Natural Science, 2014, 6, 262-277 00:. Scientific
Published Online March 2014 in SciRes. http://www.scirp.org/journal/ns 0.:. Research
http://dx.doi.org/10.4236/ns.2014.65030

Mathematical Model of Cell Growth for
Biofuel Production under Synthetic
Feedback

Ondivillu Mothilal Kirthiga, Lakshmanan Rajendran

Department of Mathematics, The Madura College, Madurai, India
Email: raj_ sms@rediffmail.com

Received 10 January 2014; revised 10 February 2014; accepted 17 February 2014

Copyright © 2014 by authors and Scientific Research Publishing Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY).
http://creativecommons.org/licenses/by/4.0/

Abstract

In this paper, mathematical model for cell growth and biofuel production under synthetic feed-
back loop is discussed. The nonlinear differential equations are solved analytically for the maxi-
mum production of biofuel under synthetic feedback. The closed-form of analytical expressions
pertaining to the concentrations of cell density, repressor proteins, pump expressions, intracellu-
lar biofuel and extracellular biofuel are presented. The constant pump model is compared with
feedback loop model analytically to know the biofuel production. The numerical solution of this
problem is also reported using Scilab/Matlab program. Also, the analytical results are compared
with previous published numerical results and found to be in good agreement.

Keywords

Mathematical Modeling; Non-Linear Equations; Biofuel; Feedback Loop; Biosensor

1. Introduction

Micro-organisms (or microbes) play a very important role in our lives. Some microbes cause disease but the
majority is completely harmless. Microbes help as for the production of enzymes and chemicals. In particular,
most common biofuel is ethanol, which is produced from the plants. Breakdown of cellulous will also form
ethanol. However, there are numerous scientific and technical challenges involved with utilizing lignocelluloses
material for biofuel production.

Biological and biochemical processes have a very important role in medicine, biology and biotechnology.
However, it is very difficult to convert directly biological data to electrical signal; the biosensors can convert
these signals and the biosensors over this difficulty [1]. The advantages of biosensors such as cost-effectiveness,
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specificity of detection, portability reduced overall time required for detection. Clark et al. [2] developed the
first biosensor, an enzyme based glucose sensor. Then so many biosensors are developed in many research la-
boratories [3].

The cell growth and biofuel production implement a synthetic feedback loop using a biosensor to control ef-
flux pump expression. In this way, the production rate will be maximal when the concentration of biofuel is low
because the cell does not expend energy expressing efflux pumps when they are not needed. Efflux pumps iden-
tify harmful compounds; transfer them from the cell using the proton motive force and have proven effective at
exporting biofuel. Even though they improve tolerance, if over expressed, efflux pumps can be harmful. By us-
ing efflux pumps giving to increase tolerance to biofuel, pump toxicity managed biofuel toxicity. Feedback is a
common mechanism to adjust the conditions such as environmental stressors and signals from other cells. Syn-
thetic feedback helps to control efflux pump expression which would balance the toxicity of biofuel production
against the adverse effect of pump expression.

Clomburg et al. [4] discussed that synthetic biology will help improve the productivities of biofuels. The me-
chanism of microbes causes unwanted cellulose stress that leads to over production of proteins which results in
decreases of cell fitness. Fisher et al. [5] tested seven fast growing host organisms for biofuel production which
tolerate production stresses. Mostafa et al. [6] provided a brief overview on the research in the area of biofuels,
with specific emphasis on the economic viability of various approaches.

Peralta et al. [7] concentrated on the metabolic engineering of genetically polite organisms such as Escheri-
chia coli and Saccharomyces cerevisiae for the production of these advanced biofuels. Soto et al. [8] studied the
importance of efflux pumps in biofilm growth and about their relevance in antimicrobial resistance forming bio-
film. Huffer et al. [9] highlighted recent advances in metabolic engineering of biofuel-synthesis pathways in E.
coli and summarized insights gained into regulation of those pathways, and described progress toward over-
coming the challenges facing its adoption as a biofuel-production strain. Christopher et al. [10] discussed the
contributions of systems biology for the purpose of utilizing microorganisms for biofuel production.

Recently, Dunlop et al. [11] developed a model for cell growth and biofuel production. Harrison et al. [12]
developed a mathematical model for cell growth and biofuel production that implement a synthetic feedback
loop using a biosensor to control efflux pump expression. To the best of our knowledge, there is no general ana-
Iytical expression for the concentration of cell density, repressor proteins, pump expressions, intracellular bio-
fuel and extracellular biofuel against the time t. The purpose of this paper is to derive an analytical expression
for the concentrations of cell density, repressor proteins, pumps, intracellular biofuel and extracellular biofuel
for both steady and non-steady state conditions.

