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ABSTRACT

Let I<a<2 and 4 be the generator of an ¢« -times resolvent family {S (t)}t>0 on a Banach space X. It is shown
u/

that the fractional Cauchy problem D{u(t)= Au(t)+ f(¢), te (0,r]; u(0),u’(0)e D(A4) has maximal regularity
]

on C([0,r];X) ifandonlyif S,(-) isof bounded semivariation on [0,r].
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1. Introduction

Many initial and boundary value problems can be re-
duced to an abstract Cauchy problem of the form

u' ()= Au(t)+ f (1), te[0,r]

u(0)=xe D(4) (4D

where A is the generator of a Cy-semigroup. One says that
(1.1) has maximal regularity on C([0,7];.X) if for every
feC([0,r];X) there exists a unique ue C'([0,r]; X)
satisfying (1.1). From the closed graph theorem it
follows easily that if there is maximal regularity on
C ([0, rls X ) , then there exists a constant C > 0 such that

/)
u

c([o.r];x) +||Au"c([o,y];x) < "f"c([o,r];x)‘

Travis [1] proved that the maximal regularity is equi-
valent to the C,-semigroup generated by 4 being of
bounded semivariation on [0, r] .

Chyan, Shaw and Piskarev [2] gave similar results for
second order Cauchy problems. More precisely, they
showed that the second order Cauchy problem

u”(t)=Au(t)+ f(¢), te (0,r] 12)
u(0)=x,u"(0)=y, x,ye D(A)

has maximal regularity on [0,7] if and only if the cosine
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opeator function generated by A4 is of bounded semivaria-
tion on [O,I’].

In this paper, we will consider the maximal regularity
for fractional Cauchy problem

Dfu(t)=Au(t)+ f(t), te (0,r]

(1.3)
u(0)=x,u’(0)=y, x,ye D(A)

where a€(1,2), A is the generator of an « -times
resolvent family (see Definition 2.2) and Dfu is under-
stood in the Caputo sense. We show that (1.3) has ma-
ximal regularity on C ([O,r];X ) if and only if the
corresponding « -times resolvent family is of bounded
semivariation on [0,}"].

2. Preliminaries

Let I<a<2, g,(t)=0(r) and
g (1) =L (8>0)
/ r'(B)

for >0 . Recall the Caputo fractional derivative of
order >0

2

D7 (1) = fyg2 o (1=5) 15/ (s) s, 1 [0ur]

for feC® ([O,r];X) . The condition that
fec([o,r];x)
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can be relaxed to e C'([0,7];.X) and
o * (/=1 (0)-1(0)g,)e C*([0.r]: X).

for details and further properties see [3] and references
therein. And in the above we denote by

(g5%/)(1) .[gﬂ t=s)f(s)ds

the convolution of g, with f. Note that g, *g;=g,,5-
Consider a closed linear operator 4 densely defined in
a Banach space X and the fractional evolution Equation
(1.3).
Definition 2.1 A function ue C([O,r];X
strong solution of (1.3) if

ue C([0,7];D(4))NC'([0,r];X),

8o *(u(t)~x-1v)e C*([0.7]; X)
and (1.3) holds on [0,r]. ue C([0,r];X
mild solution of (1.3) if g, *ue D(A4) and

u(t)—x—ty=A(g, *u)(t)+(g, * f)(t)

for te[0,r].

Definition 2.2 Assume that A4 is a closed, densely de-
fined linear operator on X. A family {S . (t)}po cB(X)
is called an a-times resolvent family generated by A if
the following conditions are satisfied:

(@) S,(-) isstrongly continuous on R, and
S, (0)=1;

() S,(t)D(A)cD(A) and A4S,(t1)x=S,(t)Ax
forall xe D(4),t20;

(c)Forall xe D(4) and t20,
S,(t)x=x+(g,*S,)(r) Ax .

Remark 2.3 Since 4 is closed and densely defined, it
is easy to show that for all xe X, (g, *S,)(t)xe D(4)
and A(g,*S,)(t)x=S,x—x.

The a-times resolvent families are closely related to
the solutions of (1.3). It was shown in [3] that if 4 ge-
nerates an a-times resolvent family S, ( ) then (1.3) has

x+_[S )yds .

Next, we recall the definition of functions of bounded
semivariation (see e.g. [4]). Given a closed interval
[a,b] of the real line, a subdivision of [a,b] is a finite
sequence d:a=d,<d <---<d,=b. Let D[a,b] de-
note the set of all subdivisions of [a,b].

Definition 2.4 For

G:[a,b]—> B(X) and de D|a,b],

) is called a

) is called a

a unique strong solution given by S, (

define
sv,6)

= sup{

nzn;[G(di)_G(di—l)}xi “ X

.
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and
SV[G]=sup{SV,[G]:d e D[a,b]}.

