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ABSTRACT

This paper develops an integrating agorithm for fully rheonomous affine constraints and gives theoretical analysis of
the algorithm for the completely integrable case. First, some preliminaries on the fully rheonomous affine constraints
are shown. Next, an integrating algorithm that calculates independent first integrals is derived. In addition, the existence
of aninverse function utilized in the algorithm is investigated. Then, an example is shown in order to evaluate the effec-
tiveness of the proposed method. By using the proposed integrating algorithm, we can easily calculate independent first

integrals for given constraints, and hence it can be utilized for various research fields.

Keywords: Fully Rheonomous Affine Constraints; Geometric Representation; Rheonomous Bracket; Complete

Integrability; Integrating Algorithm

1. Introduction

Over the last couple of decades, a lot of researches on
nonholonomic systems have been done in the research
fields of nonlinear control theory and robotics [1-3]. In
addition, sub-Riemannian geometry has also been studied
in the research fields of differential geometry and control
theory [4,5]. The common property in these two is the
existence of constraints. The constraints play important
roles in these research fields and yield attractive and in-
teresting characteristics.

The simplest class of constraints is linear constraints:
B(q)g=0, qeR", Be R™™" and they have been
mainly studied so far. The class of the linear constraints
covers wide-ranging mechanical systems such as mobile
and acrobatic robots. However, there also exist wider
classes of constraints. The author has focused and re-
searched scleronomous affine constraints:
A(q)+B(g)g=0, AeR"™ and A-rheonomous affine
constraints: A(t,q)+B(q)g=0, which form a wider
class of constraints than the linear constraints, from the
viewpoints of mathematics and control theory [6-10].
Note that in analytical mechanics, the terminology
“rheonomous’ means “time-varying”, and the opposite
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word of it is “scleronomous’. The affine constraints can
be found in mechanical systems such as space robots
with initial angular momenta, a ball on a rotating table, a
ship on a running river, and so on. These results have
made it possible to treat such constraints systematically,
however, we are till interested in fully rheonomous af-
fine constraints: A(t,q)+B(t,q)q=0 asamuch wider
class of constraints than the $A$-rheonomous affine con-
straints. In [11], the author has derived a complete inte-
grability condition for the rheonomous affine constraints.
If the constraints are integrable, there exist some inde-
pendent first integrals of them. It is quite important to
calculate independent first integrals since they can be
utilized for reduction of the configuration space.

Hence, the purpose of this paper is to develop an inte-
grating algorithm for the fully rheonomous affine con-
straints. This paper is organized as follows. First, in Sec-
tion 2, some preliminaries on the fully rheonomous affine
constraints are presented. Next, in Section 3, an integrat-
ing algorithm for completely integrable rheonomous af-
fine constraints is constructed. Moreover, theoretical
analysis of the algorithm is shown. Then, Section 4 illus-
trates an example for verification of the effectiveness and
the availability of the new results.
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2. Preliminaries
2.1. Fully Rheonomous Affine Constraints

In this section, some preliminaries on fully rheonomous
affine constraints are presented. See [11] for more details.
First, this subsection gives the definition of fully rheo-
nomous affine constraints and explains their geometric
representation. Denote the time variableby te R and a
time interval by | c R. Let Q be an n-dimensiona
configuration manifold and

a=|q q,]' €Q bealocal coordinate of Q. As-
sociated with q, we refer q=[¢, - @, "cQ asa
tangent vector field. A set of n—-m(n> m% of differ-
enttial equations in the form:

A(t!q)+B|1(t!q)q1++B|n(t!q)qn
=0 i=1---,n—m

@

is called fully rheonomous affine constraints. Note that
al the coefficients A,B,,i_1---,n-m,j=1---,n ex-
plicitly depend on the time variable t. We now rewrite
(1) as

