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Abstract

In this paper, a nonautonomous predator-prey system based on a modified version of the Leslie-Gower
scheme and Holling-type 1l scheme with delayed effect is investigated. The general criteria of integrable
form on the permanence are established. By constructing suitable Lyapunov functionals, a set of easily veri-
fiable sufficient conditions are derived for global stability of any positive solutions to the model.
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1. Introduction

Predator-prey behavior is a form of very common bio-
logical interaction in nature. There are many mathemati-
cal models to model predator-prey behavior such as
Lotka-Volterra system, Chemostat-type system, Kolmo-
gorov system, etc (see [1-6]). In recent years there has
been a growing interest in the study of mathematical
models incorporates a modified version of Leslie-Gower
functional response as well as that of the Holling-type II
(see [7-9]). In particular, in [10] the authors consider the
following model

dx—(t)zx(t){a—bx(t)—xq’i}

dt (t)+k,

(t)+k,

This two species food chain model describes a prey
population x which serves as food for predator y, a, b, c,
e, ky and k, are positive parameters. They established the
sufficient conditions for the boundedness, existence of a
positively invariant attracting set and global stability of
coexisting interior equilibrium. In [11] the authors con-
sidered the dynamical behavior of system (1.1) with de-
lays, and establish the sufficient conditions for the exis-
tence positive equilibrium, permanence and global sta-
bility of positive equilibrium. The dynamical behavior of
system (1.1) also has been discussed by many authors

(1.1)
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(see, for example, [7,12] and the references cited therein).

However, we note that any biological or environmen-
tal parameters are naturally subject to fluctuation in time.
As [13] pointed out that the growth properties of every
natural population vary through time. Most, and perhaps
all, of this variation arises ultimately from fluctuations in
the population's environment. Physical environmental
conditions usually change greatly through the year and
can influence organisms directly. Good weather can sti-
mulate growth in body size and reproduction, and bad
weather can cause death. Similarly, the biological envi-
ronment can fluctuate in ways that influence population
dynamics. These kinds of time variation in population
dynamical events can exert profound effects on the
ecology and evolution of individual species and on the
composition of ecological communities.

In this paper, we are concerned with the effects of the
time-dependent of ecological and environmental para-
meters and time delays due to gestation and negative
feedbacks on the global dynamics of predator-prey sys-
tems with Modified Leslie-Gower and Holling-Type I
Schemes. Therefore, we consider the following delayed
differential system:

R A et

dxz_(t)zxz(t){rz (t)- 3 (t)%(t-7,) }

dt X (t=75)+k, (1)

(1.2)
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with initial conditions

X; (9)=¢, (6’), He[—r, 0],
¢(0)eC,[-7,0]i=127=max{r,7,,7,7,}, 3

where C,[-z,0]:={¢eC[-7,0]:¢(5)20, se[-7,0),
and ¢(0)>0},x(t) and x,(t) denote the densities
of prey and predator population, respectively; z; >0
(i=1, 2,3,4) denote the time delays due to negative
feedbacks of the prey and the predator population,
b (t).r(t).a(t) and k (t) (i=12) are model para-
meters. These parameters are defined as follows: r, (t)
is the growth rate of prey x,b (t) measures the
strength of competition among individuals of species
X, (t) is the maximum value which per capita reduc-
tion rate of x, can attain, k (t) and k,(t) measure
the extent to which environment provides protection to
prey x and predator x,, respectively; r,(t) is the
growth rate of predator x,, and a,(t) has a similar
meaning to a, (t).

The organization of this paper is as follows. In the
next section, we present some basic assumptions for sys-
tem (1.2) and two important lemmas on the nonauto-
nomous single-species logistic system. In Section 3, we
will state and prove the sufficient conditions of integra-
ble form on the permanence of solutions for system (1.2).
We also by means of suitable Lyapunov functionals, a
set of easily verifiable sufficient conditions are derived
for global stability of any positive solutions of system
(1.2). Numerical result is presented to illustrate the valid-
ity of our main results.

2. Preliminaries

Let R, :=[0,0) and R,:=(0,0). For a bounded
continuous function g(t) on R, we use the following
notations: g“:=sup,.; g(t), g':=inf_a(t).

