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Abstract 
In this paper we present calculations of phonon dispersion of different types of single walled car-
bon nanotubes (SWCNT). In these calculations, the starting point has been the phonon dispersion 
of graphene. Zone folding scheme is then applied to obtain the phonon dispersion of CNT from that 
of graphene. Since the radial breathing modes in the phonon dispersion are not obtained by the 
zone-folding method, certain modifications are made in the lower branches to obtain these modes. 
These modifications produce results similar to those obtained by more sophisticated ab-initio 
methods. 
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1. Introduction 
After the discovery of carbon nanotubes in 1991 [1], much attention has been given to the investigation of their 
electrical, vibrational and thermal properties [2]-[6]. Phonon dispersion plays a fundamental role in determining 
both thermal and electrical properties of carbon nanotubes. In this paper we present some of our calculations of 
phonon dispersion of armchair and zigzag CNTs. As CNTs are rolled up by graphene, many physical properties 
of carbon nanotubes are closely related to those of graphene and to some extent, graphite. In our calculation of 
phonon dispersion of CNT, the starting point is that for grapheme, from which, the phonon dispersions of dif-
ferent CNTs are obtained through the zone folding scheme. Since the radial breathing modes in the phonon dis-
persions are not obtained by the zone-folding method, certain modifications are made in the lower branches to 
obtain these modes. The results obtained after these modifications are very similar to those produced through 
more sophisticated methods. The paper is organized as follows. In section 2 a brief description of the structure 
of CNT is given. The zone folding method, which is used to calculate the phonon dispersion of CNT from that 
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of graphene, is discussed in section 3 and the results of calculations are presented in Section 4. Section 5 con-
cludes the paper. 

2. Structure of CNT  
The lattice parameters of CNT in terms of the lattice structure of graphene, from which it can be imagined to be 
obtained by rolling, are shown in Figure 1 below. 

In the figure, OADB is a strip of graphene that is folded to form a CNT. Equivalent sites on the opposite 
edges, such as sites O and A, and sites B and D, are joined as a result of folding. The minimum translation along 
the tube, so that the structure is repeated, is OT. So, the primitive lattice translation vectors of CNT are the chiral 
vector hC



, and the translation vector T


, which in terms of graphene primitive vectors, are given as:  

1 2hC na ma= +


   
and  

1 1 2 2T t a t a= +


  . 

Here n , m , 1t  and 2t  are integers. The CNT that is obtained by folding the strip OADB will thus consist 
of two unit cells. In the reciprocal space, the two primitive translation vectors, 1K



 and 2K


 as shown in Fig-
ure 2, are given as:  
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1
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where N  is the number of hexagons per unit cell of a CNT and 1b


, 2b


 are the reciprocal primitive lattice  
 

 

Figure 1. The unrolled honeycomb lattice of a nanotube showing the chiral vector hC


 

and the translational vector T


 of a ( )4,1  nanotube.                             
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Figure 2. Extended reciprocal zone for ( )4,1  CNT superimposed on the graphene re-
ciprocal lattice.                                                            

 
vectors of graphene. 

As 1N K


 is a reciprocal lattice vector of the 2D graphene and 1t  and 2t  do not have a common divisor 
except unity, none of the N vectors, 1qK



 ( 0, , 1q N= − ) is a reciprocal lattice vector of the 2D graphene. 
Thus the one dimensional Brillouin zone of CNT is a line segment (RR’) of length 2 Tπ  along the 2K



 vector 
in the reciprocal space of graphene. However, there are N copies of it, along with 1K



, repeated at 1qK


. The total- 
ity of all these line segments in the k-space of graphene, forms the Brillouin zone of CNT. The k



 vectors form 
a continuum along with 2K



, and are discrete along 1K


. This structure of the k-space of CNTs forms the basis 
for the zone-folding scheme discussed in the next section. 

3. The Zone Folding Scheme  
As discussed in the previous section, the Brillouin zone of CNT consists of a number of line segments in the re- 
ciprocal space of graphene, oriented along one of the reciprocal lattice vector (let 2K



) of CNT. Further the 
number of line segments is equal to the number of hexagons in a unit cell of CNT. The existence of several 
identical line segments is a consequence of the fact that CNT has another folded dimension, the one around the 
tube. The k-vectors of CNT, thus, form a continuum along 2K



, as this is the reciprocal lattice vector corres- 
ponding to the long dimension, whereas they are discrete along the perpendicular 1K



 direction, corresponding 
to the much shorter, nanoscale dimension, around the tube. A k-vector of CNT can, therefore, be expressed as:  

2
1

2

Kk qK
K

+





,                                    (1) 

where  

k
T T
π π

− ≤ ≤  

and 0, , 1q N= − .  
All these k-vectors are distinct k-vectors of graphene. However, q = N is equivalent to q = 0, q = N + 1 is 

equivalent to q = 1, and so on, as 1NK


 is a reciprocal lattice vector of graphene. Thus, in a simple scheme, the 
energy dispersion of CNT is taken to be those sections of the energy dispersion of graphene, that are confined to 
the discrete line segments, comprising the Brillouin zone of CNT. Each of these N lines in the k-space of gra- 
phene gives rise to a dispersion curve, or a sub band for CNT. This method, by which the phonon dispersion of 
CNT is obtained from that of graphene, is known by the name zone folding [4]. The advantage of zone folding 
method is that it is very fast and can calculate the properties of any desired CNT very quickly in comparison to 
that done through first principle calculations, and as we show in the present calculation, it brings out most of the 
features of the dispersion curves as obtained through these more advanced calculations. 

