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Abstract

Throughout this paper, we introduce a new hybrid iterative algorithm for finding a common ele-
ment of the set of common fixed points of a finite family of uniformly asymptotically nonexpansive
semigroups and the set of solutions of an equilibrium problem in the framework of Hilbert spaces.
We then prove the strong convergence theorem with respect to the proposed iterative algorithm.
Our results in this paper extend and improve some recent known results.
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1. Introduction

Recall the following equilibrium problem. Let C be a closed convex subset of a real Hilbert space H with
inner produce (..) and norm |.. Let ¢:CxC — R be a bifunction, where R is the set of real numbers.
The equilibrium problem for ¢ istoto find xeC such that

$(x,y)=0, vy eC,
the set of solutions is denoted by EP(¢).
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A mapping T of a normed space H into itself is said to be nonexpansive if [Tx—Ty|<|x-y| for
each x,yeH . We denote by F(T) the set of fixed point of T . Given a mapping T:C > H , let
#(x,y)=(Tx,y-x) forall yeC .Then xeEP(¢) if and only if (Tx,y-x)>0 forall yeC, ie, x is
a solution of the variational inequality, there are several other problems, for example, the complementarity
problem, minimax problems, the Nash equilibrium problem in noncooperative games, fixed point problem and
optimization problem, which can also be written in the form of an EP. In other words, the EP is an unifying
model for several problems arising in physics, engineering, science, optimization, economics, etc. In the last two
decades, many papers have appeared in the literature on the existence of solutions of EP; see, for example
([1]-[3]) and references therein.

Iterative methods for finding fixed points of nonexpansivemappings are an important topic in the theory of
nonexpansive mappings and have wide applications in a number of applied areas, such as the convex feasibility
problem (see [4]-[7]), the split feasibility problem (see [8]-[10]) and image recovery and signal processing (see
[6]).

In 1953, Mann [11] introduced the following iterative process to approximate a fixed point of a nonexpansive
single valued mapping T ina Hilbertspace H :

oo = &%, + (1=, )TX,, Vn21,

where the initial point X, is taken in C arbitrarily and «, is a sequence in [0,1]. However, we note that
Mann’s iteration process has only weak convergence. To obtain strong converges for Mann iteration, Nakajo
and Takahashi [12] and Takahashi et al. [13] introduce some hybrid iterative process. Motivated by Suzuki’s
result [14] and Nakajo-Takahashi’s results [12].

On the other hand, Tada and Takahashi [15] introduce a new iterative method for finding a common element
of the set of solutions of an equilibrium problem and the set of fixed points of a nonexpansive mapping T in a
Hilbert space H.

A family T = {T(s):s 20} of mappings on a closed convex subset C of a Hibert space H is called a
nonexpansive semigroup if it satisfies the following conditions:

1) T(0)x=x forall xeC;

2) T(s+t)=T(s)T(t) forall s,t>0;

3) |T(s)x-T(s)y|<|x—y| forall x,yeC and s>0,

4)forall xeC, s—T(s)x iscontinuous.

Takahashi and Chen [16] proved a strong convergence theorem for nonexpansive semigroups in Hilbert
spaces by hybrid method in themathematical programming. Recently Saejung [17] improved the result in [16].

Takahashi’s result gives us new idea that a finite family of uniformly asymptotically nonexpansive semi-
groups is introduced.

Definition 1.1 A family T = {T (s):s= 0} of mappings on a closed convex subset C of a Hibert space H
is called an uniformly asymptotically nonexpansive semigroup with sequence k, (k,>1 and lim =1)
if it satisfies the following conditions:

1) T(0)x=x forall xeC;

2) T(s+t)=T(s)T(t)=T(t)T(s) forall st=0;

3) |T”(s)x—T”(s)y||s k,[x-y| forall x,yeC, s>0, nx1

4)forall xeC, s—>T(s)x iscontinuous.

In this paper, we introduce a new hybrid iterative process for finding a common element of the set of common
fixed points of a finite family of uniformly asymptotically nonexpansive semigroups and the set of solutions of
an equilibrium problem in the framework of Hilbert spaces. Then we prove some strong convergence theorems
of the proposed iterative process. Our results generalize results of Tada and Takahashi [15], Takahashi et al.
[13], He and Chen [16] and Saejung [17].

n—o0 kn

2. Preliminaries

Throughout the paper, we denote weak convergence of {xn} by X, — x,and strong convergence by x, — X.
Let C be aclosed convex subset of H, we use T to denote the common fixed points set of the semigroup

