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Abstract

It is well-known that Bernstein polynomials are very important in studying the characters of smoothness in
theory of approximation. A new type of combinations of Bernstein operators are given in [1]. In this paper,
we give the Bernstein-Markov inequalities with step-weight functions v_v(x) for combinations of Bernstein
polynomials with inner singularities as well as direct and inverse theorems.
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1. Introduction

The set of all continuous functions, defined on the inter-
val [, is denoted by C(7).Forany fe C([O,l]) , the
corresponding Bernstein operators are defined as fol-
lows:

i k
B0 =3[ ),
k=0 n
where
Do (x) = Cl;xk (l—x)nfk , k=0,1,--,n, xe [0,1] .

Approximation properties of Bernstein operators have
been studied very well (see [2-7], for example). In order
to approximate the functions with singularities, Della
Vecchia et al. [8] introduced some kinds of modified
Bernstein operators. Throughout the paper, C denotes

1 1
2r+1 2r+2

2---(2.r+1) 3---(2'r+2)

A = (2r)(2r+1) (2r+1)(2r+1) (2r+2)(2r+3)

4---(2.r+3)

a positive constant independent of » and x, which
may be different in different cases. Ditzian and Totik
extended the method of combinations and defined the
following combinations of Bernstein operators:

r=1
B,,(f,x)=2C/(n)B, (f.x),
i=0
with the conditions:

a) n=n,<n <---n_ <Cn,

r—1
b) Y lCm)|<C,
C) Z::_;Ci(n)zla

d) z;;cf(”)n{"=0,for k=L--,r-1.

For any positive integer r, we consider the determi-
nant

1 1
2r+3 4r+1
(4r)(4r+1)

(2r+2)-'--(4r+1)

We obtain 4 = ]_[iiz j!# 0. Thus, there is a unique solution for the system of nonhomogeneous linear equations:
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a+a,++a,, =1
(2;’—1—1)a1 (2r+2)a2+ +(4}"+1)c12r+1 0,
(2r+1)(2r)a1+(2r+2)(2r+l)az+ +(4r)( )a2r+,= , (1.1)

(2r+1)!a] +3---(2r+1)0¢2 +~~+(2r+2)---(4r+1)a2r+[ =0.

Let

2r+l1 2r+2
ax” +ax”

with the coefficients q,,a,,---,a,,,, satisfying (1.1).
From (1.1), we see that w(x)eCZ) , , 0<y(x)<I

for 0<x<1.Moreover, it holds that 1//( )_1,
l//(l)(o)zo, i:O’I’-..’2r and 1//(')(1)=0, izl,"',zr,

Let
H(f3)= 3 f ()1 (%),
and
H;Hljﬂ( xj)
1 (x) = =2\ )
z(x) H;+ij¢1(i xj)
,-=[n§_((r_l)/2+i)], i=1,2, 1.
n
f (%),
_ S(x) -y, (x))+w, (x)H (x),
(o) P07 (95
H x),
H (x)(1-7,
Obviously, F,(f,x) is linear, reproduces polynomi-

als of degree r, and F,(f,x)eC"”) ([0,1]) , provided

that fecC®) ([0,1]) . Now, we can define our new com-
binations of Bernstein operators as follows:

B, (/)= 8, (Fx) = £.C, (08, (Fx) (12
pary
where C,(n) satisfy the conditions (a)-(d).
2. The Main Results
Let ¢:[0,]] >R, ¢#0 be an admissible step-weight

function of the Ditzian-Totik modulus of smoothness,
thatis, ¢ satisfies the following conditions:
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+ota,, X =1, 0<x<l,
x<0,
x=1.
Further, let
L] ]
n n
x;:[n§+\/;]’x;:[n§+2\/;}

n n

Set
(f.x)=F(x)= £ (x)(1-9 (x)+ 7, (x))
+y, (x)(l— 7 (x) H(x)
We have

Xe [O, X, 52 ] u[xr_yz,l]
X e [xr75/2 »Xp 32 :| >
X e I:'xr—3/2 > Xp11)2 j| >

X & ':x)'+1/2 X132 :|

1) For every proper subinterval [a,b]<[0,1] there
exists a constant G =C(a,b)>0 such that G <¢(x)<
for xe [a,b].