A(t,q)+B(t,q)g=0, )

where a rheonomous affine term A(t,q)e R™™ is a
vector-valued function whose i -th entry is A(t,q),
and a rheonomous velocity coefficient matrix B(t,q) is
amatrix-valued function whose ij -th entry is B, (t,q) .
In this paper, we assume the following sufficient condi-
tion on independency of the fully rheonomous affine
congtraints (2):

rankB(t,q)=n-mVvtel,vqeQ €))

Next, a geometric representation method of the fully
rheonomous affine constraints (2) is explained. From (1),
we seethat the n—m row vectorsof B(t,q) in(2) are
independent of each other. Hence, we consider m vec-
tor fields which are independent of each other and anni-
hilators of the n—m row vectors of B(t,q), and de-
note them by Y, (t,q), Y, (t,q) as time-varying vec-
tor fields on Q. Furthermore, we aso denote a space
spanned by Y,,---,Y,,, that is, atime-varying distribution
on Q by

D(t,q) = span{Y, (t,q),-, Y, (t, )} @

Since the basial vectors of D: Y,,---,Y,, are inde-

pendent of each other, D is anonsingular distribution,
that is,

dimD(t,q)=mVvtel,vqeQ (5)
holds. A curve on Q: q:1 - Q is said to satisfy the

fully rheonomous affine constraints (2) if for a time-
varying vector field on Q: X and the generalized ve-

locity of q: QGTme,

Open Access

a(t)-X(t,q(t))e D(t,a(t)), vtel (6)

We cal X a rheonomous affine vector field, and it
satisfies the equation:

A(t,q)+B(t,q) X (t,0)=0,Vtel,vqeQ 7

This definition is a natural extension of the one for the
scleronomous affine constraints that do not contain the
time variable explicitly [6]. Geometric representation of
the fully rheonomous affine constraints is defined as fol-
lows and can alow us to analyze them geometrically and
derive geometric properties.

Definition 1

The fully rheonomous affine constraints (2) are geo-
metrically represented by a pair (D, X), where D is
an m-dimensional time-varying distribution defined by
(4) and X iscaled a rheonomous affine vector and sa-
tisfies (7).

2.2. Rheonomous Bracket

Next, in this subsection, a new operator for the fully
rheonomous affine constraints (2), called the rheonomous
bracket is shown. The rheonomous bracket is originaly
introduced in order to analyze the A-rheonomous affine
congtraints in [8-10] and plays important roles in deriva
tion of a complete integrability condition and an inte-
grating algorithm. The rheonomous bracket is funda
mentally defined based on the normal Lie bracket
[]:TM ->TM xTM , which is an operator for two
vector fields Z,W :

[zw]=Wz 2y ®)
aq oq
The definition of the rheonomous bracket is as follows.

[8-10Q].

Definition 2 [8-10]

For the vector fields defined on Q on the geometric
representation of the fully rheonomous affine constraints
2: X,Y,---.Y,,, the rheonomous bracket is an operator:
(+):TQxTQ>TQ that satisfies the following three
properties:

a) For arheonomous affine vector field X,

(X,X)=0 ©)

Holds.

b) D, isdefined asaset of vector fields that consists
of Y,--Y, and iterated rheonomous brackets of
X,Y,,--+,Y,, and does not contain X . For a rheono-
mous affine vector field X and avector field Z € D,

(x,z):%ﬂx,z], (z,x):-%ﬂz,x] (10)

Holds.
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c) For two vector fields Z,W € D,,
(z,Z)=0, (Z,W)=[z,W] (11)

holds.

For the rheonomous bracket, it is noted that the
rheonomous affine vector field X is perceived as spe-
cial, and thisyields an additional term of atime different-
tial of a vector field as the property (b). It must be also
noted that from Definition 2 the rheonomous bracket is
equivalent to the normal Lie bracket for scleronomous
affine constraints, that is, constraints that do not contain
the time variable explicitly. The following proposition
shows that the rheonomous bracket has some important
characteristics in common with the normal Lie bracket
[8-10].