For system (1.2), we introduce the following assump-
tions.

(H;) Function by (t),r(t).a(t)k(t) are conti-
nuous and bounded on R, a(t)>0 for all t>0,
and inf_ k (t)>0 (i=12).

(H,) Thereaconstant x>0 such that

.. t+ .. t+
liminf [ by (7)dz >0, liminf [ a, (z)dz > 0.
(H,) Thereisaconstant >0 such that

liminf [ "5 (z)dz >0, fiminf ["r, (r)dz > 0.

It is well known by the fundamental theory of func-
tional differential equations [5] that system (1.2) has a
unique solution x(t)=(x(t),x,(t)) satisfying initial
conditions (1.3). If x (t)>0 (i=12) on the interval of
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existence, then x(t) is said to be a positive solution. It
is easy to verify that solutions of system (1.2) corres-
ponding to initial conditions (1.3) are defined on [0, =)
and remain positive forall t>0.

We consider the following single-species nonauto-
nomous logistic system with a parameter

cii_LtJ: u{r2 (t)—%} =ug(tua). (21)

Obviously, if Assumption (H,) holds, then g(t,u,)

is a continuous function defined on
(tu,a)eR,yxR, x[0, ],

where «, is constant. We easily prove that for any
(t,,up)e Ry xR, and ae[0,a,] system (2.1) has a
unique solution wu, (t) satisfying initial condition
u, (t;)=Uu,. It is easy to see that u, (t) is positive for
all t>t, if the initial value u, >0. If Assumptions
(H,)—(H,) hold, then the following statements can be
prove to be true.

(A) For any constant o >1, g(t,u,«) is bounded
on R, x[o"l, G]X[O, ao] .

(A,) There are positive constants kj,k,,o, @, and
k, <k, such that

liminf [ " g(z,k,,0)dz >0,

too

Iimsupj:m2 9(7,k,,0)dz <0.
t—ow

(A,) Partial derivative og(t,u,0)/ou exists for all
(t,u)eR,xR,, and there are nonnegative continuous
function q(t) andaconstant >0, satisfying

liminf [ " q(r)dr >0
and a continuous function p(u), satisfying p(u)>0
forall ueR,, such that
o9 (t,u,0)
ou

(A,) Partial derivative og(t,u,a)/da exists for all
(t.u,a)e R,y xR, x[0, &y], and for any constant U >0,
a9 (t,u,@)/0a is also bounded on

(t,u,a)e R+0><(0,U]><[0, ao].

<—q(t)p(u) forall (t,u)eR,xR,.

In system (2.1), when parameter « =0 we obtain the
following system

d_uzu{rz(t)_w};:ug(t,u,o). (2.2)

dt ks (1)

Let uy(t) be a fixed positive solution of system
(2.2) defined on R,,. We say that u,(t) is globally
uniformly attractive on R, if for any constants 7 >1
and &>0 there is a constants T(77,&)>0 such that
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for any initial time t, € R,, and any solution u,(t) of
system  (2.1) with uy(t,)e[n"n] . one has
|u0 (t)-u, (t)| <¢ forall t=t)+T(n,¢). By Lemmal
given in [14], we have the following result.

Lemma 2.1 Suppose that Assumptions (A,)—-(A;)

hold, then
a) There isa constants M >1 such that

M™< liminf u, (1)< Iirp_)sooup U (t)<M

for any positive solution u, (t,) of system (2.2).

b) Each fixed positive solution ug (t) of system (2.2)
is globally uniformly attractive on R,

Let u,eR,, t,eR, and a<[0,a,], and further
let u,(t) and u,(t) be the solutions of systems (2.1)
and (2.2) with initial value u, (t,)=u, and u,(t,)=u,,
respectively. By Lemma 2 given in [14], we further have
the following result.

Lemma 2.2 Suppose that assumptions (A;)—(A,)
hold, then u, (t) converges to u,(t) uniformly for
tefty,©) as a—0.

3. Main Results

In this section, we proceed to discussion on the perma-
nence and global stability of any positive solution of
system (1.2) corresponding to initial conditions (1.3).