2) There are two numbers B(0)>0 and S(1)>0
for which
¢( ) xﬂ(o), asx—0,,

)~
(l—x)ﬁ(l) , asx—1.
(X~Y < means C'Y <X < CY for some C).

Combining conditions (I) and (II) on ¢, we can de-

duce that

C¢ (x ) #(x )<C¢z( ). xe[0.1],
where ¢, (x)=x""(1- )
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Let w(x)=|x—¢&",0<&<1,a>0 and
C; :{f S c([o,l]\{g}):1@(Wf)(x):o}.

Thenormin C. is defined as

A1, =[], = sup () (<) . etime

<ool,

W) = { feC. /e Ac((o,l)),“W’f )

W, = {f ceC e Ac((o,l)),“w(p”f(") ” < oo} .

For f e C,, we define the weighted modulus of smoo-
thness by

W, (f.t), = sup sup

0<h<t 0<x<1

w(x)A;W(x)f(x)

B

where

8 ()= 5 1) ¢t xe{ -k Jioto) |

k=0

AL f(x)= (1) Cf (xt(r—k) ).

k=0
Recently Felten showed the following two theorems in
[4]:
Theorem A. Let ¢(x)=,/x(1-x) and let

¢:[0,1]] >R, ¢=0 be an admissible step-weight func-
tion of the Ditzian-Totik modulus of smoothness ([3])
such that ¢ and ¢°/¢* are concave. Then, for
feC[o1] and O<a<2,

B,(f.x)-f(x)<Ca; (f,nm %}

Theorem B. Let ¢(x)=,/x(1—x) and let

¢:[0,1]] >R, ¢#0 be an admissible step-weight func-
tion of the Ditzian-Totik modulus of smoothness such
that ¢* and ¢’/4” are concave. Then, for f e C[0,1]
and O<a<2,

B, (f.x)-f(x)< C[(”m %U

implies a); (f.t)= O(z‘”Y ) .
Our main results are the following:
Theorem 2.1. Forany « >0,

min{(0),8(1)} z%,f e C,, we have
[#(x)¢ (1) B (fx)|<conlag]. @)

Copyright © 2011 SciRes.

Theorem 2.2. Forany a >0, feW,,

we have

‘W(x)qﬁ" (x)B"),( f,x)‘SC”WW A @2

Theorem 2.3. For f € C,, a>0, min{A(0),3(1)} >

>

N | —

a,€(0,r), 8, (x)zgp(x)+L we have

"
#(x)|f (x)= B, (£>x)

B Y oy @D
_0[(n1/2¢(x)J ] ¢(f,t)w—0(l )

3. Lemmas

Lemma 3.1. For any non-negative real u and v, we have

X

ipn,k(x)(%j_u[ nk)_vﬁCx"(l—x)v. (3.1)

k=1 n—

Lemma 3.2. If y € R, then
L z
D P (X)k—nmx <Cn?¢" (x).  (32)
k=0

Lemma3.3. Forany feW,, a >0, we have

“Wﬁ,}’) sc“W £ (3.3)

Proof. We first prove xe[x,,fs/Q,xF}/J (The same
as the others), we have

[F() () F (3] <[7(0)8 (1)1 ()
()¢ () (0)-F ()

Obviously

<1 +1,

I < CHW' £

For I,,we have

1= o) ()7 (-7, ()

By [3], we have

(F(3)-F ()

Xp-5/2Xr-3/2
[ ]

_L
2

f(")

I:xr75/2 sXp-3/2 ]

<C [”12 "f -H [xf-fs/strfS/Z] J

So
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I < Cl’l W "f Xr—5/2 »Xr73/z:|
+Cw(x =1 +T,
Xr-5/25Xr-3/2 ]
By Taylor expansion, we have
= ('xi _'x)u u
f(xl-)=sz( (%)

u=0 : (3.4)

It follows from (3.4) and the identity

Zx, l( ) , v=0,1,---,r.
we have
H() =53 1 )
1 r

SOROWAIEIDy{Ca R WIE)

which implies that
x)|/ ()= H (1)

- ﬁw(x)W(x)-gli (x).[: (xi _S)Hf(r) (S)dS,

Since
|ll. (x)| <C,for xe [xrd/z,xﬂ/z} i=1e,r.