2. Mathematical Formulation of the Problem
2.1. Feedback Loop Model

The complete mathematical formulation of this problem is described in [12]. This model involves five nonlinear
differential equations with limited number of parameter are described as follows [12]:
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Here n(t),R(t), p(t),b(t) and b, (t) denote concentrations of cell density, repressor proteins, pumps,
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intracellular biofuel and extracellular biofuel respectively. Delay in cell growth is happens due to biofuel toxicity
(§nbin) and pump toxicity annp/( p+;/p). When the promoter is not activated, «, and «, represents the
low level of expression. B, and p; represent the degradation rates. k, and k, represent the strength of
expression for R and p, respectively. In Equation (3), 1/( R/(1+ kbbi)+7R) represents the repression of ef-
flux pump expression and R/(l+ kbbi) represents the amount of active R in the system. The parameter Kk,
represents the deactivation constant of R . Repressor activation by the inducer IPTG is modeled as | /(I +7, )
where y, indicates the inducer value that corresponds to half maximal activation of repressor. Amount of in-
ducer is proposional to the repressor concentration. The initial conditions are given by.

At t=0,n(t)=ny,R(t)=Ry, p(t)= py.b (t) =by.b, (t) =by, (6)
The steady state expressions of the concentrations for this model are obtained as follows:
n5=nmi a,—06,J —a,p, ! (7)
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and other parameters are in Table 1.
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Analytical Expressions of the Concentrations of Cell Density, Repressor Proteins, Pumps,
Intracellular and Extracellular Biofuel

By solving the non-linear Equations (1)-(5) using Homotopy perturbation method (Appendix A) [13]-[18], the
analytical expressions of the concentrations of cell density, repressor proteins, pumps, intracellular and extra-
cellular biofuel are obtained for non-steady state as follows:

n(t)= L (11)
%J[L_noan]e-u
r.lmax nO nmaLx
R(t)=R, +e %" (R, ~R,) (12)
1 k Bt Kp
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where
L=|a,—sb, ——Z0Ps (16)
Ps +7,
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Table 1. Symbols used.

Symbols Definitions Values Units
b, Concentration of extracellular biofuel - None
b, Initial concentration of extracellular biofuel 0 None
b Concentration of intracellular biofuel - M
b, Steady state of intracellular biofuel (feedback loop model) - M
b, Steady state of intracellular biofuel (constant pump model) - M
b, Initial concentration of intracellular biofuel 0 M

| IPTG level 0-1 mM
k, Repressor deactivation constant 100 Y/
Ko Pump activation constant 0.2 ht
Kq Repressor activation constant 10 h?
n Concentration of cell density - None
ns Steady state expressions of cell density (feedback loop model) - None
n, Steady state expressions of cell density (constant pump model) - None

N Maximum population size 1 None
N, Initial concentration of cell density 0.01 None
Concentration of pump expressions . None

p, Steady state expression of pumps (feedback pump model) - None
P. Steady state expression of pumps (constant pump model) - None
P, Initial concentration of pump expressions 0 None
R Concentration of repressor proteins - None
R, Steady state expression of repressor proteins - None
R, Initial concentration of repressor proteins 0 None
t Time - h

a, Biofuel production rate 0.1 h?
a, Cell growth rate 0.66 h?
a, Basal pump production rate 0.01 h?
a, Basal repressor production rate 0.01 h?
B, Pump degradation rate 0.66 h™
yi Repressor degradation rate 2.1 h
7, Inducer saturation threshold 60 uM
7o Pump toxicity threshold 0.14 none
7= Repressor saturation threshold 1.8 none
S, Biofuel export rate per pump 0.5 M™tht
S, Biofuel toxicity coefficient 0.91 M™*h?
v Ratio of intra to extracellular volume 0.01 none
Subscripts
b Biofuel
e Extracellular biofuel

i Intracellular biofuel
| Inducer

max Maximum
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Continued
n Cell density
p Pump expressions
R Repressor proteins
S Steady state
Parameters
A=Ra,+ay, +k, h™
B=a,r k, +kk, MLht
C=48,(7.+R,) ht
D= ﬂp}/Rkh M™h
E =mBD +uB? +gD? M™h=3
F = mBC + mAD + 2uAB + 2gqDC - ID? M=3h=
G =mAC +UA® + Cg® - 2ICD M2h=
H=IC’ M™h®
I = @07y Mtht
ab
L=|a,-6p, - %P h
p+7,
677, 8.6
— 2b P4 2% Mfz.hfl
ab nmax ab
M = [an 6nbisl _ an psl j hfl
w17,
q= 57y M 2ht
ab
u= a;5b2 M*Z,h*l
a,’n

The Equations (11)-(15) represent new analytical expressions for the concentrations of cell density, pumps,
intracellular and extracellular biofuel for this model.

