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Abstract

In this paper, we study the existence of exponential attractors for strongly damped wave equa-
tions with a time-dependent driving force. To this end, the uniform Hélder continuity is estab-
lished to the variation of the process in the phase apace. In a certain parameter region, the expo-
nential attractor is a uniformly exponentially attracting time-dependent set in the phase apace,
and is finite-dimensional no matter how complex the dependence of the external forces on time is.
On this basis, we also obtain the existence of the infinite-dimensional uniform exponential attrac-
tor for the system.
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1. Introduction

In this paper, we study the following non-autonomous strongly damped wave equation on a bounded domain
QcR® with smooth boundary oQ:

Uy —oAU, —Au+yu, + f (u)=g(t),
U|s =0, (1.1)

(u (7).u (T)) = (Ug, Uy, ),

where u=u(xt) is a real-valued function on Qx[z,+w), a,y>0, f e CH(R,R), Uy, (X)eHg(Q),
U, (x)e’(Q). Let G(u)= _[0 f(s)ds, we make the following assumptions on functions G (u), f (u):
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G(u)

liminf 5

|ul—>+0 u

uf (u)-c,G(u) .

>0; (1.2

Ifmlﬂof " >0; (1.3)
|f'(u)|sez(l+|u|'), with 0<r<2; (1.4)

where c,,c, are positive constants. And we assume that the external force g belongs to the space L~ (R, L2 (Q))
and satisfies

|g|L°°(1R,L2(Q)) <M (1.5)

for some given (possibly large) constant M .

Wave equations, describing a great variety of wave phenomena, occur in the extensive applications of mathe-
matical physics. Equation (1.1) can be regarded as a perturbed equation of a continuous Josephson junction
where f(u)=sinu, see [1]. There is a large literature on the asymptotic behavior of solutions for strongly
damped wave equations (see, for instance, [1]-[9]). In [9], the author showed the uniform boundedness of the
global attractor for large strongly damping and obtained an estimate of the upper bound of the Hausdorff dimen-
sion of an attractor for strongly damped wave Equation (1.1) when g is independent of t. But when the
equations depend explicitly on t, the case can be complex.

Recently, motivated by [6], the authors have given a new explicit algorithm allowing to construct the expo-
nential attractor, and this method makes it possible to consider more general processes in applications [10] [11].

An exponential attractor M is a compact semi-invariant set of the phase space whose fractal dimension is
finite and which attracts exponentially the images of the bounded subsets of the phase space @ . In non-autono-
mous dynamical systems, instead of a semigroup, we have a so-called (dynamical) process U (t,z) depending
on two parameters t,z € R (or t,z €Z for discrete times). The asymptotic behavior of non-autonomous dy-
namical systems is essentially less understood and, to the best of our knowledge, the finite-dimensionality of the
limit dynamics was established only for some special (e.g. quasiperiodic) dependence of the external forces on
time. Indeed, there exists, at the present time, one of the different approaches for extending the concept of a glo-
bal attractor to the non-autonomous case which is based on the embedding of the non-autonomous dynamical
system into a larger autonomous one by using the skew-product flow. This approach naturally leads to the so-
called uniform attractor A"" which remains time-independent in spite of the fact that the dynamical system
now depends explicitly on the time, see [12]. We note that however the uniform attractor reduces to an autono-
mous system via the skew-product flow. It seems natural to generalize the concept of an exponential attractor to
the non-autonomous case, see [11] [13] [14]. But in all these articles, the uniform attractor’s approach was used
in order to construct an exponential attractor for the non-autonomous system considered and, consequently, an
(uniform) exponential attractor remained time-independent. Since, under this approach, an exponential attractor
should contain the uniform attractor, all the drawbacks of uniform attractors (artificial infinite-dimensionality
and high dynamical complexity) described above are preserved for exponential attractors.

In the present article, we study exponential attractors of the system (1.1) based on the concept of a non-au-
tonomous (pullback) attractor. Thus, in the approach, an exponential attractor is also time-dependent. To be
more precise, a family t — M(t) of compact semi-invariant (i.e., U (t,7)M(t) <= M(t)) sets of the dynami-
cal process (1.1) is an (non-autonomous) exponential attractor if

1) The fractal dimension of all the sets M(t) is finite and uniformly bounded with respectto t:

dimg (M(t),®)<C < oo,

2) There exist a positive constant £ and a monotonic function Q such that, for every teR,s>0 and
every bounded subset B of @,

dist,, (U (t+5,t)B,M(t+s))<Q(|B], Je (1.6)

We emphasize that the convergence in (1.6) is uniform with respect to teR and, consequently, under this
approach, we indeed overcome the main drawback of global attractors [13].
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This article is organized as follows. In Section 2, we first provide some basic settings and show the absorbing
and continuous properties in proper function space about Equation (1.1). In Section 3 and Section 4, we prove
the existence of the uniform attractor and exponential attractor of Equation (1.1), respectively. Finally, we prove
the existence of infinite-dimensional exponential attractor, and compare it with the non-autonomous exponential
attractor in Section 5.