T:={T(s):s20}.ie, F(T)={xeC:T(s)x=xVs20}.
Next, We present an example of an uniformly asymptotically nonexpansive semigroup.
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Example 2.1 As an example, we consider the nonempty closed convex subset C = [,+oo) of a Hilbert space
IR. define T(s)x=exp(—s)x. Observe that T(s) is an uniformly asymptotically nonexpansive semigroup.
For every point € H , there exists a unique nearest point in C , denoted by P.x such that

[x=Pex|<[x-y]. vyeC
thatis, R.x=inf, . |x- y|| P. is called the metric projection of H onto C. Itis well known that P, isa

nonexpansive mapping. It is also known that H satisfies Opial’s condition, i.e., for any sequence {xn} with
X, — X , following the inequality holds:

liminf |[x, - x| < liminf I, =y|. vyeH,y=x

n—oo

To prove our result, we recall the following Lemma.

Lemma 2.1 (see [18]). Let C be a closed convex subset of H . Given xeH and a point zeC . Then
z=P.x ifandonlyif (x-z,y-z)<0 forall yeC.

Lemma 2.2 (see [12]). Let C be a closed convex subsetof H .Thenforall xeH and yeC wehave

ly =Pl +lx=Rell <[x-y[-
Lemma 2.3 (see [18]). Let H be a real Hilbert space, there hold the following identities:
1) ||tx+(1—t)y||:t||x||2 +(1-t)|y[ ~t@-t)|x-y|, forall te[0,1] and x,yeH .

2) |x- y||2 :||x||2 —||y||2 -2(x-y,y), forall x,yeH.
Lemma 2.4 (see [19]) Let H be a real Hilbert space. For i, j=1,2,---,N,

NP N ) 2
|| =2 [l - 2aa, "Xi =X "
m=1 m=1 i#]

a,a, €[0,1] with Y " a =1.
For solving the equilibrium problem, let us assume the following conditions for a bifunction ¢ (see [1]):
1) ¢(x,x)=0,forall xeC.
2) ¢(x,y)+4(y,x)<0,forall x,yeC.
3) Foreach x,y,zeC,
limsupg(tz+(1-t)x,y) <4(x,y).
t—>0"
4) ¢(x, ) is convex and lower semicontinuous for each xeC.

Lemma 2.5 (see [1]) Let C be a nonempty closed convex subset of H and let ¢ be a bifunction of
CxC into R satisfying (Al)-(A4).Let r >0 and xeH . Then, there exists zeC such that

¢(z,y)+£(y—z,z—x)20, vy eC.
r

Lemma 2.6 Let ¢:C — C satisfies (A1)-(A4). For r >0 and xeH , define a mapping T,:H —»C as
follows:

T,x={z eC:4(z, y)+%(y—z,z—x>20,Vy eC}.

Then, the following holds:

1) T, issingle valued;

2) T, isfirmly nonexpansive, i.e., forany x,yeH, [Tx-Ty[ <(T,x-T,y,x-y);

3) F(T,)=EP(¢);

4) EP(¢) isclosed and convex.

In 2013, Mohammad, E. introduce a new hybrid iterative process for finding a common element of the set of
common fixed points of a finite family of nonexpansive semigroups and the set of solutions of an equilibrium
problem in the framework of Hilbert spaces. He then prove strong convergence of the proposed iterative process.
In this paper, we improve Mohammad’s result, and obtain follwing main results.
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Mohammad’s Theorem 3.1 (see [20]) about nonexpansive semigroups is the special case of our results. Our
results improve chang’s result in [21].

3. Main Results

First, we show the following theorem to our main results.

Theorem 3.1 Let C be nonempty closed convex subset of H. T(s)(s>0) be an uniformly asymptoti-
cally nonexpansive semigroups with nonnegative real sequences {kn} with {kn}c[l,oo) and k, >0 (as
n—oo), then F(T) isaclosed and convex subset of C.

Proof. Let {x,} be a sequence in F(T), such that x, - X . Since T(s)(s>0) be an uniformly
asymptotically nonexpansive semigroups, we have

