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ABSTRACT

In my paper [1], we aimed to determine the best possible range of » such that the modified Heinz’s inequality
(NA*A) > (A'B*A) holds for any bounded linear operators A and B on a Hilbert space 7 such as
A>B2>zl (somer > 0) and for any given « and S suchas a>0 and g >0. But the counter-examples pre-

pared in [1] and also in [2] were not sufficient and, in this paper, we shall constitute the sufficient counter-examples

which will satisfy all the lacking parts.

Keywords: Heinz’s Inequality

By the same way as in the proof of Theorem ([1]), we
have the following.

Lemma Forany a,b,x,6 and e suchas
a>1>bh>0,0<x<a0<e and 0<5=0(¢)<a-b

]
where O(g) is a function of ¢ such that Iirrowﬁ is
[d €
bounded, let
a e(a—b-¢o 0
A= ( ) and B=(X j
e(a-bh-o) b+s+8 0 b

If (NA“N)ﬂz(AyB"N)ﬂ for any real numbers
a,f and y suchas a>0 and g>0, then we have

the following inequality (1).
Theorem ([1]) The region of y such that the opera-

tor inequality
(A nea) = (aBeary

holds for any bounded linear operators A and B ona
Hilbert space % suchas A>B>rzl (somez>0) and

for any given o« and g such as ¢>0 and £>0
is as follows:
1) 0<a<1,0< <1, —o<y<+w

2) O<a<l1l<p<2

) e

3) O<a£1,2<ﬂ££, y=0
a

4) O<a<l2<p
2-1-af —aff
"‘ax{ 2(5-1) '2(/3—1)}

20-af 1-af }
2(p-1)"2(p-1)

s;/Smin{

and5) 1<a,0<f<1, max{O, Z’E‘f__ﬂl)}s y

R

(Xa _ba)Z aZyXa _ba+2y b >0 ¢
a27(1—ﬁ) (1)
< —Z{a(wzr)ﬁ _pler)s } {b(a+27)ﬁ _a¥Px }
(ba+2;/ _ aZyXa )
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Proof Since the sufficiency of our range for the modi-
fied Heinz’s inequality is already proved in [1], we have
only to constitute counter-examples of A and B in
the outside of our ranges.

Forany a,b,x,6 and e suchasinLemma, let

A:[ e(a—ab—é) Eii?} e B:(g Ej

_ J(a-Y+a| (a—b)(a-1)
Let x_b{m}_by,0<e<T ,

and 5=£.Then we have A>B>hl because
O<d<a-b,x=by>bh,
_a(a-1)+ab-b(a-1)-ba (a-b)(a-1)

(a-1)=b (a-1)+b

a—X

and because
(a—x)(e+8)-c(a-b-0)
=e(b-x)+(a-x)5+es

:ﬁ{(a—l)(b—x)+(a—x)b}+e5

:ﬁ[b{(a—lﬁa}—x{(a—l)+b}]+e5
be
a-1

[{(a-1)+a}-y{(a-1)+b} |+es=€5 > 0.

Also if (A A“A )'B >(A'BA )ﬂ, then, by multiply-

Open Access

ing bZ“’“ﬁ(a“/’—x“/’)_l to the both sides of the ine-
quality (1) in Lemma, we have

e (@5 ) afan

(ya _1)2 a¥y” —b* (a-1)

a2 h) { al@*2)p _plar2n)p } (bzm _a¥# yaﬁ)

< 2
(aaﬁ_baﬂyaﬁ)(bZ}/ _aZ}/ya)z ( )
{aZV(ﬂ—l) _ g l@prar)plaver)p } (a—ZrﬂbZW _ yaﬁ)
= ; (3)
(1_ a—aﬂbaﬂ yaﬂ )(a—Z}/bZ}/ _ ya )
a¥ 11— g (@2pplar2)b | (W2 _ 218 yaﬁ
] I . ) @
(l— a—aﬂbaﬁ yaﬁ )(be _ a2y ya )
i a2/ (p)-ap { a(@2B _pla+2r)p } (bzw _a¥f yaﬂ) )