2. Preliminaries

We will use the following notations as that in Pata and Squassina [15]. Let A be the (strictly) positive operator
on L*(Q) defined by

A=-A withdomain D(A)=H?(Q)NH;(Q),

and consider the family of Hilbert spaces D(AS/Z),S e R with the standard inner products and norms, respec-
tively,

(-,')D(AS/Z) :(AS/Z., AS/Z ) and |.|D(A5/2) _ AS/Z |

Then we have
D(A°)=L*(Q), D(A”)=H;s(Q), D(AY*)=H™(Q)
and the compact, dense injections
D(A”)—~D(A”?), vs>r.
In particular, naming 4, the first eigenvalue of A, we get the inequlities

Ar/2¢| < A2 A5/2¢|, vgeD(AP).

We recall the continuous embedding
D(AS/Z ) N Ls/(sfzs) (Q) Vs e [Ogj

and the interpolation results: given s>r >q, forany ¢>0, there exists C, =C, (s, r, q) such that
Au| < g|A%u[+C,[A"U], VueD(AT),

and let
E=H;(Q)xL*(Q), V=H?(Q)NH;(Q)xH;(Q).
Equation (1.1) is equivalent to the following initial value problem in the Hilbert space E

Y=PY+F(Y,t), t27,
; (2.1)
Y(7)=Y, =(Up, ) €E,

. F(Y,t)=(0,—yu - f(u)+g(t) and

SN

It is well known (see, e.g., [3], [9]) that, under the above assumptions, Equation (2.1) possesses, for every
reR and Y, eE, a unique (mild) solution Y(t,Y,)eC([r,Jroo),E),tzf. Thus, Equation (1.1) defines a
dynamical process {Ug (tr)t>r,7e R} in the phase space E by

U, (t, 7)Y, :=Y (t), where Y (t) = (u,u, ) solves (2.1) with Y (7) = (u,,, Uy, ). (2.2)

where Y =(u,u, )T

Define a new weighted inner product and normin E as

(2.0)e = (A%, A0, )+ (w0, ), o] = (0 0)L
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for any

(oz(ul'vl)T ' ¢=(u21V2)T ek,

where u is chosen as

2
_A+(ahty)atr/h 6(3,1} (23)
4+2(ah+y)a+y? /A \2
Obviously, the norm |- in (2.3) is equivalent to the usual norm ”'"H%(Q)XLZ(Q) in E.
Let
p=(u,v) ,v=u +ku,
where k is chosen as
ak+y
= , 24
4+2(05/11+}/)05+;/2/ﬂ1 @4
and then the system (1.1) can be written as
¢, +H(p)=F(p.t), q)(r):(u(,,,uh+ku0T)T, t>7, 7eR, (2.5)
where
0
F(op,t)= ,
@0ty
H B ku—v
()= Au-k(aA-k)u-yku+(y—k)v+aAv)
Lemma 2.1 For any goz(u,v)TeE, we have
al+y
(H(0).0), > aullof + 2L
where
+ 2 2
o, =M, " =4+(aﬂl+y)a+y—, |2 =(a21+;/)a+}/—. (2.6)
VERENVAVE) A A

Proof. Since D(A)xD(A) isdensein E,and u=1-ka;we only need to prove lemma 2.1 for any
@=(u,v)" eD(A)xD(A),

+ + k
(H(0)0), = ulolg =257 2 (ko )l o #2570 | L ol ]

N

By (2.4) and (2.6), elementary computation shows

4(k—o-0)(aﬂ12+7—k—0'0j2%.

The proof is completed. [J

Lemma 2.2 Let assumptions (1.2)-(1.5) be satisfied. For any initial data ¢, € E, there exists a positive con-
stant p depending only on the coefficients of (1.3) and (2.4) and Q such that the following dissipative esti-
mate holds:

ol <Qlle () Je 7 +M., t=7,
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where Q is a monotonic function and where the positive number M, depends also on M (but is indepen-
dent of the concrete choice of g).