Proposition 1[8-10]

For the vector fields on the geometric representation of
the fully rheonomous affine constraints (2): X,Y,---,Y,,
and the set of iterated vector fields of them: D,, the fol-
lowing properties (a), (b), and (c) hold.

a) Bilinearlity:
(X,aZ +bW)=a(X,Z)+b(X,W),
(aZ +bW, x) = a(Z, X)+b(W, X), (12)
abeRZWeD,
b) Skew-symmetry:
(X,z2)=-(Z,X),ZeD, (13)

c) Jacobi’ sidentity:

((X,Z),W)+((Z,W), X} +((W,X),Z)=0 Z,W e D,
(14)

From the properties in Proposition 1, it can be con-

firmed that we only have to consider the iterated rheo-
nomous brackets in the form:;

P::<PI<'<PI<—1’<'”’<PZ'Pl>>>>’ R,

e XY,

(15

in checking a complete integrability condition for the
fully rheonomous affine constraints, which will be shown
in the next subsection. Furthermore, the Philip Hall basis
[12], which is a systematic method to generate iterated
Lie brackets with an order efficiently, can be aso con-
structed for the rheonomous bracket as follows [8-10].

Algorithm 1

For iterated rheonomous brackets (15) of the geomet-
ric representation of the fully rheonomous affine con-
straints (2): X,Y,,---,Y,,, we define the length of (15) as
| (P)=k, that is, the number of vector fields in the iter-
ated rheonomous bracket. In addition, the symbol <
means the magnitude relation for two iterated rheono-
mous brackets. Then, the Philip Hall basis H for the
rheonomous bracket can be constructed by the next rules.
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a XYY, are the first m+1 elements of H
and X <Y <---<Y,.

b) If 1(P*)<1(P?), then P*<P?,

9 (P,P°)eH if and only if P,P’eH and
P'<P?, either P'=X or P'=Y (i=1--,m) holds
or P'=(P*,P*) with P*,P‘cH ad P°<P*.

2.3. Complete Integrability Condition

Finally this subsection presents a complete integrability
condition for the fully rheonomous affine constraints (2).
If al the n—m rheonomous affine constraints (2) are
integrable, that is, there exist n—m independent first
integrals of (2), then they are said to be completely inte-
grable. We now define a smallest and involutive time-
varying distribution C,(t,q) that contains Y,,---,Y,,
and iterated rheonomous brackets of them, and satisfies
(X,W)eC,y, YW eC, thatis, C, isspanned by all the
rheonomous brackets of X,Y,,---,Y,, with the exception
of X. Then, a necessary and sufficient condition on
complete integrability for the fully rheonomous affine
constraints (2) is given as the next theorem [11].

Theorem 1[11]

For the fully rheonomous affine constraints defined on
an $n$-dimensional manifold Q (2) and a time interval
| « R, the following statements (a) and (b) are equiva-
lent to each other. If they hold, the fully rheonomous
affine constraints (2) are said to be completely integrable.

a) Thereexist n—m independent first integrals of the
fully rheonomous affine constraints (2).

b) For a smallest and involutive time-varying distribu-
tion C,(t,q),

dimC,(t,q)=m,Vtel,vqeQ (16)

holds.

From Theorem 1, we can see that the complete inte-
grability condition for the fully rheonomous affine con-
straints (2) is quite simple and has a similar structure as
the ones for the scleronomous affine constraints and the
A-rheonomous affine constraints [6,7]. In addition, it
turns out that the rheonomous bracket plays a significant
rolein the condition (16).

3. Integrating Algorithm
3.1. Proposed Integrating Algorithm

As seen in Section 2, if the fully rheonomous affine con-
straints (2) are completely integrable, there exist some
independent first integrals of them. For reduction of the
dimension of a given configuration manifold subject to
completely integrable fully rheonomous affine con-
straints, we need the explicit forms of independent first
integrals of them. For scleronomous linear constraints,
that is, B(q)q=0, a method of calculation of inde-
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pendent first integrals is well known [12,13], and for
scleronomous affine constraints:  A(q)+B(q)d=0 and
A-rheonomous affine constraints: A(t,q)+B(q)q=0
we have developed algorithms to calculate independent
first integrals of them in [7,9,10]. However, a method to
calculate independent first integrals of given fully rheo-
nomous affine constraints has not been proposed. There-
fore, this section of the paper develops an integrating
algorithm for the fully rheonomous affine constraints and
givestheoretical analysis of the algorithm.