(1_ a—aﬂbaﬂ yaﬁ )(bZ}/ _ aZ;/ ya )2

Let x=1,0<e<(a-b)(a-1) and §:ﬁ.Then

we have A>B>bl because
O<d<a-b,a>x=1>b and because

(a—x)(e+8)—e(a—b-5)=¢(b—x)+(a-x)5+es
=e{(b-1)+1}+e5 =be+es5 > 0.
Also if (A A“A )ﬂ >(ABA )ﬂ, then, by multiply-

ing (a® —x* )71 to the both sides of the inequality (1)
in Lemma, we have the following inequality

B2y {(b“ -a¥)(1-b) a(a—b)}

(1—ba )2 b2 _ g2 b(a—l)
a27(1—ﬂ) {a(a+2;/)ﬂ _b(a+2;/)ﬁ} {b(a+2y)ﬂ _ aZ}/ﬂ}
(aaﬂ _1)(ba+2y _ a2y )2

And, by multiplying b***)#*) tq the both sides of
the above inequality, we have

po7rtrerze [0 (108 J(1-b%) a(a-b)
(1-b7)’ I T CeY

aZy(l—ﬁ) {a(a+2;/)ﬂb—(a+2;/)ﬂ _1} {1_b—(a+27)ﬂa2;/ﬁ}

(aaﬂ _1) {1_ b—(a+2;/)a2}/ }2

(6)

<

<

(7
Let x=b®’and5=0. Then we have A>B>b?l
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because 0<x=b?> <b<a and because
(a—x)e—e(a=b)=¢(b-x)>0.

Also if (A7A“A7)ﬁz(AyB“Ay)ﬂ, then, by multi-

plying b2*#)#Y 1o the both sides of the inequality
(1) in Lemma, we have the following inequality

ﬂ(aaﬁ’ _bZaﬁ)be(lfﬂ)—aﬂJrZa {(ba _1)(b72ya2y _1)}

(ba _1)2 b 2 a% —1
a2y(l—ﬂ) {a(a+2y)ﬁb—(a+27 }{1 b a-2y ﬂaZyﬂ}
2

( —p*" 27a27)

<

©)

A
For 8>2,let O<b<(§) . Then

1
0<b<b??! <= because O<L<1.

And let a > (> 1),

A
X ﬂ

0=0.Thenwe have A>B > x|l because

b(a—1)+b2 bﬁ’l( )—b%a
b-x= (a-1)+b
b(a 1){1—bﬂll]+b[b—bﬂlla]
= (a-1)+b
b {( _1)[1—bﬂll]+£b—b”lla]}
(a—1)+b
e ?>+b{[1'2bﬂa'[l'b;l'bJ}w’
_a(a—1)+ab—b%(a—1)—b%a
a-x= (a-1)+b
{a_b/fl](a—lﬁab{l—bﬁlq
- (a-1)+b 70

and because (a—x)e—e(a—b)=e(b-x)>0.

Also if (NA"N)ﬂ Z(A’B"A’)ﬂ, then, by Lemma,
we have the following inequality

ﬂ{ 2 " (by)" }b“*WZV {b“a(by)“—b“}(azy_b”)

{bﬂlla (by)’ —b“}z

aZy(lf/i)

1

aZybﬂa (by)‘l _ba+2;/

1
< {a(a+2y)ﬂ _ b(a+2y)ﬂ } {b(owrz;/)ﬂ _ azyﬁbﬂaﬂ (by)aﬂ }

1 2
{bm—Zy _ aZybﬁ—l (by)a}

Since

I . 2,
b7 (by)” —b* = b/ {(by)a e }
La iog Eoz+2y
ba+2;/ _aZybﬂ—l (by)a — bﬂ—l {b p-1 —

b(a+2y)ﬁ' aZyﬂbﬂ 1 (by)