We first give the result of the ultimate boundedness of
any solution for system (1.2).

Theorem 3.1 Suppose that Assumptions (H,)—(H;)
hold, then any solution x(t)=(x,(t),x,(t)) of system
(1.2) corresponding to initial conditions (1.3) are ulti-
mately bounded.

Proof: Let x(t)=(x(t),x,(t)) be any solution of
system (1.2) corresponding to initial conditions (1.3).
From the first equation of system (1.2) we have

dﬁft)g)&(t)q(t)gquxl(t) forall t>0. (3.)

Forany t>7z and se[-7,0], integrating (3.1) from
t+s to t we obtain

X (t+5)2x (t)exp(n's) = x (t)exp(-n'z).
By assumptions (H, ), we further have
L) o 05 () B (0% (erp( )]

forall t>0. It is proved in many articles, for example,
see [15], that under Assumptions (H,)—(H,) any pos-
itive solution u(t) of the following non-autonomous
single-species logistic equation

dut) _ (O[5 ()b (D)u(t)exp(-5'7) ]

dt
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is ultimately bounded. Hence, using the comparison
theorem, we can obtain that there is a constant M, >0
such that for any solution x(t)=(x(t),x,(t)) of sys-
tem (1.2) corresponding to initial conditions (1.3), there
isa t, >0 suchthat x (t)<M, forall t>t,.

From the second equation of system (1.2) we have

dxé—t(t)s % (1)1, (1) < 1% (t). (3.2)

Forany t>7z and se[-r,0], integrating (3.2) from
t+s totwe obtain

X, (t+5)2 X, (t)exp(ry's) > x, (t)exp(-1;'7).
By assumptions (H, ), we further have

dx, (t) 3, (1) (t) .

# <X, (t){r2 (t)_l\jll+—l<z(t)eXp(_r2 7)

forall t>t +7.The comparison equation is the logistic
equation

dyd—(t”:y(t){rz O3 exp(—r;r)}-

Similarly, by Assumptions (H,)—(H;), we further
can obtain that there is constant M, >0 such that for
any solution x(t)=(x(t),x,(t)) of system (1.2) cor-
responding to initial conditions (1.3), there is a t, >t
such that x,(t)<M, for all t>t,. Therefore, the so-
lution x(t) is ultimately bounded. This completes the
proof of this theorem.

In particular, when parameter z, =7, =0 in system
(1.2), we obtain the following system

a(t)%, () }

dxi—(t)=><1(t){ﬂ(t)—bl(‘)x1(t_rl)_><1(t—fl)+k1(t)

dt
3, (t) %, (t) }
X (t=7;)+k, (t)

o (t)

) 0]

(3.3)
with initial conditions

% (0)=4¢,(0),0<€[-7,0].4(0)eC,[-7,0],%(0)>0
(3.4)

As a consequence of Theorem 3.1, we have the fol-
lowing corollary on the ultimate boundedness of any
solution for system (3.3) with the initial conditions (3.4).

Corollary 3.1 Suppose that Assumptions (H,)—(H,)
hold, then any solution x(t)=(x,(t),x,(t)) of system
(3.3) corresponding to initial conditions (3.4) is ulti-
mately bounded.

Next, on the permanence of component x, of system
(1.2) with the initial conditions (1.3), we have the fol-
lowing result.

Theorem 3.2 Suppose that Assumptions (H,)—(H;)
hold, then the component x, of system (1.2) is perma-
nent, in the sense there is a constant 7 >0 such that
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liminf,_, %, (t)>#7 for all solutions of system (1.2)
corresponding to initial conditions (1.3).

Proof: Let x(t)=(x(t),x,(t)) be any solution of
system (1.2) corresponding to initial conditions (1.3).
From Theorem 3.1, there is constant M >0 such that
for any positive solution x(t) of system (1.2), there isa
T>0 such that x(t)<M (i=12) for all t>T .
Therefore, from the second equation of system (1.2) we
have

dx, (t)
0] (- 200

} >-a %, (t) (3.5)

forall t>T + 7, where

oy =SUp,.p. {|r2 (t)-a, (t)M /k, (t)|}
For any t>T+7 and se[-z,0], integrating (3.5)
from t+s totwe obtain

X, (t+5) <X, (t)exp(—a,8) < X, (t)exp(ey7).

