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Abstract

In this paper we show that if R is a discrete valuation ring, then R is a filtered ring. We prove
some properties and relation when R is a discrete valuation ring.
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1. Introduction

In commutative algebra, valuation ring and filtered ring are two most important structures (see [1]-[3]). If R is
a discrete valuation ring, then R has many properties that have many usages for example decidability of the
theory of modules over commutative valuation domains (see [1]-[3]), Rees valuations, and asymptotic primes of
rational powers in Noetherian rings, and lattices (see [4]). We know that filtered ring is also a most important
structure since filtered ring is a base for graded ring especially associated graded ring, completion, and some re-
sults like on the Andreadakis Johnson filtration of the automorphism group of a free group (see [5]) on the depth
of the associated graded ring of a filtration (see [6]). So, as important structures, the relation between these
structures is useful for finding some new structure. In this article, we show that we can make a filtration with a
valuation. Then we explain some new properties for it. On the other hand, we show this is a strongly filtered ring,
then we explain some new properties for it.

2. Preliminaries

In this paper the ring R means a commutative ring with unit.
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Definition 2.1 A subring R of a field K is called a valuation ring of K, if forevery a e K, a#0,
either ¢ eR or a'eR.

Definition 2.2 Let A be a totally ordered abelian group. A valuation v on R with values in A is a
mapping v:R" — A satisfying:

i) v(ab)=v(a)+v(b);

i) v(a+b)>min{v(a),v(b)}.

Definition 2.3 Let K be field. A discrete valuation on K is avaluation v:K" — Z which is surjective.

Definition 2.4 A fractionary ideal of R is an R -submodule M of K such that aM < R, for some
aeR, a=0.

Definition 2.5 A fractionary ideal M is called invertible, if there exists another fractionary ideal N such
that MN =R.

Proposition 2.1 Let R be a local domain. Every non zero fractionary ideal of R is invertible if and only if
R is DVR (see [3]).

Theorem 2.1 Let R be a Noetherian local domain with unique maximal ideal m=0 and K the quotient
field of R . The following conditions are equivalent.

i) R isadiscrete valuation ring;

ii) R isa principal ideal domain;

iii) m s principal;

iv) R isinternally closed and every non-zero prime ideal of R is maximal,

v) Every non-zero ideal of R is power of m (see [3]).

Definition 2.6 Let R be a ring together with a family {R |  of subgroups of R if satisfying the fol-

n>0
lowing conditions:

i) Ry=R;
ii) R,,;,cR, forall n>0;
iii) RR, <R, forall nnm>0;

Thenwe say R has a filtration.
Definition 2.7 Let R be a ring together with a family {Rn}nZO of subgroups of R if satisfying the fol-

lowing conditions:

i) Ry=R;
ii) R, cR, forall n>0;
iii) RR, =R, forall nm=>0;

Then we say R has a strong filtration. »
Example 2.1 Let | beanideal of R,then R, =1' isafiltration thatis called | adic filtration ring.
Definition 2.8 Let R be a filtered ring. A filtered R -module M is an R -module together with family

{M,} , ofsubgroup M of satisfying:

1. My=M;
2. M, cM, forall n>0;
3. RM,cM,,, forall nm=>0.

Thenwe say M has afiltration.
Definition 29 Amap f:M — N is called a homomorphism of filtered modules, if; i) f is R -module

an homomorphismand ii) f(M,)= N, forall n>0.
Definition 2.10 A graded ring R is a ring, which can expressed as a direct sum of subgroup {Rn}nZO ie.
R=® _,R suchthat RR <R forall nm=>0

n>0""n n''m = "‘n+m
Definition 2.11 Let R be a graded ring. An R -module M is called a graded R -module, if M can be
expressed as a direct sum of subgroups {Mn}nZO ie. M=®,,M, such that RM_ M, for all
nm=0.

Definition 2.12 Let M and N be graded modules over a graded ring R. Amap f:M — N s called

O,
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homomorphism of graded modules if: i) f is R-module an homomorphism and ii) f(Mn)g N, for all
nx0.
Definition 2.13 Let R be a filtered ring with filtration {R } . Let gr,(R)=R,/R,, , and

gr(R)=@,.,9r,(R). Then gr(R) has a natural multiplication induced from R given

(a+R,;)(b+R,,;)=ab+R

m+n+1

where aeR,,beR . Thismakes R intoagraded ring. This ring is called the associated graded ring of R .
Definition 2.14 Let M be a filtered R -module over a filtered ring R with filtration {Mn}nZO and

{R,},., respectively. Let gr,(M)=M, /M ., and gr(M)=@®,.,gr,(M). Then gr(M) has a natural

gr (R)-module structure givenby a+R_,; (x+M_,,)=ax+M where aeR,,xeM,,.

n+1 m+1 m+n+11

3. Filtered Ring Derived from Discrete Valuation Ring and Its Properties

In this section we proved that, if R is a discrete valuation ring, then R is a filtered ring. And we prove some
properties for R .

Let K be a field which R be a domain and a discrete valuation ring (DVR) for K . The map
v:K"—Z" isvaluationof R.