Proof. Write G IG u)dx. Let qoz(u,v)T € E be the solution of the system (2.5) with the initial
value go(r)z(uoﬂuk+kuo) € E. Taking the inner product (-,-). of (2.5) with ¢, we have

2dt[" [: +26(u) |+ (H (9).0), +k(f (u).u)=(g(t).v). @2.7)
By (1.2), (1.3) and Poincaré inequality, there exist two positive constants k;,k, >0 such that

(u, f(u))-c,G(u ||u|| +k, 20, YueHg(Q), (2.8)

G_(u)+1||u||2 +k, >0, (§(u)+i||u||2 +k >0, VueHg(Q). (2.9)
8 32,
By (2.4) and (2.6), %k <oy <k Let y(t)=|off +26(u)+2k > 1||(p||2 >0. By (2.8)-(2.9), we have

(H(co):w)E+k(f(u)vu)2%py—k( +cik, )+ Ai”lVl (2.10)

where p:3—12k3,3:min(1,16c1). By (2.7) and (2.10),

—y ,0y<

o +}/|g|2+2k(c1k1+k2).

By Gronwall’s inequality, we have an absorbing property:

lo(®f <4y (z)e” +4[(a/11|\127)p + Zk(cll:; e )](1—e‘P“‘f)), t>7.

This completes the proof. (I
Theorem 2.1 Given any b >0 and for the solutions of (2.5) with any two initial data ¢, ,¢, € E such that
@] <b, |@,. || < b, we have the following Lipschitz continuity in E

"Ug (t,r)(oh -U, (t’T)(er c <

Ky(t-7)

(plr _¢21 E Vt 2 Ty
for some K, =K, (b).
The proof is similar to Theorem 2 in [15]. O
Theorem 2.2 For the solutions of (2.5) with different external forces g, and g, satisfying (1.5) and with
the initial data ¢,, and ¢,, € E, the following contiuity holds:
||Ug1 (t:T)%r _ng (t’T)¢2r

2

P — ¢2r

<CeK2”)( (s)- | ds) t>7,

where C and K, areindependentof M,t and <.
The proof is similar to Lemma 4 in [5].
3. Existence of the Uniform Attractor

The dissipativity property obtained in Lemma 2.2 yields the existence of an absorbing set for the process
U, (t,z) on E. Inthe following section, we assume that o >c, holds, where c, is specified in (3.11).

Theorem 3.1 The process {Ug (t, r)|t > r} possesses a uniform attractor A" in E.
Proof. We consider g, € L” (R, L? (Q)) such that

(3.1)

and we introduce the splitting (u,v):(p,q)+(vvl,pl)+(wz,p2) where (p,q) satisfies
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P +kp—q=0,
g +Ap—k(aA-k)p+(aA-k)gq+y(q-kp)+ f(u)=g,(t),
p(r)=0, a(r)=0,
(\Nl, pl) satisfies
W+ kw!' — pt =
ptl+A\Nl—k(aA—k)Wl+(aA—k)pl+7/(p1—kW1)=g(t)—ge(t),
Wl(z')=0, pl(r)zo,
and (Wz,pz) is the solution of
W +kw’ — p® =0,
ptz+AW2—k(aA—k)W2+(aA—k)p2+7(p2—kW2):O,
W (7)=U,, p°(r)=uUy,.
We now define the families of maps {Ui(t,r)|tzr} and {Ukz(t,r)|t21} in E, where

U (0) (o, )= (R0, 0(0) + (W (1),9 (1), U2 (6 (uor 1y, ) = (9 (1), 07 (1)

(3.2)

(3.3)

(3.4)

).

First step: We prove that (p,q) is bounded in V that the solution of (2.5) is starting in bounded sets of

initial data ¢_. The system (3.2) can be written as
o +Ho(¢") =Fa(¢"). #°(r)=(0.0)",

where ¢° =(p,q)",

Fl((ﬂo):(_f(u)(igg (t)]’

-~ kp—q
H, (¢ )_(Ap—k(aA—k)p+((ZA—k)q+7(q_kp)].