Ix, = 2| :"T (s)x,-T (s)x*” <k,

for z=T(s)x andforall neN. Therefore,

=kl =x]=0

n—o0 n~>oo

We obtain z=x". Hence, Tx" =x". So, we have X’ eF( ).ThlSlmplles F('JI‘) is closed.
Let p,qeF(T) and te(0,1), and put w=tp+(1-t)q. Next we prove that we F(T). Indeed, in view
of Lemma 2.3 2), let z, =T"(s)w, we have

w2, = i ~2(w2,) +[12, [
=W -2(tp+(1-t)a.2,)+ [z, )
=Wl +tlp-2,+ (1= )la -z, -t] ol - (2-t) ol
Since
tp-z,|+(@-t)a.z|
<t(k, ~1)[p-w|+(1-t)(k, ~1)[a—-w
=t{lplf ~2(p.w)+ i’ + (k, ~1)Ja ] @
+(L-t){lalf ~2(a.w) +aff +(k, ~D)a-w}
=tlpl +@-t)al" ~wf" +t(k, ~Dp - wl+ (L-t)(k, ~1)a-w]
Substituting (1) into (2) and simplifying it we have
-2, <t(k, ~Dp-w+ (1-t)(k, ~Dfa-w] >0,  (asn—>)

Hence, we have z, — w. This implies that z,,, =TT"w— w. Since T(s) isclosed, we have T(s)w=w,
i.e, we F(T). This completes the proof of theorem 3.1.
Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H and ¢ be a

bifunction of CxC into R satisfying (A1)-(Ad). Let T, :={T,(s):s20} (i=12,--,m ) be a finite family of

=1). Assume that

n—o I'I

uniformly asymptotically semigroups with sequence {k,ﬂi)} (kf)zl and lim

F:=(",F (T,)NEP(¢) = 2. For an initial piont x, €C,=C,let {x,} and {z,} be sequences generated by

¢(Zn,y)+ri(y—zn,zn ~x)20, VyeC

Yo = 8002y + .1 (t,) 2, +a,,T5 (L) 2, ++ 2, To () 2, 3)
Ca={ueC, |y, —u| <k, [x, —u}
Xo1 = P %o (n=012,-)

where P, is the metric projection of H onto D, . If {anvi}:io, {r}, {k,} and {t,} satisfying the fol-

n
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lowing conditions:
1) k, =max,;, {kr(]i),l} ;

2) a,;€[al) (for i=01--m)and > a5 =1;
3) r,20 and liminf 1, >0;

n—ow 'n

4) liminf,__t =0, limsup, .t >0,

n—o n

then, the sequences {x,} and {z,} converge stronglyto P.X,.
Proof. 1) First, we prove F:=("F(T,)NEP(¢)=C,.

Indeed, F<C,=C isobvious. Suppose that F < C,,thenfor vpeF and z, =T, x,, by Lemma 2.6 we
have

"Zn - p” = n Trn p" < "Xn - p" (4)

Since T;: {T( ): s>0} (i:1, 2,~--,m) be a finite family of uniformly asymptotically semigroups,we
have

a,0Zy +ay Ty (t) 2, +a,, 1, (t,) Z, +-+a, T (1) 2 —p"
1n(tn)zn_p| ( Z _p"

< a'n,O ”Zn - p||+an,lkr(\1) "Zn - p||+a'n 20%n "Z p||+"'+an m n ”Z p"
<k, |20 = P <k [x, =]

Iy, = pl=

< a'n,O ”Zn - p||+ a'n,l

T, (t,)z, p||+ +a,

n,2

which implies that peC,,, Therefore we have F:=(""F(T,)NEP(¢)=C, for all n>0. Note C, is
closed and convex.this implies that {x,} is well defined. From Lemma 2.5, sequence {z,} is also well
defined.

2) Next, we prove that lim|[x, —x,| exists.

Since F is closed and convex subset of H, there exists a unigue weF such that w=P.x,. From
X, = PR, X, €C,, we have

% =l < %02 =]
Since weF c C,, we get that
%, = %] < [w=%[., n=>o0.

It follows that the sequence {x,} is bounded and non decreasing, this implies that lim||x, —x,| exists
3) Now we show that lim,, x =qeC, lim ||Tin (s)x, —xn" =0(Vs>0).
Infact, from Lemma 2.2 we have

%n = %[ [%0 = X = [% = %] =0, as m>n—co.

witch implies that we get {xn} is Cauchy. Hence there exists qeC such that lim
I¥ = Xoua| < %, = Xpa|| - thus limy, =q e C . By Lemma 2.4, we have

=qeC. Since

n—o n

an,OZn + an,lTln (tn ) Zn + an,ZTZ ( )Z teeet an me ( n Zn - p"2
n n 2
Tl (tn)zn - p" +an,2 T2 (tn Z,— p|
r:(tn)zn_p in(tn)zn_zn2
< an 0 "Z - p"2 + an,lkr(ll) "Zn - p"2 + an,zkr(12) ”Zn - p"Z (5)
in (tn) n
in (tn)zn -, i