In this subsection, we derive an integrating algorithm
for completely integrable fully rheonomous affine con-
straints (2). Theorem 1 in Section 2 guarantees the exis-
tence of n—m independent first integrals of the fully
rheonomous affine constraints (2). Hence, we aim to
construct an algorithm to caculate these $n-m$ inde-
pendent first integrals. First of all, we can find n—m
vector fields Y,,;,---,Y, such that

m

pan{Y,, -+ Yo Y Yo} = R 17

m

holds for the vector fields of the geometric represent-
tation for the fully rheonomous affine constraints (2):
Y-+, Y, . Let us denote flows (1-parameter local trans-
formation groups) of X and Y, by 4* and o
with time parameters t and 7, , respectively. We set an
initial point at the initial time t=t° as q° Q. We
also consider m+1 vector fields defined on the ex-
panded configuration manifold Q:= RxQ, and then
their flowson Q arerepresented as

. [t]  [0o] . 18
¢ -—thx}, @, = o yi=L---m (18)

Note that the initial value of 7, is set as 0. Calculat-
ing the composite mapping of n+1 flows (18) yields

. 0 t
q’zn - ¢tXO¢;(1lo...o¢:nﬂ - th

(19)

s
D=4 o@gloo

where

O =@ oplo-oph (20)

isthe composite mapping of n+1 flows
8ok, . From (19), we see that the projection of
® onto Q Is equivaent to ®,. Therefore, by apply-
ing the idea of the integrating algorithm for scleraono-
mous linear constraints defined on Q [14,15] to RxQ
and considering projection of it onto Q, we can derive
the following algorithm to calculate n—m independent
first integrals of completely integrable fully rheonomous
affine constraints as follows.

Algorithm 2

For the completely integrable fully rheonomous af-
fine constraints (2), we can obtain $n-m$ independent
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first integrals of them by the following procedure.

(Step 1) Set m+1 vector fields X,Y,,---,Y, of
geometric representation for the fully rheonomous affine
constraints (2).

(Step 2) For X,Y,,---,Y,,, derive linearly independent
vector fields Y,,,,---,Y, that satisfy (17).

m

(Step 3) Calculate flows of X,Y,,---,Y, and set them
as ¢1X1¢:111"'-§0:—{: .

(Step 4) Combine n+1 flows ¢*,pf, 0" as
(20).

(Step 5) Set q=®,(r) and derive the inverse func-
tion 7=d,"(q), where r=[r, rn]T e R". Then,
thelast n—m components of ®,*(q) are independent
first integrals of (2).

It must be noted that Algorithm 1 is similar to the ones
for the scleronomous affine constraints case and the A-
rheonomous affine constraints case [7,9,10], and hence
Algorithm 2 isanatural extension of them.

3.2. Theoretical Analysis

This subsection gives theoretical analysis on the inte-
grating algorithm for completely integrable rheonomous
affine constraints. In Algorithm 2 derived in the previous
subsection, we need to calculate the inverse function of
the combined mapping: @;* in order to caculate inde-
pendent first integrals. However, we still have a impor-
tant question on the existence of the inverse function. In
generad, it is quite difficult to calculate an inverse func-
tion of a given function. For Algorithm 2, the next pro-
position guarantees the existence of the inverse map-
ping ®@;*.