Similar to Lemma 2.1, we have
(Hi().0°), 2aulo’lf + 2ol
where o, isas (2.6). Multiply (3.5) by (p,q), so we get
2 al+y
Sl oulo e -l < (-1 w).)+ (0. (0.0,
Similar to Lemma 2.2, applying (3.7) and Young, Poincaré, Gronwall inequalities, we obtain

||¢ " <_C( aﬂ'l’k’}/’kl’kZ’Cl)

Now we multiply (3.5) by (Ap, Aq) and integrate over € to obtain

aﬂl |a g(—f(u),Aq)"'(gf(t)’Aq)’

2

1d
2dt

A2 + 0o, A2

E

q

E

(3.5)

(3.6)

(3.7)

(3.8)

(—f(u),Aq):[—A;f() 1(pt+kp)] (;jt(A;f(u),A;p]+[A;f’(u)ut,A;pJ—k[A;f(u),A;pj.

788
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Then from (3.8) we have

1d : 1 1 L 1 1

En Az(p +2(A2f(u),A2pj +o|A29° +k(A2f(u),A2pJ
E E
1 1 1 1 1

S—@ Azq +(A2f’(u)ut,AZpJ+(Azg“A2qj,

ie.,

1d 2 1 1 1 1 1

Sdt A2 +2(A2f(u), 2pj +o|A2¢° +k{A2f(u),A2pj
E E

1 P (3.9)
1 1 A%Q.
<| A2f'(u)u, A?p [+ ———,
o)

for the first term on the right-hand side of (3.9), we have

1 L 1

AZf'(u)u, s03|f’(u)ut|L6(Q) sc4(jﬂ(1+|u|6 )dx)6 -('|'Q|ut|6 dx)6
(3.10)

<c, (I (1+|u ) ) (_[ |u| dx)
By (3.9), (3.10), and Lemma 2.2, there is T,(Q) >z, such thatforall t>T,
l 2
all & P 1 1 1P 1 T
ol E+2(A2f(u),A2 pJ +2(0-c,)|AZg° E+2k(A2f(u),A2 sz ey M (3.12)
let p'=min{c—c k} >0, usingthe Gronwall’s lemma, we have
E 1 1
A2’ +2(A2f(u),A2pJ
E
L 2 ! 2 (3.12)
1 2 1 1 'Ai g( Ai g(
<[ | az¢2 (0) +2(A2f(u(0)),A2p(O) e 4 L 2My 2My
: (ah+7)p" P (ah+y)p" P
By (1.2), (1.3) and (2.8), (2.9), from (3.12), we obtain
O T 1
A2¢° S—C{Azgf ,a,ﬂ,l,k,j/,kl,kz,cl,cz} (3.13)
E p 0

Lemma 2.2 and (3.13) imply that (p,q) isboundedin V.
Second step: Let ¢' = (W', p*), we will prove that there exists K >0 independence of ¢ such that

Jo], < ke
Multiply (3.3) by (W1 pl) we thus obtain
| <lg(t)-a,

Sl vl + (t). ]

2dt
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due to Gronwall and Poincaré inequalities, then

" 1"2 < |9(t)_ Q. (t)E < 4¢?
= op(ah+y)  op(akty)
Since the embedding V —E is compact, (3.13), (3.14) and the following lemma imply that {U,f (t,r)|t > r}

is compactin E.
Lemma 3.1 (see [16]) Let X be a complete metric space and A be asubsetin X, such that

AcK, +B(0,C(c)), Ve,

(3.14)

with lim_,,C(¢)=0 and K_ iscompactin X, then A iscompactin X.
Third step: Let ¢° = (Wz,pz) , the same arguments in the Equation (3.4) lead to

lo*]; =< (sl *Jexp(-20, (t-7)). (3.15)
Then from (3.15), Lemma 2.2, and the compactness of U, (t,7), the system (2.5) exists a uniform attractor

A" in E.
It is easy to see that the process

2

+ Uy,

Uy (t7)=Ub (67)+U2 (6,7): (Up, v, =y, +kup, )" = (u(t),u, (t)+ku(t))T, E—>E,
defined by (2.5) has the following relation with U, (t,7):
U (t.7)=RU, (t.7)R,, (3.16)
where R, isan isomorphism of E:
R :{u.u,} — {u,u, +ku}.

Since the process {Uk (t,r)|t >, possesses a uniform attractor A" — E, by (3.16), {Ug (t,r)|t > r} also
possesses a uniform attractor A =R A", [

4. Existence of Exponential Attractors

The main result of this section is the following theorem.