4. Phonon Dispersion of Carbon Nanotube (CNT) 
For calculating phonon dispersion of CNT we have used the zone-folding scheme as described in section 3. Ac-
cording to this method the phonon dispersion of CNT is given as: 
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                           (2)  

for 1, ,6m =  ; 0, , 1q N= −  and  

k
T T
π π

− ≤ ≤  

Here 2
m
Dω  represents the phonon dispersion relation of 2D graphene, k is the one dimensional wave vector 

for the one-dimensional CNT, 1K


 and 2K


 are reciprocal lattice vectors along the circumference and along 
the axis of the tube respectively, T is the magnitude of the translation vector T



 and N is the number of hex- 
agons per unit cell of a CNT and each of the N number of q values above corresponds to each of the N line seg- 
ment. As there are 2N carbon atoms in the unit cell of a carbon Nanotube, we have 6N phonon branches in the 
phonon dispersion diagram of CNT, i.e., each of the six phonon dispersion relation of graphene splits into N 
branches.  

For armchair CNTs, kx is in the circumferential direction and for zigzag CNTs, ky is in circumferential direc- 
tion. So, using quantization for the wave vectors in these respective directions and using Equation (2), the pho- 
non dispersion relations are obtained for ( )10,10  armchair CNT and ( )10,0  zigzag CNT from that of gra- 
phene. For calculating the phonon dispersion of graphene, upto 4th nearest neighbour interactions are included 
as the quadratic nature of the lowest phonon branch comes only after that [7]. The results obtained for armchair 
as well as zigzag CNTs are shown in Figure 3(a) and Figure 3(b) respectively. As N = 2n for both ( ),n n  
armchair and ( ),0n  zigzag CNTs, there are 6N, or equivalently 12n, branches present in the phonon dispersion 
of both types of CNTs. 

The results are compared with some previously reported calculations [5], in Figure 4, which shows a good 
qualitative agreement. In the figure, the first and the fourth represent the present calculations, and the 2nd and 
3rd are the earlier reported calculations using the ab-initio method. From the above comparisons it is clear that 
though we get good agreement with results reported earlier, we do not get the radial breathing mode which is 
one of the important phonon modes of CNT. This is a drawback of the zone folding method, which does not take 
into account the effect of curvature in CNT, and radial breathing mode is one such effect. In order to obtain this 
mode we have made certain ad-hoc modifications to the lower lying acoustic modes. This modification involves 
shifting up the bottom-most acoustic phonon branch near the Γ  point, so as to match the frequency at k = 0, as 
reported in the literature [6], while, at the same time, ensuring that there is negligible shift at the zone boundary. 
After this modification we could obtain the RBM branch of phonon dispersion, as well as their k-dependence, as 
reported in recently published result [8]. According to the literature there should be four acoustic modes present  
 

   
(a)                                                    (b) 

Figure 3. Phonon dispersion of (a) ( )10,10  armchair CNT and (b) ( )10,0  zigzag CNT.                           
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in CNT phonon dispersion, out of which two are linear in k, and two are degenerate and quadratic in k. This qu- 
adratic dependence at small k, is present in our calculation, which appears after including the 4th nearest neigh- 
bor interaction in graphene, and then applying the zone folding method, together with the shift mentioned above. 
Moreover, as reported in the literature [9] [10], there is very little error in the optical branches if one uses zone 
folding method to obtain the same. As such we are able to obtain all the branches for CNT by using zone folding 
method with the stated modifications. The results of the modified calculation for ( )10,10  and ( )10,0  CNTs 
are shown in Figure 5. In both the figures the thick lines correspond to the RBM branch and the frequency for 
these branches varies inversely with the diameter of the corresponding CNT. Further it is clear from the figures 
that for CNTs there are four acoustic branches out of which two vary linearly with the wave vector and the third 
one, which is doubly degenerate, exhibits nearly a quadratic dependency on the wave vector. Thus by using zone 
folding method with the up-shifting, we are able to obtain all the branches of CNT phonon dispersion. 

5. Conclusion 
Phonon dispersions are obtained for both armchair and zigzag CNTs using the simple zone-folding method. The 
results obtained show good matching with published results that use more sophisticated ab-initio calculations. 
Thus, we conclude that, for calculation of the qualitative features of phonon dispersion of CNTs, the simple  
 

             
(a)                                     (b) 

            
(c)                                      (d) 

Figure 4. Phonon dispersions obtained from (a) present calculation for ( )4,4  

CNTs, (b) ab-initio method [5] for ( )4,4  CNT, (c) ab-initio method [5] for 

( )10,10  CNT and (d) present calculation for ( )10,10  CNTs.                  
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(a)                                                      (b) 

Figure 5. Phonon dispersion using shifting for (a) ( )10,10  and (b) ( )10,0  CNTs.                                 

 
zone-folding method, which is quicker than these other calculations, is good enough. 
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