Proposition 2

Assume that the fully rheonomous affine constraints
(2) are completely integrable. Then, there exists an time
interval | cR and @,:R" — Q is a diffeomorphism
at any time tel . That is to say, there exists its inverse
mapping ®;". i,

(Proof) Set f:Ltl z'T:L . Calculating the partial dif-
ferential of (19) with the chain rule of differential calcu-
lation, we have

0D 0 (7x _v,
E'_E{I O%fo“'owrn}
—)?(Woajfo ogoTY”)
oD 0 (~x v
- = o o---0@." 21
or "oz {¢[ @, (ﬂ,n} (21)
—% A=Y, —%,.
_ 047 9Py | 00y i(gﬂ 0o )
or ot  of or V™ n

—% A=Y P
0* 0y Pyl
0T ot or

Substituting 7=7°=[t° 0

(65:'1 o...o(ﬁin).

T .
0] into (21), we
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obtain
al - %() 2® V(a0
7i;ﬁo—x( )’aﬂ?ﬁo—Y(q) 22)
that isto say
o] _ _
07| [X(q) ACHIE Yn(qo)] (23)
Since X.,Y,,---,Y, are linearly independent of each
other

rankai_)
T

=n+1 (24)

7=70

holds. Therefore, it turns out that ®(7) is a diffeo-
morphism by the implicit function theorem [12,13].
Since the projection of ®(7) onto Q is equivalent to
®,(r), ®(r) isalso adiffeomorphism. Consequently,
the proposition is proven.

4. Example

Finaly, in this section, an example is considered in order
to evaluate the new results. Let us consider a 3-dimen-
sional configuration manifold:

Q={a=[a @ @] eRa>0] (25)
with n=3, and afully rheonomous affine constraints on
Q:

271 0 o]

+ 4, =0 (26)
L %% | ‘0 tg, t%’ g
At.a) B(t.q) N

with m=1. We here consider atimeinterval | =(0,).

Then, it turns out that Assumption 1 holds for (26). One
geometric representation for (26) can be obtained as fol-
lows:

-2t 0
Xx=|-L£lv=q @7
0 %

Calculating an iterated rheonomous bracket for X
and Y above, weobtain

oY

(X,Y)=—+[X,Y]=0 (28)

Hence, we can see that al the iterated rheonomous
bracketsfor X,Y are0. Therefore, we have

C, = span{Y} (29)

and then it can be confirmed that
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dimC,(t,q)=1 Vtel, vqeQ (30)

holds. From Theorem 1, we can see that the fully rheo-
nomous affine constraints (26) are completely integrable,
that is, there exist two independent first integrals of (26).

Next, we shall calculate the first integrals of (26) ac-
cording to Algorithm 2. Reset Y,:=Y and new two
vector fields that satisfy (17) as

1 0
Y,=[0], Y,=|1 (3D
0 0
For the vector fields X,Y,,Y,,Y,, we caculate their
flowsas
t 2 (t° ) 0
t qg \ 0 1
¢tx = t ’gozll = qZ !
0,
0 ;e
05 ° (32)
72+0ao 0:?
‘P:zz = 4 | ¢z\'(33 =75+ |,
o o

where qoz[qf (o qu €Q is the initial point at
the initial time t=t°. Combining the flows (32) like

(20),
We have
—t2+r2+(t°)z+oﬂ°
t° 73+q§
@ (7)=¢" 0602(11 Ofﬂfz 60:33 = ¥3T1
e
) (33)

By solving the equation X,Y,,Y,,Y,, we calculate the
inverse mapping of (33) as

—Iog&0

3
o (q)=| 12+ (1) ~cf (34)
ey

CI3

Consequently, we can obtain two independent first in-
tegrals of (26) asthe last two components of (34):

h(t.g)=t?+q—(t°) —f

19,9
()= e b

-

(39
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It can be easily checked that the fully rheonomous af-
fine constraints (26) can be derived from two independ-
ent first integrals (35).

5. Conclusions

This paper has developed an integrating agorithm in
order to calculate independent first integrals for the fully
rheonomous affine constraints in the completely inte-
grable case. We can say that the proposed integrating
algorithm is useful and has the application potentiality
for various research fields.

Future work includes development of integrating algo-
rithm for partialy integrable fully rheonomous affine
congtraints, applications of the algorithm to real systems,
and extensions to more general classes of constraints.

