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Abstract

A generalized method which helps to find a time-dependent Schréodinger equation for any static
potential is established. We illustrate this method with two examples. Indeed, we use this method
to find the time-dependent Hamiltonian of quasi-exactly solvable Lamé equation and to construct
the matrix 2 x 2 time-dependent polynomial Hamiltonian.
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1. Introduction

Another direction of investigation of quasi-exactly solvable Schrédinger is the study of time-dependent Hamil-
tonian. Time-dependence can be set through the potential. A first step is the direction was done in [1]. This is
related to the quasi-exactly solvable sextic anharmonic oscillator potentials. The Schrédinger equation is now
considered with a time-dependent potential V (x,t),

0 (xt)=Hy (x.t), (€
where
H ——i+v(x t) ()
e o

The time-dependent potentials constructed from the well-known family of quasi-exactly solvable sextic an-
harmonic oscillator potentials

V(%) =V2x® + 2uvx* +[,u2 —(4n+3)v} x?, v>0,uelRnelN A3)
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are of the following form [1]
V(x,t)=u’(t)x° +2pu(t)x* +{ﬁ2 —(4n+3+2k)- 3 (?gui“(g)u(t)}uz (t)x? +@, 4

where x>0,t>0, N isanon-negative integer, k>0, A isreal constantand u(t) isan arbitrary function
of t>0 which is positive. If k >1, the last term in the above potential V (x,t) may be viewed as a centrifu-
gal term in radial equation with X playing the role of radial coordinate. The domain of the definition of the po-
tential (4) may be extended to the real line if k =0,1. After some algebraic manipulations, one has obtained the
algebraic solutions of the Equation (1) of the form

w(xt) :exp[a(x,t)—;:—((tt))XZ +%(k +%jIogu(t)—4iﬂf;u(t)ds}¢(mx) , (5)

where the function o (x,t) is in terms of an arbitrary function u(t),

a(x,t):_$x4_ﬁ”(‘)

Tx2+klogx. (6)

In this paper, we will construct time-dependent Schrddinger equation for any potential. It means that we will
find algebraic solutions namely  (x,t) of that equation and one can build a time-dependent potential from any
non time-dependent one. Note here that the static potential considered can be either quasi-exactly solvable (QES)
or simply exactly solvable [2]-[4]. It is understood that we will generalize the formalism considered in Ref. [1]
where the authors have constructed a time-dependent Schrédinger equation for only one family of quasi-exactly
solvable sextic anharmonic oscillator potentials.

2. Construction of a Time-Dependent Schrodinger Equation

The main results are summarized by the following proposition:

2.1. Proposition

Let V(y) beapotential and ¢(y) be a solution of the eigenvalue equation

[—%w(y)}ﬁ(y):w(y) 0

with eigenvalue 1. Let «(t) be a positive (and derivable) function of t. Then, the solution of the
Schrédinger equation

i%y/(x,t) - {_a%w (x,t)}//(x,t) ®)
with time-dependent potential
V(xt)= o (t)V(a)(t)x)+XT:(Q—QZ), ng ©)
is given by
w(xt)= x/g(t)exp{—ji/la)z (t)dt- ;Z((tt)) x2}¢(a)(t)x). (10)

Proof of the Proposition
We will discuss here an original method to construct time-dependent Hamiltonians which possess algebraic ei-
genvectors. Let us consider the Schrédinger equation,

[—%wm}ﬁ(y)—w(y), 1)

@
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with ¢(y) is an eigenfunction with eigenvalue 4 of the Hamiltonian

H=-——5+V(y). (12)

Note here that this Hamiltonian H (or the potential V (y)) doesn’t depend on time t explicitly, it means
that t doesn’t enter neither in the eigenvalue 4, nor in the eigenfunction ¢(y). Let us pose
y=o(t)X,
d? 1 d
e . S 13
dy? & (t)dx? (13)

As a consequence, the spectral Equation (11) is written as
S OV (003 (010 =207 0000 (14

Let us pose yx(x,t)=R(t,x)¢(a)(t)x) and extend the effective potential of the above equation noted
o’ (t)V(a)(t)x) by adding a new term A(x,t) and consider a full Schrodinger equation of the form

{_ijL @* (t)V (w(t)x)+A(x,t)} R(t,X)¢(@(t)x) =i0, (R(t,X)¢(@(t)x))- (15)

ox?