It follows from

s between x, and x,then

|f H(f,x)
ZJ‘ x_Srl

—Cw )(s)‘ds

- nr/2

So

Then, the lemma is proved.

Copyright © 2011 SciRes.
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According to methods of Lemma 3.3, we can easily

get:
Lemma3.4.1f feW,, a>0,then

*)|g (x) - H (g.x)|< C[}qj ] [7e7¢"| @.5)
Lemma3.5. Forany a>0, feC,,wehave
[#B,.,.. ()] = Clwr].- (3.6)

Proof. By (1.2), we have
[#(x)B,,., (/) =[5(x) B, (F.x)

=1+ +1.
Now, the theorem can be proved easily.

Lemma 3.6. Let min {A3(0), 5(1)} 2 % then for 7 e N,

O<t<8L and Et<x<1 n , we have

r
Jé"'j_%(fr [x+ iukjdu, odu, <C¢7 (x) (3.7)

w(x) Y poi(x), then

\k—nf\g n

A, (x)<Cn*? for 0<é<1 and a>0.

Lemma 3.7. Let 4, (x):=

3 o
Proof. If |x—§| <—, then the statement is trivial.

Jn

Hence assume Oﬁxﬁf—% (the case §+—<x
n

rh
can be treated similarly). Then for a fixed x the maxi-
mum of p,,(x) is attained for k=k, = [nf—\/Z]

By using Stirling’s formula, we get
e
e
k, _ n—k,
(o))
e

e
C k —nx)" k —nx) "
S P 4 L .
Jn k, n—k,

AM
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Now from the inequalities
L —hx = [nf f} nx>n( x)
—Jn-1 Zzn(g—x),

—u—

and 1-u<e 2 , l+u<e', u>0.
We have that the second inequality is valid. To prove the

Lz
first one we consider the function A(u)=e 2 +u-I.

12

Here 2(0)=0, A'(u)=-(1+u)e 2 +1, 2'(0)=0,

1
A"(u)=u(u+2)e 2" >0, whence A(u)=0 for

u>0.
Hence
C k 1k ’
—nx —nx
x)<—expik u ——| L +k —nx
pnk ( ) n p{ n[ kn 2( kn j n ]}

Thus 4, (x)<C(&-x)" & CrE=Y

tion shows that here the maximum is attained when

C
é:_x_ﬁ

Lemma3.8. For 0<&<1,

wix) 2 pulx

‘k*ﬂf‘ﬁ«/;

. An easy calcula-

and the lemma follows.

a, [>0,wehave

—-a

Nk—na" <Cn ? ¢ (x) (3.8)

Proof. By (3.2) and the lemma 3.7, we have

2n-1

w<x>5n[w<x> > pn,k<x>j

‘k—né‘ﬁx/;

( Z Dy (%) |k nx

B-a
; Znﬂj <Cn 2 gDﬂ(.X').
‘k n§‘<

Lemma3.9. Forany a >0, feW, wehave

“an, ! f)”SCnr (3.9)

Proof. We first prove x e [O,lj (The same as
n
1
ell-—,1|, now
n

Copyright © 2011 SciRes.

r=2 n' n—r .= k
<w C. AV F, | —
EODPE U AR PR

r=2 ni=r r _ -7
<cSn S S o[ ], 0o
iz0 k=0 =0 n;
r=2 r o r_j
SCW(x)Zn,’ZCZ F, D, rO(x)
iz0  j=0 n; ’
r=2 r _ )
+Ci(x) Y .C/ F{” . jp,,[,,,,i,(x)
=0 j=0 n;
=2 nj—r=1
RSOl L] P
i=0 k=1 j=o n; t
=H +H,+H,
We have
r=2 r — 7
ZEE ) 3203 ALY PR
i=0  j=0 n;
<cn’ rz’( | §|] (1-x)""
i=0 j=0 r— .] ng
<o |-

Similarly, we can get H, <Cn’ ||wf || and
Hy < Cn"|wf].