REFERENCES

[1] J Cortes, “Geometric, Control and Numerical Aspects of
Nonholonomic Systems,” Springer-Verlag, Berlin, Hei-
delberg, 2002.

[2] A. M. Bloch, “Nonholonomic Mechanics and Control,”
Springer-Verlag, New Y ork, 2003.
http://dx.doi.org/10.1007/b97376

[3] F. Bullo and A. D. Rewis, “Geometric Control of Me-
chanical Systems,” Springer-Verlag, New Y ork, 2004.

[4] R. Montgomery, “A Tour of Subriemannian Geometries,
Their Geodesics and Applications,” American Mathe-
matical Society, Providence, 2002.

[5] ©O. Cdinand D. C. Change, “Sub-Riemannian Geometry:
Genera Theory and Examples,” Cambridge University
Press, Cambridge, 20009.
http://dx.doi.org/10.1017/CB09781139195966

[6] T.Ka and H. Kimura, “Theoretical Analysis of Affine
Constraints on a Configuration Manifold—Part I: Inte-
grability and Nonintegrability Conditions for Affine Con-

Open Access

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[19]

1725

straints and Foliation Structures of a Configuration
Manifold,” Transactions of the Society of Instrument and
Control Engineers, Vol. 42, No. 3, 2006, pp. 212-221.

T. Kai, “Integrating Algorithms for Integrable Affine
Constraints,” |IEICE Transactions on Fundamentals of
Electronics, Communications and Computer Sciences,
Vol. E94-A, No. 1, 2011, pp. 464-467.

T. Kai, “Mathematical Modelling and Theoretical Analy-
sis of Nonholonomic Kinematic Systems with a Class of
Rheonomous Affine Constraints,” Applied Mathematical
Modelling, Vol. 36, 2012, pp. 3189-3200.
http://dx.doi.org/10.1016/j.apm.2011.10.015

T. Kai, “Theoreticad Analysis for a Class of Rheonomous
Affine Constraints on Configuration Manifolds—Part I:
Fundamental Properties and Integrability/Nonintegrability
Conditions,” Mathematical Problems in Engineering, Vol.
2012, 2012, Article ID: 543098.
http://dx.doi.org/10.1155/2012/543098

T. Kai, “Theoretical Analysis for a Class of Rheonomous
Affine Constraints on Configuration Manifolds—Part 11:
Foliation Structures and Integrating Algorithms,” Mathe-
matical Problems in Engineering, Vol. 2012, 2012, Arti-
cleD: 345942. http://dx.doi.org/10.1155/2012/345942

T. Kai, “On Integrability of Fully Rheonomous Affine
Constraints,” International Journal of Modern Nonlinear
Theory and Application, Vol. 2, No. 2, 2013, pp. 130-134.
http://dx.doi.org/10.4236/ijmnta.2013.22016

S. S. Sastry, “Nonlinear Systems,” Springer-Verlag, New
York, 1999. http://dx.doi.org/10.1007/978-1-4757-3108-8

A. lsidori, “Nonlinear Control Systems,” 3rd Edition,
Springer-Verlag, London, 1995.
http://dx.doi.org/10.1007/978-1-84628-615-5

S. Nomizu and K. Kobayashi, “Foundations of Differen-
tidl Geometry (Volume I1),” John Wiley & Sons Inc.,
New York, 1996.

S. Nomizu and K. Kobayashi, “Foundations of Differen-
tiadl Geometry (Volumel),” John Wiley & Sons Inc., New
York, 1996.

AM


http://dx.doi.org/10.1007/b97376
http://dx.doi.org/10.1017/CBO9781139195966
http://dx.doi.org/10.1016/j.apm.2011.10.015
http://dx.doi.org/10.1155/2012/543098
http://dx.doi.org/10.1155/2012/345942
http://dx.doi.org/10.4236/ijmnta.2013.22016
http://dx.doi.org/10.1007/978-1-4757-3108-8
http://dx.doi.org/10.1007/978-1-84628-615-5