We say G is of bounded semivariation if SV [G]<eo .

3. Main Results

We begin with some properties on ¢« -times resolvent
families which will be needed in the sequel.

Proposition 3.1 Let 1<a<2 and {S,()} ~ be the
o -times resolvent family with generator A4 . Define

P (t)x=(gu*S,)(t)x
=J.tga—1(t_5)5a(S)XdS, xe X,

then the following statements are true.
(a) For every xe X, J.P )xdse D(A4) and

AJ.OP(Z s)xds=S,(t)x—x;
(b) Forevery xe X, 0<a,b<t,
_[:SPa (t—s)xdxe D(A)
and
AI:sPa (t—s)xds=aS,(t—a)x—bS,(t—b)x
+.|.:Sa(t—s)xds;
(c) Forevery xe X,
J;ga(t—s)sPa(s)xdse D(4)
and
A(J'(:ga (t—s)sPa(s)xds)
=-0(g,*S,)(t)x+tB,(t)x;
() If feC([0,r];X), then g,*S,*fe D(4) and
A(g,*S,* f)=(S,—-1)* f. (3.1
Proof. (a) follows from the fact that
[iP. (5)xds = (g # . # S, ) ()¢
=(g,x‘<5w)(f)xe D(4)
and A(g,*S,)(t)x=S,(t1)x—x by Remark 2.3.
(b) By integration by parts we have

J{sP, (1=5)xds =[sd | [P, (- 7)xdz

= ['sd,[(g,#5,)(1-5)x]

=5(g,#S,)(t=9)a], +[ (g, %S,)(=s)xds

=a(g,*5,)(t-a)x=b(g,*5,)(t-b)x
+[0(g,%S, ) (t=5)xds,
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since (g, *S,)(¢)xdse D(4) by Remark 2.3, opera-
ting 4 on both sides of the above identity gives (b).
(c) follows from the fact that

J8a (1 =5)sP, (5) xds

= [(ga(1=5)(s=1) P, (s)xds+1[ g, (1=s5) P, (5) xds
=0t g (1=5) B, (s)xds +1(g, * P,) (1) x

=—0(gqn * P, ) (1) x+1(g, * P, )(1)x

=0 (8 1 8 * 5, ) (1) x+1(8, %8 #5, ) (1) x

=—0(8, % 8o S0 ) (1) X 1801 * 8, %S, ) (2) X

belongs to D(4) and

A([1g, (1=5)sP, (s) s

= —ar(g, % A(g,*5,)) (1) +1(g, * A(g,%S,)) (1) x
= (g, *(S, =) (1) v+ (g, *(S, = 1)) (1)
=-0(g,*S,)(t)x+ag,., (t)x
+1(2,178,)(1) 12, (1)x

=-o(g,*S,)(t)x+tB,(t)x.

(d) (3.1) is true for step functions, and then for con-
tinuous functions by the closedness of 4 .

The following two lemmas can be proved similarly as
that in [1,2].

Lemma 3.2 If feC([0,7];X) and the o -times
resolvent family S, (t) is of bounded semivariation on

[0,7], then (P, f)(t)e D(A) and

AP, f)(t) = jd[S (t=s)]f(s)

Lemma 33 If feC([0,r];X) and the o -times
resolvent family S, (#) is of bounded semivariation on

[0,7], then J';ds [, (t=5)]f(s)
[O,I"].
We next turn to the solution of
Dfu(t)=Au(t)+ f (),
u(0)=0,u"(0)=0,

is continuous in ¢ on

te (0,r], 52)

where A4 is the generator of an « -times resolvent
family. If v(¢) is a mild solution of (3.2), then by De-
finition 21 (g, *v)(t)e D(4) and

v(1) = A(g, #v)()+(g.* )1).

It then follows from the properties of « -times re-
solvent family that
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#v=(S,—A(g,*S,)) v
=8, #v=S,%A(g,*v)
=S, #(v=A(g,*v))
=Sa*8a*
which implies that g, *S, * f is differentiable and

W(0) =S (8,%5,%)(0)
=(8,:%5,* 1)(0)
=(B,%)(0).

Therefore, the mild solution of (1.3) is given by
Pxf)(1). (3.3)

Proposition 3.4 Let A be the generator of an « -times
resolvent family S, (), and let fe C([O,r];X) and
x,y€ D(A). Then the following statements are equi-
valent:

(a) (1.3) has a strong solution;

) (S,%/)()e ' ([0.r]:X):

() (P, >kf)() D(A) for0<t<rand A(P,*[)(t)
is continuous in 7 on [0,r].