2
in (tn)zn -,

Iy — o[ =

s an,O "Zn - p"2 + an,l

+eeda

2
| - an,Oan,i

totra k(™ ||zn—p||2—anv0(:1nyi

n,mn

< I(n ”Zn - p"_an,oan,i

< kn ”Xn - p"2 _an,oan,i
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from condition (C1), so we have

2

a <o o =y, ol

2
Tin (tn ) Z,-1,
in (tn) n

2, " =[x, <(T,%-T,p.%—p)

1
=z~ px, =) =2 (lz = bl +lx ol [ - [,

< an,Oan,i

in (tn)zn -,

=0 forall i>1.Weknowthat z, =T, X,, hence we have

this implies lim

n—oo

that is,
Iz, =0l <%, =l =[x - 2"
Using (3.5) we get that
I, = I <k, Jz, = o <k, (I, =l =l ~z[),
that is,
1
[% =2l <%, =PI = =lva =PI
n
which implies lim__, |x, —z,[=0. Hence forall i>1 we get that
T (t,)z, - T" (t,) X,

n—oo

T (t,) X, =%, [ < +T" (t,)z, -2
£(1+kr(,i)) "

Without loss of generality, as in Saejung’s article [17], let lim _ t =Ilim

nN—oo ™n

+

n

+[T"(t,)z, -2, >0 as n—oo

n n

Ti”(tn)x - X

=0. For

n

T (e, T (k) Tﬁ[th]xn—Ws)xn

ek o
k() I (0%, -

where [x] denotes the maximal integer that is not larger than x. Since for ¥n>0 mapping s —>T" (s)x
"(t,) X, T." ()X, —X,|[=0(Vs=>0).

4) Now we prove that qeF:=(""F(T,)NEP(¢).

First, since z, =T, x, and lim,_ |x, —z,|=0, by (A2) we get that

n—owo

s>0 and 1<i<m,

" (8)%,

<S5k
t,

Ti( )X - X,

}, O<t<t,,

forafixed xeC and lim [T =0, then lim

i(y—zn,zn—xn>2¢(y,zn) vyeC

n

and hence

<y—zn,r1(zn—xn)>2¢(y,zn) vyeC.

n
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Since Iimnﬁwi(z -X,)=0, lim_ z, =q andA(4), we get that

n

#(y.q)<0 vyeC.
If te(0,1) and yeC,let y, :=ty+(1-t)q,then y, eC. So, from (A1)-(A4) we have
0=¢(Y0.¥) =d(Yoty+(1-t)a) <td(y,y)+(1-t)$(¥,.q) <tg(¥,.y)
which gives ¢(y,,y)=0 forall yeC.Hence by (A3) we have
0<I|msup¢(yt, )Ilmsup¢(ty+(1 t)a.y)<4(a.y) vyeC,

t—>0" t—>0"

whichis qeEP(¢).
For i=1,2,---,m, we have

la-Ti(s)

() ~T,(s)q

(o), o

ﬂ

|(I

S) Tln 1( ) _Tin 1(S)Xn 1| * Ti”il(s)x”‘l_q")
T (5) s, - mm+n“%9m4—ﬂ)

Since lim,_,, [T"*(s)X, q||_0 then T,(s)q=q ie, qeF(T;) forall i=12--,m and thus

e F =Y (T,)NEP(4).
5) Now we prove that ¢ =P.X, .
Since x, =R, X €C, and FcC,, we get that

I, =% <[p=%| peF wnxo0.

Kk
(i)
OI%
n

o~~~ o~

Since limno. X, = q, We have
la-x|<[p-%] peF wvnx0,

which implies ¢ = P;x,. The proof is completed.

From Theorem 3.1, taking ¢=0 and r, =1, we obtain

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H and ¢ be a
bifunction of CxC into R satisfying (A1l)-(A4). Let i {T (s) s>0} (i:1,2, m)) be a finite family
of uniformly asymptotically semigroups with sequence (k >1 and |Imer ./ =1). Assume that
F:=(",F(T,)NEP(#)= . For an initial piont x, eC ,let {x,} and {z,} be sequences generated
b

yn = an,Oxn +a‘n,1T1n (tn)xn +an,2T2 ( )X +eeet a'n me ( n )Xn
Cry={ueC, |y, —u| <k, | —ul} (6)
X1 =P, % (N=012,-)

where B, ~is the metric projection of H onto D,,,. If {an,i}i"lo, {r}, {k,} and {t} satisfying the
foIIowmg conditions: )

1) kn - maxlsism {ksl)’l} ;
2) a,; e[al) (for i=01--m)and Y "a =1,
3) liminf___t =0, limsup, t, >0,

n—oo0 ™n

then, the sequences {xn} converge strongly to P, x, .
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