed by

C, :cos[«/ﬁg@(t)} S, :sin[\/ﬁga(t)]
C, :cos[«/ﬁg@(t)}, S :sin[«/ﬁg&(t)]

where 4(t) is given in Equation (4).

(11)

3. Quantum Discord and Entanglement

In the following, we will investigate the quantum discord and entanglement between two moving atoms by using
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above results. In order to follow the entanglement of the two atoms, we choose the Wootters entanglement meas-
ure [25], the concurrence C defined as

C:max(O,ﬂj—/lz—ﬂg—/Ll), (12)
where the quantities 4, > 4, > 4, > 4, are the square roots of the eigenvalues of the matrix
R=p,(0,®0,)05 (0, ®0,). The concurrence C =0 corresponds to an unentangled states and C =1 to

a maximally entangled state.

On the other hand, quantum discord is based on the difference between the quantum mutual information and
the classical correlation [26]. For a two-qubit quantum system, the total correlation is measured by their quantum
mutual information

L(pAB):S(pA)+S(pB)_S(pAB)’ (13)

where Pu) and p,; denote the reduced density matrix of A(B) and the density of the bipartite system re-
spectively, and S(p):—tr(plogzp) is the von Neumann entropy. Quantum discord, which quantifies the
quantumness of correlation between A and B, is then defined as the difference between the total correlation
and classical correlation,

QD(pAB)= L(pAB)_CC (PAB)- (14)

Here the classical correlation CC(p,s ), which quantifies the maximum information that one can obtain from
the composite system by measurement on one of the subsystem, can be expressed as

CC(pAB):%??([S(pA)_S(pABHBk})]' (15)

where {Bk} denotes a complete set of projective measurements performed locally on subsystem B, and
S(Pas|{Bc}) =D PcS(py) isthe quantum conditional entropy with p, =try, [(1 ® B, ) p,s (1 ®B,)] and
k

p=tr, [(I ® B, )pas (1 ®B, )}/pk . By substituting from Equations (13) and (15) into Equation (14), one can
obtain the quantum discord as

QD(PAB)= S(PB)_S(PAB)"'%E? {Zk: pks(pk )} (16)

For a class of two-qubit states of qubits A and B, i.e. the two-qubit X states in standard basis
{[11),]10).[02).]00)}
pu 00 py
0 0
Pra = P2 Pa _ 17)
0 pp ps O
Py 0 0 py
It is easy to show that

S(/’AB):_Z‘t:j’l’ S(PB)ZF(,O11+/)33), (18)

i=1

where, 4 being the four eigenvalues of p, and I'(x)=-xlog,x—(1-x)log, (1-x) is the Shannon entropy.

According to Ref. [14] [27], r{ry? {Z PeS (P )} can be obtained as
ki Lk

r{rgl?{z ka(pk)}zmin[Dl,Dz], (19)
where

P P
D, = (pn + pas)r[Aj + (/722 + Py )F(é}
Pt Pa3 Pt Pas
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r 1+\/(p11 T P2 =P _P44)2 +4(|p14|+|p23|)
2

2

D, =

For our system under consideration above, for the density matrix in Equation (9), one can obtain the explicit
expressions of the concurrence (C) and quantum discord (QD) in the form

C = 2max [(|P23| ~VPuPu ),0] (20)

QD =min[QD,,QD, ], (21)
where
4
QD, = Z/’{ilog22'l _Zpiilogzpii, (22)
i-1 i
4 1+\/(p11+p22_p33_p44)2+4|p23|2
QD, =T(py +pp )+ D 41094 +T > ' (23)
i1
with
A= Py,
1
A = E[(Pzz + p33)+\/(p22 —,033)2 "'4|'023|2 ]

(24)

A 2%[(,022 +p33)—\/(,022 —,033)2 +4|,023|2}

Aas = Puags

where, the non zero elements p; are given in Equation (10).
Having obtained the results above, we are therefore in a position to discuss the dynamics behavior of the quan-
tum discord and entanglement to the system consider in the following section.

4. Numerical Results and Discussion

Our goal in this article is to clarify what peculiar dynamics happened for quantum discord and entanglement
(measured by concurrence) of the system under consideration as follow. In Figure 1, we plotted the concurrence
C as a function of scaled time gt and r. It is apparent that when 0<r <0.33 the concurrence is zero,

Figure 1. Concurrence C plotted as a function of scaled time gt and r,for(a) p=1 and(b) p=2.
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while 0.33<r <1, one can see that the concurrence evolves periodically and entanglement sudden death phe-
nomenon occurs, as r increases the local maximum value of the concurrence increases and tends to 1 when r = 1.
To study the effect of the atomic motion related to the field-mode structure parameter p in entanglement, we
compare between Figure 1(a) (p=1) and Figure 1(b) (p=2), itis observed that when p increases the evo-
lution period of the concurrence decreases and the time interval for zero entanglement becomes more and its
wide becomes shorted. On the other hand, the quantum discord (QD) is plotted versus scaled time gt and r
in Figure 2. The time behavior of quantum discord is periodical with period 2x/p, and its evolution periods
are shorten with the increased parameter p. In order to compare between the quantum discord and concurrence,
we plotted quantum discord and concurrence as a function of scaled time gt for different values of p and r in
Figure 3. We have two main regions responding r: first region 0 < r < 0.33, in this region the concurrence

Figure 2. Quantum discord QD plotted as a function of scaled time gtand r, for (a) p=1 and (b) p=2.

(a): r=0.3 and p=1 (b): r=0.3 and p=2
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Figure 3. Concurrence C and quantum discord QD versus scaled time gt. The black solid and red dashed lines de-

note respectively QD and C.
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always zero but the quantum discord remains non zero. Second region 0.33 < r < 1, the concurrence vanishes
periodically and entanglement sudden death happens, while the quantum discord remains non zero with its cor-
responding fluctuations. Also the frequencies of quantifiers in unit time are the same for concurrence and quan-
tum discord. Whereas the amplitude of concurrence is greater than the amplitude of quantum discord. However,
the dynamic of quantum discord is quite different, although entanglement suddenly disappears during the evalu-
ation, the quantum discord remains non zero. It means that the absence of entanglement does not indicate the
absence of quantum discord, so quantum discord still can capture the quantum correlation between the two
atoms when the entanglement is zero.

5. Conclusion

We have investigated the quantum discord and entanglement between two isolated two-level atoms which are
initially prepared in Werner state and each atom interacts with a thermal cavity field by considering the atomic
motion and the field-mode structure. It is shown that the entanglement vanishes periodically and sudden death of
entanglement appears, while the quantum discord remains non zero with its corresponding fluctuations. We ob-
serve that the atomic motion and the field-mode structure have the same effect on the behavior of quantum dis-
cord and entanglement. Although entanglement suddenly disappears during the evaluation, the quantum discord
remains non zero. Quantum discord still can capture the quantum correlation between the two atoms when the
entanglement is zero.
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