Theorem 4.1 Let the function f and the external force g satisfy the above assumptions. Then, for every ex-
ternal force g enjoying (1.5), there exists an exponential attractor t — M, (t) of the dynamical process (1.1)
which satisfies the following properties:

1) The sets M, (t) are semi-invariant with respect to U, (t,7) and translation-invariant with respect to
time-shifts:

Ug(t,r)/\/lg (r)cMg (1), M, (t+S)=/\/Lrsg (1), (4.1)

where t,s,7eR,t>7 and {T,,heR} isthe group of temporal shifts, (Thg )(t) =g(t+h).
2) They satisfy a uniform exponential attraction property as follows: there exist a positive constant 43, and a
monotonic function Q (both depending only on M ) such that, for every bounded subset B of E, we have

diste (U, (t,7)B, M, (1)) <Q(||B]. Je 2, vtzreR. (4.2)
3) The sets M, (t) are compact finite-dimensional subsets of E:
dim. (M, (t),E)<C,, teR, (4.3)
where the constant C, is independentof t and g.

4) The map g — M, (t) is Holder continuous in the following sense:

diStéymm (./\/lg1 (t) , Mgz (t)) <C, (J‘:e’/’a(tfs)

9:(s)-0, (s)|2 ds)” , (4.4)

where the positive constants C,,, and n are independent of g,,g, and t, dist?™ denotes the symme-
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tric Hausdorff distance. In particular, the function t — M, (t) is uniformly Hoélder continuous in the Hausdorff
metric:

dist?™ (M, (t+5), M, (1)) <Cy|s[", (4.5)

where C, and 7, arealso independent of g,t and s.

Proof. Firstly, we construct a family of exponential attractors for the discrete dynamical processes associated
with Equation (2.5). According to Lemma 2.2, it only remains to construct the required exponential attractors for
initial data belonging to the ball

B=B, ={p<Elpl<Ro},

where R, is a sufficiently large number depending only on M given in (1.5), is a uniform absorbing set for
all the processes U, (t,z) generated by Equation (1.1). Moreover, from Theorem 2.1, Theorem 2.2 and Theo-
rem 3.1, it follows Lipschitz continuity and smooth properties for the difference of two solutions ¢, (t) and
@, (t) . Thus, by Theorem 2.1 in [13], the family of discrete dynamical processes

Ug (m1)=U,(z+mT,z+IT),mleZ m=>I possess exponential attractors | — M, (l,7),l e Z. For obtain-
ing exponential attractors of the family of dynamical processes U, (t,z),t>reR, we need the Holder
continuity of the processes U (t,7) with respect to the time, see the following lemma.

Lemma 4.1 Let the above assumptions on Equation (1.1) hold. Then, for every ¢, E, we have

Jug (t+s.7). -U, (t.7)o, | <clsf?, (4.6)

where the constant C depends on M, and is independent of t>7eR,s>0. Moreover, for every T >0,
we also have

s, t>T, 0<s<T/2, 4.7)

"Ug (t+s,5)p. -U, (t,7)e,

, S CreX(t)

where q' is a positive number and the positive constant C; depends on T but is independent of t,z and
S.
Proof. Note that thereisa s, >0 such that

e <s¥? vs>s,,

and ¢(t) is uniformly bounded in E and Lemma 2.2, which imply the Holder continuity (4.6). In order to
verify (4.7), we note that, due to (4.6) and Theorem 2.2, for every ¢ € E , we have

||Ug (t+s,8)p, ~Ug (t7)o, |
<[y, (t+s0)(U, (L), )-U, (t5)e,

<Gy [sf” +Cre

s ts)e ~U, (Ls)(U, (s.0)0, )|

< Cre =) |2,

wr _Ug (S’T)([)r

where all the constants depend on T, but are independent of M,t,s and 7. Using the previously mentioned
interpolation inequality in Section 2 finishes the proofs of estimate (4.7). O
Now, we can define the exponential attractors for continuous time by the following formula

My (1) =V, (to) M, ()
with respect to z. The proofs of the semi-invariance with respect to U, (t,z) and translation-invariance with
respect to time-shifts is similar to [11] [13]. Estimate (4.2) follows in a standard way from Lemma 2.2, Theorem
3.1 for the processes U, (t,7). Thus, it only remains to verify the finiteness of the fractal dimension of M, (t).

