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ABSTRACT 

In my paper [1], we aimed to determine the best possible range of   such that the modified Heinz’s inequality 

( ) (A A A A B A )         holds for any bounded linear operators A  and  on a Hilbert space  such as 

 and for any given 

B 

some 0A B I       and   such as 0   and 0  . But the counter-examples pre-

pared in [1] and also in [2] were not sufficient and, in this paper, we shall constitute the sufficient counter-examples 
which will satisfy all the lacking parts. 
 
Keywords: Heinz’s Inequality 

By the same way as in the proof of Theorem ([1]), we 
have the following.  

Lemma For any , , ,a b x   and   such as  
1 0, 0 , 0a b x a       and    0 O a    b

where )(O  is a function of  such that 
 

0
lim

O 
 is  

 
bounded, let 

 
 

0
and .

0

a a b x
A B

ba b b



  

               





If   A A A A B A         for any real numbers 

,   and   such as 0   and 0  , then we have 

the following inequality (1). 
Theorem ([1]) The region of   such that the opera-

tor inequality 

  A A A A B A         

holds for any bounded linear operators A  and  on a 
Hilbert space  such as 

B
  som eA B I  0   and 

for any given   and   such as 0   and 0   

is as follows: 

1) 0 1 0, 1     ,      

2) 0 1 1, 2      

   
1 1

max , min 0,
2 2 2 11

  
 

                  
 

3) 
1

0 1 2 ,


    , 0   

4) 0 1 2,   

 

 

 

   

2 1
max

2 1 2 1

2 1
min ,

 
 


,

2 1 2 1

    
 

   

  
 

  
 

    
   

1 , 0and 5) 1    , 
 

1
x 0,

2 1


ma 


      

 

 

         

 

 
       

2 2 2 2

2 2 2 0

2 1
2 2 2 2

22 2

lim
( )

.

a x b a b x b a b

bx b a x b

a
a b b a x

b a x

        

     

 
          

   

  
 

 


  



      
   

  


 
                   (1) 
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Proof Since the sufficiency of our range for the modi-
fied Heinz’s inequality is already proved in [1], we have 
only to constitute counter-examples of A  and  in 
the outside of our ranges. 

For any 

B

, , ,a b x   and such as in Lemma, let   

 
 

0
and

0

x

ba b b 

             
. 

Let 
 

a a
A B

   b

 
  1a a a b a

x b
    

1
, 0

1
by

b b
  

 


a




, 

and 
1

b

a
 




. Then we have A B bI   because 

0 ,a b x by b     , 

   
 

  
 

1 1
0

1 1

a a ab b a ba a b a
a x

a b a b
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and b

    
   

     
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1
1

1 1
1

1 1
1

a x a b

b x a x

a b x a x b
a

0.

a a x a b
a
b

a a y a b
a

 

 





 

    

   

     


     

          

 

 







 

 

Also if 

b 


, then, by multiply-

ing   12b a x     

lity (1) in Lemma, we h

 

 

 to the both sides of the ine- 

qua ave 





   A A A A B A
      

   
 

2 22 1

2 2 2

1

11

a b y a bb

aa y by

   

  

       
   

 

       
  

2 1 2 2 2 2

22 2

a a b b a y

a b y b a y

          

     

   


 
    (2) 

       
  

2 1 2 2 2 2

22 2
=

1

a a b a b y

a b y a b y

         

     

    

 

 

 
   (3) 

     
  

2 22 2

22 2

1

1

a a b b a y

a b y b a y

      2   

     

 

  



 


 
      (4) 

     
  

2 1 2 2 2 2

.
b b a y      

 (5) 
2

a a

a y

     

  

  



Let 

2 21 a b y b  




  1, 0 1x a b a      and 
1a

 



. Then  

we have A B bI 
0 ,a b a x

 because  
1 b       and because 

        
  1 1 0.

a x a b b x a x

b b

  

 

        

      

  

   
 

 

Also if   A A A A B A
      

  1
a x

, then, by m

ing 

ultiply-

 
  to the both sides of the inequality (1)  

in Lemma, we have the following inequality 

 

 
     

 
         

  

2 22 2

2 2 2

2 1 2 2 2 2

22 2

1

11

.
1

b a b a bb

b ab ab

a a b b a

a b a

     

  

           

   

  



   



     
   

 


 

y multiplyi 

  (6) 

And, b ng b  2 2 1      to the both sides of 
ality, we the above inequ have 

 

 
   

 
 
 

         
    

1 2 22 1 2 1

2 2 2

2 2

2

1 1

111

1 1

b b a b a bb

ab ab

a b b

a

      

  

     




    

 

  

   

2 1 2 2

2 2
.