Further, we have

(), <t>[rz (1)-

dt

3, (1) %, (t)
kz—(t)exp(oclr2 )}

for all t>T+7. By Assumptions (H,)-(H;) and
Lemma 2.1, we can obtain that the component u of sys-
tem
du (t) a, (t)u(t)
it u(t){r2 (1) ) exp(ey7,)

is permanent. Hence, using the comparison theorem, we
can obtain the component x, of system (1.2) is perma-
nent. This completes the proof of this theorem.

In order to obtain permanence of component x, of
system (1.2), we consider the following auxiliary system
with a parameter

dXZ_(t) =X, (t)|:l‘2 (t) _Mexp(—rzur4 ):| (3.6)

dt a+k,(t)

In particular, when « =0 in system (3.6), we obtain
the following system

Pelt) (t){rz (t)—wexp(—e“a)}- 37)

dt k, (1)

By Assumptions (H,)—(H;), we see that system
(3.7) satisfies all conditions of Lemma 2.1. Hence, by
Lemma 2.1, each positive of system (3.7) is globally
asymptotically stable. Let X, (t) be some fixed solu-
tion of system (3.7) with initial value X (0)>0. On
the permanence of component x, for system (1.2), we
have the following result.

Theorem 3.3 Suppose that Assumptions (H,)—(H,)
hold and there is a constant 4 >0 such that
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liminf :M rl(s)—@xzo(s—rz) ds>0, (3.8)
—®0 1(5)

then the component x, of system (1.2) is permanence.

Proof: Let x(t)=(x(t),x(t)) be any solution of
system (1.2) corresponding to initial conditions (1.3).
From Theorems 3.1 and 3.2, there are constants M >0
and m>0 such that for any positive solution x(t) of
system (1.2), thereisa T >0 suchthat x (t)<M and
m<X,(t)<M forall t>T.

In fact, if inequality (3.8) is true, then by Assumption
(H3), we can choose enough small positive constants
&,6,0 and g, >¢g , and an enough large T, =T
such that

i (s)- S&‘—is)x* S—17,)+& ) |ds>
s N EE )| o

for all t>T +7z.

(3.9)

Forany o >0, let x,,(t) be the solution of system
(3.6) with initial value x,, (0) =X, (0). Hence, by con-
clusion (b) of Lemma 2.1 and Lemma 2.2, there is a con-
stant «, >0 such that

o (1) < X (1) 45

forall t>0 and a0, o).
Let e=min{a,, &}, X, (t) be any positive solu-
tion of the following system

B (t)

ot =X, (t) rz(t)—wexp(—r;Q) (3.10)

e+k, (t)

with initial value x,, (0) =X, (0).

In the following, we will use two claims to complete
the proof of Theorem 3.3.

Claim 3.1 For the above constant &, there always
exist limsup,_,, x (t)>& for any positive solution
x(t) of system (1.2).

In fact, if Claim 3.1 is not true, then there is a positive
solution x(t)=(x1(t),x2 (t)) of system (1.2) such that
limsup,_,, X (t)<¢.Hence, thereisa T, >T, such that
x (t)<e forall t>T,. Further, using the comparison
theorem and Lemma 2.1, we can obtain that there is a

constant T, >T, such that
X, (1)< X, (t)+%<x;0 (t)+4 (3.11)

forall t>T,+7 . From the first equation of system (1.2)
we have
% (t) 2% (T, +7)
&
h(s)-bi(s)e-

t

xeXpI

To+7
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forall t>T,+7.By (3.9) it follows that x,(t) > as
t >oo . This is contradictory with x (t)<e for all
t>T,+7z. From this contradiction we finally conclude
that
limsupx, (t)>e
t—w

Therefore, Claim 3.1 is true.

Claim 3.2 There is a constant 7 >0 such that
liminf_, x (t)>#7 for any positive solution x(t) of
system (1.2).