1 p-2
_ bﬂaﬂ {b(/j =) +2}/]ﬁ _aZVﬂ (by)a/f}
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ﬂ_2a+2y}ﬂ, by

and since (a+27)ﬂ—ﬂ1_1“ﬂ:{ﬂ_1

a(2-p)
multiplying b 7

to the both sides of the above

B-1
inequality, we have, for £>20<b< 6) and
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1 p-2
ﬁ{aaﬁ b/ (by)” }b[ﬂ-l‘”zy]ﬂ
52,
for 5]

X

X{a(a+2;/)/i _ b(a+2y)/f}

B-2
) {b(ﬁlaw]ﬁ o (by)a,]}'

Casellet O<ea,1<p,0<y.

Then
lim ﬂbzy(ﬂﬂ) (azy _bzy)(ya _1) _ a(a—b)
a—sm (ya _1)2 a% Yo — b2 (a _1)

BV (2o 1
= « 2 2a e
(2-1)
because Iimy:Iimw:Z and
a—o a—»oc(a__’]_)+b

a—w

- { a2 (8D _ a—(aﬁ+2y)b(a+27)ﬁ}( aPpr _ yaﬁ)

This contradicts (3).

Case2Let 1<a,0<pf,y<0.
Then

i 2277 (27 -b7)(y" 1) a(a-b)
a—o (y“ _1)2 a¥ ye — b2
ﬂbZ;/(ﬁ'—l)
()

because limy=2.

(a-1)

(2 -1-a)

a—w

If a+2y>0,thenwe have

27 {1 —(a+27)ﬂb(a+2y)/? b27ﬂ— 28 \,ap
Iima {1 : }( v )

=0
a—mo (1_ a—a[;’ba/)’ yaﬁ )(be _ aZ;/ ya )2
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(1_ a-PpP yaﬂ )(afzybh _ye )2 -
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and, if a+2y <0, then we have also

a2/ =p)-ap {a(a+27)ﬂ _pler2ns } (bzm — ¥y )
lim 5
a—wo (1_ a—aﬂbaﬂ yaﬂ )(b27 _ a2y ya )
(27(1-B)-aB <0)
=0, (2y(1-B)-ap=0)<0
—0, (2y(1—ﬂ)—aﬂ>0)

and hence, by (4) and (5), we have 2 -1-a <0 and
this contradicts the fact that 2 -1-a >0 for all

Ol

a>1.
© Case 3 Let 0<a,é<ﬂ,y=0.
Then
e {(a@—bﬂ)(yd—l) #(ab)
2w (ya _1)2 a¥y* —b¥ (a-1)
_aﬂ
(2 -1)
and
. { a2’ F ) _ af(aﬂ+27)b(a+2y)/f} ( aPps _ yaﬁ)
!Tl (1_ a-Pp yaﬁ)(a—Zbey _ye )2
1-27
because limy=2.
By (3),'We

have 2% ~1-af <0 and this contradicts
the fact that 2% -1-af >0 forall af>1.

Case4Let 1<a,0<f<10<y<max]0,- 2P~
2(1-5)
aff -1
Then 0<y< and 2y(1-p8)<af-1 and

hence (a+2y)f-2y-1>0.
Therefore we have

) ﬂb(a+27)[;’—27—1 b(bzy _a2y)<l_ba) a(a—b)
lim (1-b*) T

and

i a2y(l—ﬂ) {a(a+27)ﬂ _b(a+2y)ﬂ} {b(a+2;/)ﬂ _ azm}

b—0 (aaﬁ _1)(ba+2}/ _ az}/ )2

a(a+2;/)ﬂ—27

——<0.
a”’ -1

This contradicts (6).
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Case5Let O<a<l1< g,

2-1-af —aff
”max{ 2(5-1) ’zw—l)}

In this case
27/(,6’—1)+aﬂ—a—max{a—1,—a}<O
and (a+27)(ﬂ—1)<max{a—1,—a}SO
and hence a+2y <0 because g >1.