When xe {l,l —l} , according to [3], we have
n n

\wmmfx\ \w

i=0 j=0
k / k
—— | HI = —
xégl;n’gxé (x ”,) [”i ]Pn,-.k (x) o, to,
where 4:=[0,x;]U[x},1], His a linear function. If

— e A, when ( )

n; _( /")
|k —né|> f, also O, (x, )=(nl.x(1—x))[%]}, and

((pz (x))_r 0, (x n)n! < C(nl./go2 (x))% . By (3.2), then

<C|1+n 2|k nx| j we have
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r+j .
r=2 r n 2 k S k
<Cw ! -~ | F|Z
O, W(X)z:O /-0[(02 (x)j par {x nij n{ni]pn,,k (x)
r+j .
r 2 _a 7] J
<Clwf2X 2”’ I+n, 2 |k—nx|" )c—i Poi (X)=1+1,.
i=0 j=0\ @ (x) k=0 ] n; "

By a simple calculation, we have [, <Cn” |w

LSS {“

i=0 j=0

We note that

i

< max(|H(x1’)|,|H(x; )|) =H(a).

if xe[x],x;].we have w(x)<w(a).So,if xe[x/,x;],

then o, <Cn"W(a)H (a)<Cn"|wf].

If x¢[x/,x;],then w(a)> n, 2, by (3.8), we have
r+j
_ r=2 r ) 2
LR P
i=0 j=0 ( )

Pk (x) <Cn" ||v_vf||

J

2

x5 <k/n;<x3

X ——

It follows from combining the above inequalities that
the lemma is proved.

4. Proof of Theorems
4.1. Proof of Theorem 2.1

When feC,, min{ﬁ(O),ﬁ(l)} >1/2, we discuss it as
follows:

Case 1. If 0<¢(x)<—,by(3.9), we have

e
-

[W(x) ¢ (x)BYL, (.
¢ (X)‘
¢ (x)

Case 2. If ¢(x)>

4.1

= Cg/ (x)- = [@(x) BYL, ()| < on? |

L we have
\/; B

B, 1(f x) (F x)
() S0, (smC

i=0 j=0

Copyright © 2011 SciRes.

a (X)J

r+j

20 .
/i'k - n,.x|a+"pni’k (x)<Cn’
-0

where

i=0 j=0 (02 (x) k/ned
i
() + () ()T Y| |
x)+Cw(x X
pn k parcfpe] (pz (.X)
Y (k&
Z [x——] H[—jpn’k(x) o, +0,
xh<k/n;<x} n; n;

4.2)

where 4 :=[0,x;]U[x},1], we can easily get

o, < Cn% [wf], and o, < Cng |[wf| - By bringing these

facts together, the theorem is proved.
4.2. Proof of Theorem 2.2

When [ eW,

/1r1(

, by [3], we have
r=2 n—r

SEITES AT IERIE)

i=0 k=0

AM
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Arl _,, [ k ] < Cn,-_HlIE F;f’) [£+u]du . (44
n; nl nl
If k:O’WChaVe
A F )=l E wfae @)
Similarly
;= ni —-r —r+ ;
AJF”( . JSCn[ 1L n[(l “) ( )‘du (4.6)
By (4.3), we have

[#(x) g ()BL), ()

+Cw(x)¢" (x) . n

which combining with (4.4)-(4.6) give

[7(x)¢" (x)BL), (f.0)| < c[mg )

Combining with the theorem 2.1 and theorem 2.2, we

can obtain

Corollary Forany o >0, 0<A<1, we have

[w(x) 0™ (x) B, (f,x) <
{Cn'/2 {max{n - ’1/2,

— ri

4.3. Proof of Theorem 2.3

4.3.1. The Direct Theorem
We know

Copyright © 2011 SciRes.

'@l recs @8
Sews,.