The next step is to determine the unknown function R(t,x) so that one can deduce the time-dependent alge-
braic solutions  (x,t) of the Equation (15) and relate it to (14). Obviously, the above Equation (15) can be
developed as follows

2 2
_OR, LR 09,

i 0
5X2¢ xox o OV (@(t)x )R¢+A(Xt)R¢—I ¢+|R ¢ (16)

ot’
which can be rewritten

& o oROp . oR P
R{—&m OV (o(t)x )}¢+A(Xt)R¢_a R 42 xaf_ Ry Ra_¢ an

Manifestly, this equation can be written in terms of ¢ (i.e. the first derivative terms of ¢ must be omitted
(must vanish)) only if the following condition is imposed

LR op(@(t)x) _ - o¢' (w(t)x)
OX OX ot

= —Zﬁa)qﬁ' =iRxa¢’
OX

(18)

= —Zﬁa) =iRxw
OX

- i ,o
= R(x,t)=R(t)exp| ——x*—
(1) =R(Oexp( 2
with this expression of the function R(t, x), the Equation (17) takes the following form

R oo OV (00005010 -1y, )

2
Replacing the expression {_%H(,z (Vv (w(t)x)},j by its equivalent one in this above equation, i.e.
X
Aw?¢ asitis given in (14), one can write
OR

10 (0(0)) - RA(LX)8(0(0X) -2 p(0f1)6) =1 2 glo(1)x), @)

which can be rewritten



A. Nininahazwe

oR_ R

A&’R+A(t,X)R——=i—. 21
(t:x) ot ot e1)
From this equation, the added term A(t,x) to the initial potential in (15) is easily expressed as
.0R 0&°R
A ad
At X)=——"——AW", 22
() =—2 0 @2)
Replacing R(t, x)in this equation by expression (18) and after some algebraic manipulations, one can write
iﬁ(t)+iﬁ(t)(—;XZQ)+F§(t)[—iXZQZ —i?)
At,x) = - - A’
R(t) (23)
o t 2 2
RO K X e @ e
R(t) 4 4 2
where QEQ.
[0
One can easily remark that A(t,x) is real and non-dependent on the eigenvalue A only if it is expressed as
XXX,
A(Xt)=—Q-——0°. 24
This is possible due to the following condition
R(t
iﬁ—ig—mzzo. (25)
R(t) 2

Solving the above differential equation and after some algebraic manipulations, one can easily obtain the ex-
pression of the function R(t)

R(t)= Vo (t)exp(-[it0’ (t)dt). (26)

With this expression of the function FAQ('[) , the algebraic solutions of the time-dependent Schrddinger equa-
tion

{—aa—xzz+w2 (v (W(t)x)+A(x,t)}y/(x,t) =ioy (xt), (27)
with the time-dependent potential
V(xt)=w (t)V (W(t)X)+XT(Q—QZ) (28)
are determined as
v (%)= R(t,X)g(o(t)X) = ﬁ(t)exp(—lxz Cb—t)}é(a)(t)x)
4 wt)
(29)
sa 2 io(t 2
=\/5(t)exp{—j‘|/1w (t)dt—;aa))—((t))x }b(a)(t)x),
where o(t) is an arbitrary positive function of t and ¢(y) is the eigenvector of the equation
v s =20 (30)

It means that one has constructed a time-dependent potential from the potential Vv (y) which is non
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time-dependent. This is the generalization of the particular case of potentials considered in Ref. [1]. This is a
particular case of ours because one can replace the original potential (i.e. the potential which is non time-de-
pendent) in Equation (28) by any one which leads to a time-dependent potential associated to the above solu-
tions w(x,t) as itis given by the Equation (29). These solutions are expressed in terms of the eigenvalues 1
of the Schrodinger equation. The values of 4 depend on a potential considered, i.e. when the potential is
quasi-exactly solvable, only a part of the eigenvalues is found algebraically whereas when the potential consid-
ered is exactly solvable, all eigenvalues A are calculated explicitly. So, we have constructed a generalized
formula which helps to find time-dependent potentials, it means that one can deduce for a non time-dependent
potential its associated time-dependent one. In the next step, we will use this method established previously, i.e.
we will manipulate simply the Equation (28) and Equation (29) respectively to construct the time-dependent
Lamé potential and the algebraic solutions of Schrédinger equation. We will also apply the above method to the
known QES matrix polynomial operator [5] [6] and interesting remarks will be pointed out.