If Claim 3.2 is not true, then there is a sequence of
function

{q)n = (¢1n1¢2n ) : ¢|n

such that for the solution (x,(t,®,),x,(t,®,)) of sys-
tem (1.2)

eC, [—z’, 0], i :1,2}

Iirtrlimnfxl(t,tbn)<—2, n=12--.

By Claim 3.1, for every n there are two time se-

quences {sé”)} and {té”)},satisfying

0<s” <t <l (”)<~--<sg”)<té”)<---
and lim,_,, s{" = oo, such that
Mg =& M@ )=t
xi(sq 'q)”)_n' xi(tq '(D”)_nz (3.12)
and
& & (n
S <x(t@,) < foral te(s”, "), (319)

From the ultimate boundedness of system (1. 2) and
Theorem 3.2, we can choose a positive constant T™ for
every n such thatx, (t,® )<Mand m<x,(t,® )<M
for all t>T( )+ 7 . Further, there is an integer K( >0

such that si” >T" +z forall q>K{".Let q>K/"
then for any te[ g),tg”q we have
dx, (t, @, ) 3 (t)M
—2>X (1, D t)-b (t)M —
i)k 0, w0 w2

2_7/0)(21(':'(I)n)’

where y, =sup,.o[ 1, (t)+b, (t)M +a, (t)/
tegrating the above inequallty from sg)

further have
X, (tg”) , @, ) > x (sg") , @, )exp [—7/0 (té") - sg”) )}

Consequently, by (3.12)

b _ () _ (M
= znexp[ }/O(tq S )}

(M ]. 1

(7]
to tq,
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s I
Yo
By (3.9), there is constant P > A such that

[ 5(s)-by(s)e~

forall gq>K" (3.14)

3,(s) X (s—7,)+¢ ) |ds >
O]

(3.15)

forall t>T, and S2>P.

Let X, (t) be the solution of system (3.10) with ini-
tial value ng( ) ( , n). Since for any n, g

and te[( ,tg”} we have x,(t,X,)<e& and

dx, (t) 3, ()%, (t)
<) E)- g+, (1)

by the comparison theorem, we have
% (6®,)<%, (t) forall te [

exp(—rz“r4) ,

(ﬂ) (n)
q ’tq ]

s" = oo and Theorem 3.2, there is con-

n—o0 q

(3.16)

Since I|m

stant K" > for every n such that x (s( 47,0, )<M

for all gq> K . By the comparison theorem and
X,, (t) is the globally uniformly attractive solution of
system (3.10), we obtain that there is a constant T, >T,
and such that

ng(t)<ng(t)+% for all t>T3+sg”)+r. (3.17)

By (3.14), there is an integer N, > N, such that

t(") _

; n>N,, q>K;"

sg”) >T,+r+P forall

Further, by (3.11), (3.16) and (3.17) we have

X, (1 D,) < X5 (1) + (3.18)

forall te sg”) +T,+7, tg”) and n>N,. Hence, when
n>=N, and g2 K(n , integrating the first equation of
system (1.2) from s +T,+7 to t\", by (3.12), (3.13),
(3.15), and (3.18) we have

X (t(”) @n) = xl(sé”) +T, +r,q)n)

q

()
5 4 ~ ~ a (t)xt,d,)
expswLi““) B3-S o
l(") *
izexp J. |: _bl(t)g_w:ldt[gpt]
{07y e ki (t)
&
>—2.
n
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This leads to a contradiction with (3.12). Therefore,
Claim 3.2 is true.

Finally, from Claims 3.1 and 3.2 we see that Theorem
3.3 is proved and this completes the proof of this theo-
rem.

Remark 3.1 Nindjin and Aziz-Alaouiln [11] discussed
the following system

g lt)_ (){ b (1) a”t)]

dt (t)+k,
(3.19)
dx, (t
% (1) =% (t)| 1, - )
dt t 7)+k,
They stated that if
ra, (&+ szeW <rka,, (3.20)

then system (3.19) is permanent. We note that, when
system (1.2) degenerates into system (3.19), the condi-
tion (3.20) clearly implies the condition (3.8) in Theorem
3.3. So the theorem of A. F. Nindjin, M. Aziz-Alaouiln
(Theorem 5 in [11]) is a special case of Theorem 3.3. So
our results are fresh and more general.