2.2. Constant Pump Model

For this model, the concentration of repressor proteins R(t) is removed and the concentration of cell density
n(t), intracellular biofuel b, (t) and extracellular biofuel b, (t) remains the same. But the concentration of
pumps expression p(t) becomes

dpl(t
% —a, +k, [ﬁ)—ﬁp p(t) (17)

where the value of | (IPTG) is selected from 0 mM to 1 mM. We can obtain the steady state expressions of con-
centrations for constant pump model as follows:

1 |
Py = ﬂ—iap +Kg [ﬁﬂ (18)
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anabnmax}/p
bisl = (19)
( psl + 7/p )(abgnnmax + ané‘b psl)
n, = psljb bist (20)
b

Analytical Expressions of the Concentrations of Cell Density, Pumps, Intracellular and
Extracellular Biofuel

By solving the Equations (1), (4), (5) and (17), the closed form of an analytical expression of the concentrations
of pumps, intracellular biofuel and extracellular biofuel are obtained as follows:

M

n(t)= (21)
n +1[M _ Do Je‘“’“
nmax n0 nmax
p(t)=p,+e " (p,—p.) (22)
bi (t) = L|:abnsl + e_éb Pt (5b pslbio —- nsl ):' (23)
é‘b psl
b, (t) = b, + 26 PuDin | Malhy (3 gy g | gy (24)
e €0 ] Mnmax
where
M = a, _5nbisl _an—pSl (25)
psl + yp

The Equations (21)-(24) represents new analytical expressions for the concentrations of cell density, pumps,
intracellular and extracellular biofuel for constant pump model.

3. Numerical Simulation

The non-linear differential Equations (1)-(5) are solved by numerical method. The function pdex4 in Scilab
software which is a function of solving partial differential equations (PDE) is used to solve these equations. To
show the efficiency of the present method, our analytic results are compared with numerical solution and it gives
a satisfactory agreement. The SCILAB/MATLAB program is also given in Appendix B.

4. Discussion

Equations (11)-(15) represents simple analytical expressions for the concentrations of cell density, pumps,
intracellular and extracellular biofuel in terms of six parameters, biofuel export rate &, , biofuel toxicity coeffi-
cient ¢,, biofuel production rate «,, growth rate «,, pump toxicity threshold &,, and maximum cell density
N . THOSe parameters give the greatest impact on the system when they are varied. Production of biofuel de-
pends upon the growth rate, maximum cell density, pump toxicity threshold and biofuel toxicity coefficient.

Simulation results are often used to validate the analytical solutions. Recently, Harrison et al. [12] obtained
the numerical solution of the nonlinear equations in feedback model using MATLAB program. The Figure 1
shows cell density n(t), pump p(t), intracellular biofuel b (t), extracellular biofuel b, (t) versus time t.
In this figure, our analytical results are compared with the simulation results. Our analytical results were found
to be in satisfactory agreement with simulation results.

Figure 2 represents the cell density n(t) versus time t. The concentration depends upon the pump toxicity
threshold y,, biofuel toxicity coefficient o, , maximum population size n,, and growth rate «,. After very
short time, cell density increases sharply and reaches the maximum value nearly 0.4 after 25 hours. Also from
this figure, it is including that the cell density increases when growth rate is decreases and coefficient of biofuel

toxicity is increases.
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cal results.
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The concentration of repressor R(t) with time t for various values of repressor degradation rate S, re-
pressor activation constant k, and basal repressor production rate ¢« is shown in Figure 3. When time in-
creases the concentration also increases and finally it reaches the steady state value at short time t =2. Repres-
sor prevents efflux pump expression until it is deactivated by biofuel.