(4.9)

(4.10)

According to the definition of W', for any geW,

we have Bn,)l(g,x)=3,£r31(én(g) ) and

x)‘(_;n x)-B,,. 1<G x)

‘Bﬂ Y ((_?n,t,x),x)‘,

r=1 =(r

there of R,,(G tx)zJ' (t—u)"" G\ (u)du , we have

w(x)

én (x) . ,(Gn,x)‘

O 55 (x ,_—H u,x

( )B""”Uw-v(u>¢f<u>d’ ]
w(x t|t_u|r_1 u,x % @D

( ){Bn,rl [LW ; B

If xl Ilf ul

— 1A A(r)

also

J-;|t—u|r_l y<
x ¢2r (u)

By (3.2), (3.3) and (4.12), we have
x)‘(_?n (x (G x)‘

n’

‘r(x) B x). @13)

<C[M ju

By (3.3), (3.5) and (4.13), when g e W, , then

<C “W”G}f

0)|g(x) =Bt (g.3) < #(x)|g (x) - G, (2.)
+w(x |G )c)—l?,”,f1 (g,x)|SW X |g X —H(g,x)|
oo i) el ek e

(4.14)

For feC,, wechooseproper geW,, by (3.6)and

(4.14), then

x)|f(x)_l_?n,r—l (f’x)| <
+W(x) E,LH (f—g,x)| +

£Ca);[f,mj .

w(x)|/ (x) -2 (%)
w(x)|g(x)- B, (g.x)

4.3.2. The Inverse Theorem
The weighted K-function is given by
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W ¢rg(r) ” ge W;} . that

w

K1), =int{[w(s )|+~

e < — o O < csr oy
By [3], we have "W(f g)" < Coy (f’s)w s |[Wee | < Co (f’s)rv .
Clap(f.1), <K, (f.7) <Caf(fur),. (415 (4.16)
) 1 rt rt
Proof. Let & >0, by (4.15), we choose proper g so For reN, 0<r< r™ and 5 <x< 1‘;» we have

[9(x) A, 1 (x)| < |vT/(x)A;¢ (f(x)-B,,., (f,x))| +[9(x) A3, (f = g.x)| +[#(x) A, B, (8.)|

Q)

L 15»1[“(;‘1)’”(36)] OO ,
i 2 +J 2 ...J'h;(x)v_v(x)B,E;)l[f—g,x+;ukjdulwdur 4.17)

= B _hg(x) )
/= ¢ x+(2—j]h¢(x)J 2 2

M(x)  hg(x) _ v
+JA7@"'J‘7@W(JC)B,EJ)4 (g’erkZ;”de”l cedu, =J+J, +J,

2 2

Obviously

J, sc[ i;(x) J . (4.18)
n'¢(x)
By (3.9) and (4.16), we have
) M h¢(x) ) .
Ty <O [w(f = @)|[ 3] i i -du, SCH' ¢ (x) @ (1.8), (4.19)

2 2

By the first inequality of (4.8) and (4.16), we let A =1, then

r i) hlx) r r
2oL [+ S Joud, < (o (el (), 420
— k=1

2 2

By (3.7) and (4.16), we have

w(x) k() ,
Jy=C Hv‘vqﬁ"g“)Hv‘v(x)j_@ S (x+klukj¢’ [x+zuk jdul ~-du, SCh'8" @l (f,8)_  (4.21)

k=1

2 2

Now, by (4.17)-(4.21), there exists a constant M > 0 so that

r

|v_v(x)A;¢ f(x)|£C[[ 5, (x) Tﬁ +min{n2 ¢’ (x),n"w(x)}h"w;( 1.8) +h'8 @) ( f,s)wJ

n1/2¢(x) P (x)
6" (x) “ r r 71 6" (x) N r r-r o or
< C[[n”2¢(x)j M [n ) (f.8), +1'8" &} (/.9). |.
When n>2,we have Therefore
1 1 A = r Q rQ-r o1
028, (x) < (n—1)26,_, (x)<2n 25, (x), [W(x) 7, (x) < C{3™ + "8 @} (1.5), |
Choosing properx, 8, ne N, so that which implies
n_%g"—(x)sk(n—l)'%m, @ (f.1), SC{8™ +h'87a} (£.8),}.
¢(x) ¢ x) (AT (AT

Copyright © 2011 SciRes. AM



W.M. LU

So, by Berens-Lorentz lemma in [3], we get

@, (f,t)ﬁ_ <Ct*™ .
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