A direct consequence of Theorem 3.3 is the following
result on the permanence of system (3.3) and (3.4).

Corollary 3.2 Suppose that Assumptions (H, )—(H,)
hold and there is a constant 4 >0 such that

liminf :M{rl(s)— 28 X, (s)}dr >0

where X, (t) is be any solution of the following system
dx, (t a, (t)x, (t
: sz(t)[rz(t)_ (D)% q,

ky ()
then system (3.3) is permanent.

Finally, we proceed to the discussion global stability
of any positive solution of system (1.2). We first derive
certain upperbound estimates for solution of system (1.2).

Theorem 3.4 Let x(t)=(x,(t),x(t)) denote any
solutions of system (1.2) corresponding to initial condi-
tions (1.3). Suppose that Assumptions (H,),(H;) hold,
and b >0, a, >0, then there is a constant T >0
such thatif t>T,

0<x (t)<M,0<x,(t)<M,,

where

ugh's r'e?” (M, +k!
M =22 M, = (Il ) (3.21)
by 2,

The proof of Theorem 3.4 is similar to that of Theo-
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rem 2.1 in [16], we therefore omit it here.

We now formulate the global stability of any positive
solutions of system (1.2).

Theorem 3.5 Let X (t)=( (t),%;(t)) denote any
positive solutions of system (1.2). Suppose that Assump-
tions (H,),(H;) hold, and b/>0, a,>0, assume
further that

(H,)liminf B, (t)>0

t—o

L% (t) ]Tbl

t+27

jl))MMZ]jbl

t+7y

()M, 3 (;[JFTS)MZ HT“ & (S)ds (3.22)
Z-3) t+z3 (S)

t+7y

__ 20 az(tz Z]J Esds
+ k

)
Ca(ttr) a(trr)M, az(s)ds
)

ki('[+r2 kz(t+r4) ey kz(s)
_a(trn)M, W]'Hz b (s)ds

kl (t + TZ) t+7,)

Then the solution x"(t)=(x (t),%;(t)) is globally
asymptotically stable.

Proof: Let (x,(t),x,(t)) be any solution of system
(1.2) and (1.3). It follows from Theorem 3.4 that there
exist positive constants T and M, (defined by (3.21),

such that forall t>T,
0<x(t)<M,,0<x (t)<M,,i=12 (3.23)

We define
Viy (£) =[in (£) = In, (1)

Calculating the upper right derivative of V, (t) along
solutions of system (1.2), it follows that

D"V, (t) =sgn (X (t)-% (t)){f;_g;‘ 2 gﬂ

=sgn (X (1) =% (t))

(
{ai > (t— 12 _ai(t)xz(t—zz)]
X (t- x (t—7,)+k (1)

b, ()] (t-7,) Xl(t—rlﬂ}
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(3.24)
where

A (t)= [xl(t 7)+k (t ][xlt 7,)+k (1)]
Az(t):[xl(t—r3)+k2( )][xl(t—rs)+k2( )}

On substituting (1.2) into (3.24), we derive that

DV, (t)
O] HURAY
+ZE:;|X2(t 5,) =%t z'2)|

Copyright © 2011 SciRes.

V, (t)zl;[qu; bl(S){[rl(u)+bl

x| S(u—7)—% (u- r1)|
Fﬁj))[kl(uni( Jox () (u-7)]
|x2(u 7,) =% (U—- 72)|}du

Define

()% (u-7,)
AW g (-

A (u)
+x (u=1,)%; (u- rz)]]x1 (u)|

B )

A (u-m) - x (0| + jl((“))[mu)x;(u)
)-

u
X, (U—1, )|}duds.