In Figure 4, the concentration of pumps p(t) measured with time t for various experimental values of re-
pressor saturation threshold y,, pump activation constant k,, pump degradation rate /3, and basal pump
production rate «,, . If time increases the concentration also increases and finally it reach steady state level by
the control of efflux pump using feedback model. Pump expression increases the biofuel productions because of
repressor deactivation. Concentration of pump depends upon the rate of pump expression.

Figure 5 describes the intracellular biofuel b, (t) with time t. For both biofuel production rate, when time t
increases concentration of intracellular biofuel also increases. Biofuel rate is increased because intracellular
biofuel accumulates more quickly and efflux pumps are needed earlier.

Figure 6 indicates the extracellular biofuel b, (t) versus time t. The concentration depends upon biofuel
export rate per pump &,, ratio of intra to extracellular volume v and cell growth rate ¢, . For both biofuel
production rate, if time increases the concentration also increases. From this figure, it is observed that the con-
centration of extracellular biofuel linearly increases with time t. This is because when efflux pumps are used to
export biofuel form the cell the extracellular level of biofuel will increase, allowing intracellular biofuel levels to
remain low.

An analytical expression of cell density n(t), concentration of pump p(t), intracellular biofuel b, (t) and

extracellular biofuel b, (t) for feedback and constant pump model are compared in Figure 7. This figure
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shows that the feedback model is better suited then constant pump for all values of the parameter. Also the bio-
fuel produced for feedback model higher than constant pump model.

5. Conclusion

A time dependent non-linear differential equation in feedback and constant pump models has been solved ana-
Iytically. By comparing both models analytically, the feedback model produces more biofuel than the constant
pump model. For all biofuel production rates, the most highly induced sensor model produces the most biofuel.
This theoretical result helps determine the various biofuel potential by changing the biofuel production rate and
toxicity coefficient. The feedback control model represents a valuable contribution to synthetic biology designs
for optimizing biofuel yields. This method can be extended to solve the nonlinear equations in feedback and
constant pump models with diffusion term.
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Appendix A
In this appendix, the general solutions of Equations (1)-(5) are derived. Consider the Equation (1),
dn_(t):ann(t) M _sh (t)n(t)_m (A1)
dt Mo p(t)+7,
The above equation is strongly nonlinear. Hence we take b, =b, and p = p,. Now the Equation (Al) be-
comes
t t t
n(t) ann(t)[l_i)}gnbisn(t)_m (A2)
dt Ninax P +7,
We rewrite (A2) as
dn(t) a.p a 2
=| a, - 8,b, ——"=— |n(t)—| —" t A3
g U F 0) )
By solving (A3), we get
L
n(t)= o (A4)

+C1(L)e ™!

max

From Equation (A4), we can find the constant C1 can be obtained by substitute the initial condition. We get

L— nOan
n
Cl= max (A5)
ny (L)
Substitute Equation (A5) in Equation (A4), the final solution is obtained.
n(t)= - (A6)
& + i L _Loan efl'l
nmax nO nmax
where L=|a, &b, ——0Ps (A7)
ps + J/p
When t — oo, the above equation becomes n(t)=n;. (A8)

Appendix B

Scilab/Matlab program to find the numerical solution of Equations (1)-(5).
function mainl

options= odeset('RelTol',1e-6,'Stats','on");

Xo =10.01;0;0;0;0];

tspan = [0,40];

tic

[t,X]= oded5(@TestFunction,tspan,Xo,options);
toc

figure

holdon

plot(t, X(:,1))

%plot(t, X(:,2))

%plot(t, X(:,3))

%plot(t, X(:,4))

%plot(t, X(:,5))
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return

function [dx_dt]= TestFunction(t,x)
an=0.66;ar=0.01;ap=0.01;ab=0.01;

br=2.1;bp=0.66;

dn=0.91;db=0.5;

gp=0.14;9i=60;gr=1.8;

kr=10;kp=0.2;kb=100;nmax=1;

v=0.01;i1=1;
dx_dt(1)=(an*x(1)*(1-(x(1)/nmax)))-(dn*x(4)*x(1))-(an*x(1)*x(3)/(x(3)+gp));
dx_dt(2)=ar+(kr*(i1/(i1+gi)))-(br*x(2));
dx_dt(3)=ap+(kp*(1/(gr+(x(2)/(1+(kb*x(4)))))))-(x(3)*bp);
dx_dt(4)=(ab*x(1))-(x(3)*db*x(4));
dx_dt(5)=v*db*x(3)*x(4)*x(1);

dx_dt =dx_dt’
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