1 1

a a

b a

     

  

  

 

 
   

 
 

(7) 

Let 


 

2 and 0x b   . Then we have 2A B b I   
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because 20 x b b a   
  a b b      

 A A A

 and because  

Also if 
   0a x x  . 

A B A
   

e both sides 

   
  2 2 1b       to th

a, we have the 



 

, then, by m

plying of the inequality  
(1) in Lemm following inequality  

ulti- 

     

   

2 12 2 2

2

1 1a b b b a    



  

     
 

2

2 2
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1

1 1
.

b

b a

b a
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  

  

     

  





 2 1 2 2

1

1

b

a a b


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

  


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 

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
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1

1
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2
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 
 
 
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1 1
0 b b 
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
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and because       0a x a b b x        . 

Also if   A A A A B A        , then, by Lemma, 
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  

 

   

 

1
2 2 1

21 2
1 21

b a b by

b b a by

     

     

 

 
   



    
  

 

  1 2
2 2

1 1

      
 

 
    

  
,

 

and since  by 

multiplying 
2

1b
 


  to the both sides of the ab

ve, for 

ove 

inequality, we ha
1

1
2, 0

2
b






     
 

 and 

 1

1

1
b b



 

1

11

1 2

a

b





 



, 
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 

 

   

 

 

 

    

21
2

11

22

1

2
2 21

2
2

2 1

2 1

22
2

21

2 2

2
2

1

1

a b by b

by b

by b a b

a by b

a

b a by

a b

b

      

  

   

   

 

   

     

   



 

   



















 

 
  

   
  

   
  

      
    
  
 


   
  

 

  2 .a by


   
  

 

and, if 

     (9) 

Case 1 Let 0 , 1 , 0     . 
Then 

 


    

 
 

 

2 22 1

2 2 2

2 1

2

1
lim

11

2 1

21

a b y a bb

aa y b

b

   

  

  



 





     
   

 
  



 

because 

2

a y







 
 

1a a 
 lim lim 2

1a a
y

a b   
 and 

       
  

2 1 2  2 2 2

22 2
lim .

1a

a a b a b y

a b y a b y

         

     

   

  

 
 

 
 

This contradicts (3). 
Case 2 Let 01 , 0 ,     . 
Then 

 

 
    

 
 

 
 

2 22 1

2 2 2

2 1

2

1
lim

11

2 1
2 1

a

a b y a bb

aa y by

b

   

  

 






 







     
   

  


 

because 

If 

lim 2
a

y


 . 

2 0   , then we have 

     
  

2 22 2

22 2

1
lim 0

1a

a a b b a y

a b y b a y

      

     

  

 

 

2 0   , then we have also 

       
  

  
  
  

2 1 2 2 2 2

22 2
lim

1

0, 2 1 0

, 2 1 0 0

, 2 1 0

a

a a b b a y

a b y b a y

b

           

     



  

  

  

   

 



 

 

   
     

   

 

and hence, by (4) and (5), we have  and 
this contradicts the fact that all 

2 1 0   
2 1 0    for 

1  . 
1

0 , ,  


Case 3 Let 0   . 

Then 

 

 
    

 

 

2 22 1

2 2 2

2

1
lim

11

2 1

a

a b y a bb

aa y by

   

  











     
   






 

and 

       
  

 

2 1 2 2 2 2

22 2

2

lim
1

1 2

1 2

a

a a b a b y

a b y a b y

        

     





    

  

 

 






 

because lim 2
a

y


 . 
, we have By (3) 02 1     

0
and this contradicts 

the fact that 2 1     for all 1  . 