In order to prove this, we first note that, according to the Holder continuities Theorem 2.1 in [13] and (4.7), we
have

dist™ (ug (t,z=s,)M, (0,7-5,),U, (t,r—s,) M, (O,r—sz))ﬁ Cls,—s,[",

forall s,s,e[0,t—z], teR and C>0,;,>0. Since the map U, (t,z—s) are uniformly Lipschitz conti-
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nuous, Theorem 3.1 in [13] implies that

H, (M, (1), E)££I0921+C’,
7, 3
for a given &>0, and some constant C and C' which are independent of t. The proof of Theorem 4.1 is
completed. [

5. Infinite-Dimensional (Uniform) Exponential Attractor and
Non-Autonomous Exponential Attractor

Finally, we compare the non-autonomous exponential attractor t — M, (t) obtained above with the so-called
infinite-dimensional (uniform) exponential attractor constructed in [11] [13]. To the existence of the uniform at-
tractor for strongly damped wave equations, we use the results in [4] and [5] as a model example.

Let gel” (]R, L2 (Q)) be some external force. Let 7(g) bethe hullof g in L~ (R, L2 (Q)) ie.,

H(9):=[T(h)glhe R]m(wm)) !

where [']Lw(R,LZ(Q)) denotes the closure in Lw(R, LZ(Q)). Evidently, T(h)H(g)="*(g) for any heR.

Using the standard skew product flow in [4] and [5], for every external forces ¢ satisfying (1.5), we can embed
the dynamical process U (t,z) into the autonomous dynamical system S(t) acting on the extended phase
space ®:=ExH(g) via

S(t)(Yp.0)=(U, (t.0)Y, T (t)o), Y, €E, oceH(g), t=0.

It is known that S(t) is a semigroup. If this semigroup possesses the global attractor A =A(g)c @, then,
its projection .A""(g):=]],A(g) onto the first component of the Cartesian product is called the uniform at-
tractor associated with problem (1.1).

It is also known that the uniform attractor A" (g) exists under the relatively weak assumption that the hull
H(g) iscompactin L~ (R, L2 (Q) , but, unfortunately, for more or less general external forces g, its Haus-
dorff and fractal dimensions are infinite. Instead, the following estimate for its Kolmogorov’s ¢ -entropy holds,
see [4].

Proposition 5.1 Let the above assumptions hold and the hull 7(g) of the initial external forces be compact.
Then, Equation (1.1) possesses the uniform attractor A" (g) and its ¢ -entropy can be estimated in terms of
the ¢ -entropy of the hull 7(g) as follows:

H, (Aun (g)) =C, |092%+H80 (Aun (g))+ Hl [H{O,aIOQZ%]H(g)J’ Ve > &, (5.1)

for some positive constants C,,g,,K' and a dependingon f .

Definition 5.1 [11] [13] A set M”“(g) is an (uniform) exponential attractor of Equation (1.1) if the fol-
lowing properties are satisfied:

1) Entropy estimate: M"" (g) is a compact subset of the phase space E which satisfies estimate (5.1)
(possibly, for larger constants C,,K’ and a).

2) Semi-invariance: for every Y, e M" (g), there exists he#(g) such that U, (t,0)Y, = M" (g) for
all t>0.

3) Uniform exponential attraction property: there exists a positive constant 5 and a monotonic function Q
such that, for every he(g) and every bounded subset B < E , we have

dist (U, (t,7)B,M" (9))<Q(|B] )e ™, VtzreR. (5.2)

[13] points out that a uniform exponential attractor M (g) can be constructed if the (non-autonomous)
exponential attractor t — M, (t) has been constructed, so we have
Theorem 5.1 Let the assumptions of Theorem 4.1 hold and let, in addition, the hull 7(g) of some external
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forces satisfying (1.5) be compact. Then, there exists a uniform exponential attractor M”"(g) for problem
(1.1) which can be constructed as follows:

M ()= UM ()] = U 240).

teR heH(g

Remark 1 When « =0, Equation (1.1) reduces to the following damped wave equation on a bounded
domain Q c R® with smooth boundary 8Q:

Uy —Au+yu, + f (u)=g(t),
u | o =0, (5.3
(u(z),u (7)) = (Up, Uy, ),

Equation (1.1) reduces to the damped wave equation modeling the Josephson junction in superconduction
which was studied by many authors (see [1] [6] [17]). We assume that the function f satisfy (1.2)-(1.4). The
Equation (5.3) also possesses a finite dimensional exponential attractor.

Remark 2 When y =0, Theorem 4.1 remains valid for the following strongly damped wave equation was
studied by many authors (cf. [7] [18]):

Uy —Au, —Au+ f (u)=g(t),
Ul =0,

(u(7)u (7)) = (U, ),

if we assume that the function f satisfy (1.2)-(1.4).
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