Proof. (a) If u(¢) is a strong solution of (1.3), then

u is given by (3.3) since every strong solution is a mild
solution. Therefore, by the definition of strong solutions,

Gra* b ¥ =g %S, % feC([0r];X);

it then follows that S, * f e C'([0,7];.X), this is (b).

(b)=(c). Suppose that S, *fe C'([0,r];X). Since
g *P,xf=g, %S, *f, by Propostion 3.1(d),

g *P,* fe D(A)

u(t) =S, ()x+[S, (s) yds+(

and
A(g *P,x f)=A(g,*S,* )= (S, -1)*f. (3.4)

Since 4 is closed and S, * fe C' ([O,r];X), we

have P,*fe D(A) and A(Pa*f):(sa*f)'_f is
continuous.
(c)=(a). By (3.4),
AP f)=A(g* P f)=(S, =) [,

therefore S, * f is differentiable and thus
gZ—a*Pa*f:gl*Sa*f
is in C*([0,r];X). It is easy to check that u() de-
fined by (3.3) is a strong solution of (1.3).
Now we are in the position to give the main result of
this paper. The proof is similar to that of Proposition 3.1

in [1] or Theorem 4.2 in [2], we write it out for com-
pleteness.
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Theorem 3.5 Suppose that 4 generates an ¢ -times
resolvent family {S " (t)}PO . Then the function (3.3) is a
strong solution of the Cauchy problem (1.3) for every
pair x,ye D(A) and continuous function f if and
only if S, (-) is of bounded semivariation on [0,r].

Proof. The sufficiency follows from Lemmas 3.2 and
3.3.

Conversely, suppose that for x,ye D(A4) and con-
tinuous function f, u(¢) given by (3.3) is a strong
solution for (1.3). Define the bounded linear operator

L:C([0,r);X)—>X by L(f)=(P,*f)(r). By Pro-

AL(f,.)= AJ';'Pa(r—s)fdi (s)ds

n dj—c 4
<S4 st

683

position 3.4(c) Lf e D(A), it thus follows from the
closedness of 4 that AL:C([0,r]; X) — X is bounded.

Let {d,}  be a subdivision of [0,r] and €>0
such that e<min1£i§n{di—di_l|}. For x;€e X with

|x)<1(i=1,2,---,n+1), define f, e C([0,r];X) by

X, d_,<7<d, —¢
T)= —d. s
fd)r( ) xi+1+T—dl(xi+l_xi)’ d,—e<1<d,
€
then ||, (o) 1+ By Proposition 3.1,
di S_di
xi+1ds""‘1jdi_6 . B, (r=s)(x., _xi)dx:l

=§{[Sa(r—d,_1)x,- =8, (r=d, +e)x, |+[S, (r-d, +€)x,, =S, (r-d,)x,, |

d

€

it then follows that

‘Z[Sa(r—d,._l)—Sa(r—d,.)]x,. <||4L(z..)

By letting ¢ — 0, we obtain that S, is of bounded
semivariation on [0,7].

Corollary 3.6 Suppose that {Sm(t)}[>0 is an « -
times resolvent family with generator 4 and S, (-) is
of bounded semivariation on [0,7] for some r>0.

Then R(P,(t))cD(4) for te[0,r] and ||tAPa(t)||

is bounded on [0,7].

Proof. For xe X, consider f(¢)=aS,(t)x. By
Proposition 3.1(c), ¢P,(¢)x is a mild solution of (3.2).
Moreover, it follows from Proposition 3.4 that P, = f
is a strong solution of (3.2). Since a strong solution must
be a mild solution, we have (P, * f)(¢)=tP,(¢)x. Thus
our claim follows from Proposition 3.4.

Remark 3.7 Let a=1.1If 4 generates a C,-semi-
group T (-), then the condition that AT (¢) is bounded
on [0,r] implies that 7'(-) is analytic (see [5]). When
a=2 and A generates a cosine function C(-), then the
condition that t4C(r) is bounded on [0,r] implies that
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i=

__[Sa(r_di+e)(xi+l _xi)_Sa(r_di)(le _'xi):|

S50 =S, = S () -0}

=3 {[Sa(r—dil)—Sa(r—di)}xi -8, (r—d)(x,,, —x,-)+lff’;§a(r—s)(x,-+l —x,)ds},

€4

1 ¢q
S, (r—d;)(x., —x,.)—;J.dl_fSw(r—s)()cprl —x,.)dSH.

A is bounded ([3]). However, since there is no semi-
group properties for ¢ -times resolvent family, it is not
clear that one can get the analyticity of S, (-) from the
local boundedness of 4P, (¢).
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