Then, in the case where 0<a<%, we have

—(Zﬂ
y < and hence 2y(1-pf)—af >0. Therefore

we have

lim

B2z {(b“ -a”)(1-b") a(a—b)}

a—wo (1_ba )2 ba+27 _a2y b(a—l)
_ ﬂb(“*h)ﬂ*@ {1_ba _g}
(1-be) L b% b
and
a27(1—ﬂ)—aﬂ {a(a+27)ﬂ _ b(a+27)ﬂ}{b(a+27)ﬂ _ aZyﬂ}
!ﬂl (1_a—aﬂ)(ba+27 _a¥ )2
= —o0,

This contradicts (6).

And, in the case where %g a<l, we have
2a0-1-af
2( B —1)

Therefore we have
ﬁbe(l—ﬁ)—aﬁJrZa—l

y< and hence 2y (1-p)-af+2a-1>0.

lim

b—0 (1_ba)2
) b (1-ba” )(1-b") a(a-b) _
l_b—(a+2y)a2;/ (a—l)
and
27(1—ﬂ) (a+2 )ﬂ —(a+2 ),6' _ _ —(a+2 )[J’ 2y
Iima {a nEpTerer 1}{1b 7ay}
b—0 (aaﬁ _1) {1_b—(a+27)a2y}2
aZ;/(l—ﬂ)
=— 7 1 <0.

This contradicts (7).
Case 6 Let O<asl,1<ﬂ£2,7<—%.

Then a+2y<1+2y <0 and

Open Access

2y(1-p)-apf+2a =2y(1- B)+a(2-B)>0.
And, by (8), we have

- ﬂ aaﬂ_bZaﬁ b27(1—ﬂ)—aﬂ+2a
0=Ilim ( )

b—0 (ba _1)2
X{(b" ~1)(a¥b¥ —1)}
a?bhe ¥ -1
aZy(l—ﬁ)

<lim———
b—0 (1_ az;/bgg—z;/)

x{l—azyﬂb(afzy)ﬂ}

=-a?"" <0

{a(a+2y)ﬂb—(a+2}/)ﬂ _1}

and this is a contradiction.

1-ap
Case7Let O<a<ll<p, <y<0.
2(p-1)
_ 1-
Then (a+2;/),3>1+27/>1+1 aﬂ:ﬂ( a)zo
p-1  p-1

and a+2y >0 because S >1.
Therefore we have

ﬂb(a+27)ﬂ—2y—l b(bzy _a27)<1_ba) a(a—b)

lim =
b—0 (1—ba )2 ba+2y _ a2y a—l
and
a27(17/z) {a(a+27)ﬂ _b(a+2y)/z} {b(a+27)ﬂ _ aZ}/ﬁ}
lim 5
b—0 (aaﬁ _1)(ba+2y _ aZ;/)
(a+2y)p-2r
a
= <0.
a” -1
This contradicts (6).
Case8Llet 0<a<12<p, 20[_0['6’<7/<0.
Z(ﬁ—l)
Then a+2y> ﬂ_ia+2y>0.
a-1)+a
Since lim(by)=Ilimb Q =1 and since
a1 a1 (a_1)+b
Iirqb =0 inthe case where
a—. 1
£ NYE
B>2, 0<b<(£) ,a>#(>l) because
2 N
1-2b#*
1 B2
1 b [1—b/“J
B _
a 1> b lb = 1 > 01
1-2b#? 1-2p#t
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we have This contradicts (9).
1 52, Therefore we completed the proof of the best pos-
ﬂ{aaﬂ _pAi” (by)aﬂ}b[ﬁfH 7]ﬂ sibility of the ranges in our theorem.
lim 5
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