Lemma 3.1 By above definition, the set R, = {a € K| > n,ne Z} is an ideal of R.

Proof. (see [3])

Theorem 3.1 If R is a discrete valuation ring with valuation v:K" — Z*.Then R is a filtered ring with
filtration defined by

R, ={aeK|v(a)znneZ}

where R, =R.
Proof. By definition of valuation ring, it is obvious that R, =R . For the second condition for filtration ring

wehave VaeR,=v(a)2n+l>n=v(a)>n=aecR ,Sowehave R R .

n+1
For the third condition, we have for every R, and R, without losing generality. Since R, and R, are
idealsof R so

R.R,={Dab|a eR, -beR,}

isanideal of R.
Nowlet ceR R, then c=) ahb for a eR and beR,
Thus

v(c)=v [Za,b,j min{v(ab)}_ =min{v(a)+v(b)} 2<min{v(ai)}igl)+(min{v(b,)}iel)2n+m,

iel

Consequently we have v(c)>n+m=ceR , hence RR, <R, .Therefore R isafiltered ring.

Proposition 3.1 Let R be a local domain. If every non-zero fractionary ideal of R invertible, then R is
filtered ring.

Proof. By proposition 2.1 R is DVR then by theorem 3.1 R is filtered ring.

Proposition 3.2 Let R be a Noetherian local domain with unique maximal ideal m=0 and K the quo-
tient field of R.Then R is filtered ring if one of following conditions is held

i) R isa principal ideal domain;

ii) m is principal;

iii) R isintegrally closed and every non-zero prime ideal of R is maximal.

Proof. It follows from theorem (3.1) and theorem (2.1).

Definition 3.1 Let R be aring, and let (S,+) be a totally ordered cancellative semigroup having identity

0.Afunction f:R—SU{w} isafiltrationif f(1)=0, f(0)=w andforall x,yeR,

@
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) f(x+y)=min{f(x),f(y)},and
i) f(xy)>f(x)+f(y),then f iscalled a filtration.
For this filtration we have

1) {Ag ‘ge S+} the set of ideals;

2) A ={xeR:f(x)>0};

3) (f)g={XeR:3n>Osuchthatg§f(x”)};

4) (f)g:{XER:3n>Osuchthatg:f(x")}.

Lemma 3.2 Let f:R—>SU{oo} be afiltrationand let g,heS. Then:
) (1), =VA

i) ()" =0;

i) (f), =(f)";

iv)if g<h,then (f) <(f) and (f)'c(f)".

Proof. See lemma 3.3 of [7].
Proposition 3.3 If R be a discrete valuation ring, then there exists a totally ordered cancellative semigroup
S,and f:R—SU{w} such that:

) (), = A =

i) ()" =0;

i) (f), =(f)";

iv)if g<h,then (f) <(f) ,and (f)" ().

Proof. By theorem 3.1 there exists a filtration for R, then by lemma 2.1 we have the all above conditions.

Proposition 3.4 Let R be afiltered ring, M, N filtered R -modules,and f:M — N homomorphism
of filtered R -modules. If the induced map gr(f):gr(M)— gr(N) is injective, then f is injective pro-
vided (" M, =(0). (see [3])

Corollary 3.1 Let R be avaluationring, M, N filtered R -modules,and f:M — N homomorphism
of filtered R -modules. If the induced map gr(f):gr(M)— gr(N) is injective, then f is injective pro-
vided ()" M, =(0).

Proposition 3.5 If R is a discrete valuation ring with valuation v:K"—Z*, Then R is a strongly fil-
tered ring with filtration defined by

h

R, ={ae K|v(a)2n,neZ}

where R, =R.
Proof. By theorem 3.1 R is a filtered ring. Now we show R,R,=Rn+m for all aeR ., . Since

n+m=nm so
Rm+n = Rn and Rn+m < I:zm'
Consequently a€R,,and aeR, . Therefore R, cRR,.

Proposition 3.6 Let R be a discrete valuation ring, and f:R—SU{x}. If xeR and f(x)>0, then

(f)f(x) is smallest prime ideal in Spec, (R) which contains x, and (f),  is largest prime ideal in Spec, (R)

f(x)
which does not contains X .
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Proof. By proposition 3.5 R is strongly filtered ring, then by proposition 4.2. of [7]-[9] we have If xeR

and f(x)>0,then (f)"™ is smallest prime ideal in Spec, (R) such that contains x, and ()i isthe

largest prime ideal in Spec, (R) such that does not contains x .
Remark 3.1 Given a strong filtration f onaring R, we say that a prime P in Spec, (R) is branched

in Spec, (R), if P cannot be written as union of prime ideals in Spec, (R) such that properly contained in
P.
Corollary 3.2 Let R be a discrete valuation ring and f:R— SU{x}. Then a prime ideal P in

Spec, (R) isbranched in Spec, (R) ifand onlyif P =(f)* forsome geS*.
Proof. By proposition 3.5 R s strongly filtered ring, then by proposition 4.5. of [7] a prime ideal P in
Spec, (R) isbranched in Spec, (R), ifand only if, P=(f)° forsome geS*.
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