Case 4
 

1
1 , 0 1, 0 max 0,

2 1

  


          
  Let 

 
1

0
2 1





 


Then  and  and  

hence 

 2 1 1    

 2 2 1    0    . 
fore we have There

 


    2 22 2 1

2 2 20 1b

1
lim 0

1

b b a b a bb

ab ab

     

  

   



      
   

 

and 

         
  

2 


 

 

 

2 1 2 2 2 2

20 2 2
lim

1

0.
1

b

a a b b a

a b a

a

           

   

   

 

 

 




 

This contradicts (6). 

2a
 

2    
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Case 5 Let 0 1, 1    ,  

   
2 1

max ,
2 1 2 1

  
 

      
   

 

In this case  

Then, in the case where 

   
    

2 1 max 1, 0

d 2 1 max 1, 0

and henc because 1.

     

    


      


     



 an
 e 2 0  

1
0

2
  , we have 

2 1








 and hence  2 1 0     . Therefore 

we have 

 

 
     

 
 

 

2 22 2

2 2 2

2 2

2

1
lim

11

1

1

a

b a b a bb

b ab ab

b b

bbb

     

  

    





 

 



 

     
   

 
  

 

 

and 

         
  

2 1 2 2 2a a b a            



 2

22 2
lim

1a

b

a b a

  

   



  



   

ontradicts (6). 

And, in the case where 

. 

This c
1

1
2

  , we have 

 
2 1

2 1

 

 




 and hence 

Therefore we have 

 2 1 2 1 0        . 

 

 
  

 
 
 

2 1 2 1

20

1 2 2

2 2

lim
1

1 1
0

11

b

b

b

b b a b a b

ab a

   



   

  





   



 

 



      
  

 



and 

         
   

 

2 1 2 2 2 2

2

1 1

1 1

1

b b a

a

           





     

 

 

 


This contradicts (7). 

 Let 

20 2b
a b a 

 
2 1

0.
a  

  

lim
a a

Case 6
1

0 1, 1 2,
2

        . 

Then 02 1 2     

     2 2 1 2 0     2 1         . 
e And, by (8), we hav

   

 
  

 

 
    

  
 2 1 

2 1 22

20

2 2

2 2

2 1
2 2

20 2 2

22

0 lim
1

1 1

1

lim 1
1

1

0

b

b

a b b

b

b a b

a b

a
a b

a b

a b

    



  

  

 
     

  

  

   








  

 








    
  

a

 


 



 

 

and this is a contradiction. 

Case 7 Let 
 

1
0 1, 1 ,

2 1

  



0    


. 

Then    11
2 1 2 1

1 1

    
 


0      

 
  

and 2 0    because 1  . 
Therefore we have 

 

 
    2 22 2 1 1

m 0
b b a a bb

           
 
 

 
2 2 20

li
11b

b

ab ab



  





 

  

and 

         
  

 

2 1 2 2 2 2

20 2 2

2 2

lim
1

0.
1

b

a a b b a

a b a

a

a

           

   

   



   

 

 

 

 

  


 

This contradicts (6). 

se 8 Let Ca
 

2
0 1, 2 ,

2 1

   



0    


. 

2
2 2

1

   



0  


. Then 

Since    
 1 1a a 

1
lim lim 1

1

a a
by b

a b

     
   

 and since  

1
0blim

a
  in the case where  

 
1

,
2




1 1

1

1

1 1
2, 0 1

1 2

b b
b a

b

 




 



     




 because 

1 2

1 11

1

1 1

1 1

1

1 0

1 2 1 2

b b
b b

a

b b


 



 


 



 

 
     ,  

 

 

 and  
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we have 

 

 

   

 

21 2
11

21 2

1

2
2 21

2
2

2 1

lim

1

0

a

a b by b

by b

by b a b

a by b

      

  

   

   


 

   

 










   
  

   
  

      
     
  
 

 

and 

 

 

    

 

2 1
2 2

21 2
lim
a

2
21

1.

a
a b

b a by

b a by
2

2
1 2

 
     

 


  




 


  

  
    

  

 

 completed the proof of the best pos- 
si anges in our theorem. 
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