2.2. Example 1: Construction of Time-Dependent Lamé Potential

In this section, along the same lines of the above method, i.e. simply from the Equation (28), we will transform
the non time-dependent potential associated to the Lamé equation into the time-dependent one. The Lamé equa-
tion is quasi-exactly solvable and the original form is as follows [7] [8]

—d#@+k2N(N +1)sn*(y,k)@(y)=14(y) (31)
where the Lamé potential is
V(y,k)=k*N(N+1)sn*(y,k), N=012,. (32)

A is the eigenvalue of the Lame Hamiltonian and sn(y,k) is the Jacobi elliptic function with modulus
k(0<k <1). This function is periodic (i.e. the Lamé potential is also periodic) with period 4K (k) which de-
notes the complete elliptic integral of the first type, i.e.

x 1
= [f——dz.
) '[0 V1-k?sin?z
Replacing the potential V (@(t)X) in the Equation (28) by the above Lamé potential (32), we find the fol-
lowing time-dependent Lamé potential

V (x,t)=a’ (t)k*N (N +1)sn’ (a)(t)x,k)+XT:(Q—QZ). (34)

K (k (33)

It is easily observed that this last term in x? of (34) isn’t periodic so that it spoils the periodicity of the
above time-dependent Lamé potential. The above time-dependent Lamé potential (34) can become periodic only
if the following condition is satisfied




A. Nininahazwe

o(t)= , (35)

where ¢ is a real constant.
From the expression of o (t) (i.e. (35), the Lamé potential (34) can be now expressed in time t as follows

2

V(xt)= KN (N +1)sn* (o(t)x,k). (36)

(1)

From the above expressions (35) and (36), the time-dependent Schrédinger Equation (1) is of the following
form

ox? (t, _t)2

Referring to the Equation (29) and Equation (35), the algebraic solutions of this Schrédinger equation are ob-
tained

{—i+LkZN (N +1)sn’ (w(t)x,k)]u/(x,t) =iow (xt). (37)

v (x0)=R(x ) (0(t)x)
c . c? ix? (38)
w(x.t)= \/;exp[l/l T dt— o —t)]¢(w(t)x)'

Note that one can deduce from a non time-dependent potential (for which the eigenvalues 1 exist) its corre-
sponding time-dependent one by using the general formula established in Equation (28) while the algebraic so-
lutions of the Schrodinger equation are found from the Equation (29).

2.3 Example 2: Extension to Matrix Time-Dependent Schrédinger Equation

The goal of this section is to construct a matrix time-dependent Schrédinger equation by the above method used
to find the time-dependent potential of the non coupled Lamé equation. Let us consider the following matrix
Hamiltonian [5] [6]

d2
H{Y) =gz 2 M (v), (39)
where the potential Mg (y) is 2 x 2 Hermitian matrix of the form

Mo (y)=[ 4p2Y°+8pp,y* +(4p —8mp, +2(1-22) p, )y |1, +(8p,Y° +4p,) oy ~8Mp,ky0y,  (40)

where o,,0, are the Pauli matrices, 7, is the matrix identity, p,, p,,k, are free real parametersand m is
an integer. H(y) can be written in the matrix form as follows

H, H
H y :( 11 12) (41)
( ) H21 H22
where
Hi (Y) =~ +4pzy +8p,p,y" +[4p; —8mp, +2(1-2¢) p, |y* +8p,y* +4p,
HlZ( ) —8mp2 0! “2)
HZl( ) —8mp2 01
Har (V) ==z +4meY’ +8p,p,y* +[ 4p? —8mp, +2(1-2¢) p, | y* ~8p,y* ~4p,.

O,



A. Nininahazwe

In this case, the usual non time-dependent eigenvalue Schrédinger equation is of the form

ol(8)
where
#(y) =[2((§;] “4)

with ¢(y)and 4 are respectively the eigenfunction and the eigenvalue of the matrix Hamiltonian H(y).
Referring to the original method established in the section 2, one can assume

y=o(t)x,
d? 1 d
_W:_wz—(t)d7' (45)
From this change of variable, the Equation (43) takes the following form
o T ((0))
e omteon 20w 000
« ¢ (o(t)x) PP ¢ (o(t)x)
O bon I S o
Hy, Hp, ¢(w(t)x) — A0 @(w(t)x)
- szJ[«f(w(t)x)J‘ﬂ (t)[w(t)x)]’ 0
where
Hll(a)(t)x)z—;Tzz+4p§co8(t)x6+8plp2a)s(t)x“+(4pf—8mp2+2(1—25)p2)a)“(t)x2
+8p,0° (1)x* +4p,0° (1),
Hy, (e0(t) x) = -8mp,? (t)k,,
H,, (@(t)x) = -8mp,0® (t)k,, &0
sz(a)(t)x)=—§%+4p§a)8(t)x6+8plp2a>s(t)x“+(4pf—8mp2+2(1—2,9)pz)a)“(t)x2
-8p,0* (t)X* —4p,0’ (t).
After the change of function as
e v, (o(t)X) Rty @(w(t)x)]
re-{oton) " Soton): “

one can write the matrix time-dependent Schrédinger equation such that the initial potential acquires a supple-
mentary term A(t,x) as it was done in the method established previously in the Equation (15)

2 o(t)x)+A(t, x val@(t)x) =i vale(t)x)
{ ox2 (t)MB( (t) ) A(t' )M%(a’(t)x)J at[l/@(@(t)x)], (49)

which leads to

{—i+ o’ (t)Mq (a)(t)x)+A(t, x)} R(t, x)(;ﬁ1 (a)(t;x)] =ioR(t, x)(i ((Zii;);;] . (50)
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In the next step, we will calculate the function R(t,x) so that the algebraic solutions y/(t,x) of the time-
dependent Schrodinger equation are deduced. From the above Equation (50), the following system is obtained

2
R{—;—Z+4p§w8 (t)x° +8p,p,a° (t)x* +(4 p; —8mp, +2(1-2¢) pz)a)“ (t)x?
X

2
+8p,0* (1) X% + 4p,os? (t)+A(x,t)}¢1(a)x)——aR2 2RO gmp k,w? (t)Re, (X)
OX OX OX
R .04
=|— R—
'at Al ot’

(51)

oR? oR 0
-8p,0* (t)x* —4p,0’ (t)JrA(x,t)}qﬁ2 (x)— v 3 —2&%—8mp2kom2 ()R, (wX)
R .04,
=i, +iIR=2.
a R

Obviously, the two equations of the above system (51) can be linear respectively in ¢ and ¢, (i.e. the first
derivatives of ¢ and ¢, are omitted) only if the following system is satisfied

R _ 04

OX OX ot (52)
R, 04

OX OX ot

One can solve the first equation (or the second equation) in ¢ (or in ¢,) of this Equation (52) in order to
find the expression of R(t,x)

[

R(t,x) = R(t) = ﬁ(t)exp(—i—d)xzj. (53)

From this expression of R(t,x), as a consequence, the Equation (50) is written as follows

{_S_ZH o® (t)Myg (wx)+A(x,t)} ﬁ(t)exp(_%ﬁ'xzj{% (o(t) x)]

X 1) o, (a)(t))

~ i o o(t)x
=io, R(t)exp(—lgxzj A (o)) .
4o ) ¢ (o))
In the next, the idea is to find the unknown function FAQ(I, X), for this, one has to consider the derivative with

respect to t in the second expression of the above equation and after some algebraic manipulations, the Equa-
tion (54) is written as fallows

[—a—2+a)2 (t)M, (wx)+A(x,t)+i%+X7f2Qz}li(t)[qj1 (w(t)x)}

(54)

ox2 ®, (a)(t)) 5)
% e A (@) s (((t)x)
K QR(”[W@))] R(‘)[wz (w<t>>]’

where QEEQ,QEQ and ﬁ(t)zgﬁ(t).
ot w ot

From the Equation (46), this equality can be considered

O,
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2 oM (o A EOX (A (@(t)x)
e (Mg (e(t) )}[%(w(t))j A (t)[%(w(t))J (56)

in the above Equation (55) and accordingly one can write

2 2
A(xt) = RO Xy Xy 12 (57)
R(t) 4 4 2
As it has shown in the above method, this expression of A(x,t) leads to the Equation (24), Equation (25)
and Equation (26). .
Finally, from the expression of R(t) (26), one can deduce the algebraic solutions of the matrix time-de-
pendent Schrédinger equation as follows

w(x,t)=x/5exp[—ji/1w2dt—i:x2 Q}EQ(w(t)X)J. (58)

@1 @, (a)(t )

3. Conclusion

In this paper, referring to sextic anharmonic potentials considered in Ref. [1], we have established a generalized
method which helps to construct time-dependent potential for any non time-dependent one.

Indeed, we have applied this method to construct the time-dependent potential of Lamé equation. Along the
same lines of the method, we have constructed a time-dependent potential associated to the matrix polynomial
Hamiltonian which was also studied in [5] [6] and interesting remarks have been pointed out.
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