X (U)X (u-1,)

+% (u)x (u- rl)]|x2 (u-rz,
(3.26)
We obtain from (3.25) and (3.26) that

D'V, (1) +V,, (t)
G OB

2 (t)
k(1)

om0 s

+ 2 (t=1,) =%, (t-1, )|

+ ai(t) [kl(t)xz(t_fz)"‘Xl(t_rl)xz(t_TZ)]}

i (0= () q<t>x:<t>+""1<‘))xl<t>xz<t—rz>}

e IR

+x (1) (t-7, ]|th 7)) =% (t 72)|}'
(3.27)
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We now define

V, (1) =V (1) + Vi, (1) +Vig (1), (3.28)
where
I+2r1 (|+T1)
jl r1»[|+r1 +T1)M1+k12(|+T1)M1M2:|
x| (1) =, (1)|dsdl
(3.29)
and
S 2
J ?(S:;; X, (5)= % (s))ds
t I+ I ) Ml X
(3.30)

It then follows from (3.23) and (3.27)-(3.30) that for
t>T +7,

D'V, (t)

<{b,(1)

t+ry

Ib1

aitM

k()
dS—|:b1(t+z'1)M1+

{ 1)+ (M,
ai(t+rl)

t+27

xHJ; bl(s)ds}|xf(t) X, (t
t+r]+r2bl (t+z’2):| )

t+7y

Similarly, we define
V, (1) =V, (1) +Vy (1),
where

Vau (1) = |In X (t)=Inx, (t)|

m@)ﬂ“‘”*xf(uai(:;zﬂklw)}

x| (u)=x, (u)| + 2 (1)M,
|z( )= ( )| X (u—75)+k,(u)

><|X;(U_T4)_X2 (U_74)|

—
QD
N
—
(%]
~—

(3.34)
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Calculating the upper right derivative of V,(t) along
solutions of system (1.2), we derive for t>T +7 that

DV, (t)

tery a, (S) X
X't[ I(Z(S)ds}|x2 (t)-x, (t)|
a, ()M, a,(t)M] " a,(s)
e | e
a, (t)M,
><|xl (t—75)—x(t 2'3)|+ ()
t+.t|_f4 :.z Ez;ds|x;(t—r4) X, ('[ T4)|
(3.35)
We define a Lyapunov functional V (t) as
V(1) =V, (1) +V, (1) +V5 (1) +V, (1), (3.36)
where
(1) - | 2 (), o)
+i lejj:ma E ;aZ( +| a)M; o) XI(I)—xl(I)|dsd|
(3.37)
and
V4 (t) = .[tt—r4 Ll:im iz Ez; azk(zl(-::‘lr):\)/lz X; (I)_Xz (I)|d5d|'
(3.38)

It then follows from (3.22), (3.31), and (3.35)-(3.38)
that for t>T +7

DV (t) < -B,(

X, (t)|

(3.39)

(O (1)

() -% (t)|_ B,

where B,(t) and B,(t) are defined in (3.22).
By Assumption (H +) . there exist positive constants
a,, a, and T">T+7 suchthatif t>T"

B(t)>¢ >0, i=12 (3.40)
Integrating both sides of (3.39) on interval [T*, t} :
2
1)+ [1-B ()] (s)-x (s) ds <V (T7). (3.41)
i=1

It follows from (3.40) and (3.41) that

AM
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X

v(t)+gaiji

Therefore, V (t

Jr-lx

:(

By Theorem 3.4,
on [T ,oo].

On the other hand, it is easy to see that X (t) and
% (t) (i=12) are bounded for t>T . Therefore,
X (t)= X (t)| (i=1,2) are uniformly continuous on
T, oo:| . By Barbalat’s Lemma ([17], Lemmas 1.2.2 and
1.2.3), we conclude that

tILrQ X (t)—x (t)|:0, i=1 2.

s |ds<V T) forall t>T .

F(s)-
) is bounded on [T ,oo} and also
s)-x (s )| ds<oo, i=12.

X (t)-x, (t)| (i=1,2) are bounded

This completes the proof of this theorem.

Remark 3.2 If time delays 7,, 7,,7;,7; and z, are
naturally subject to fluctuation in time in system (1.2).
Similar Theorem 3.1-3.5, we can obtain the sufficient
conditions on the permanence and globally asymptoti-
cally stable of any positive solutions for system (1.2).

Finally, we give some examples to illustrate the feasi-
bility of our main results on the permanence of system
(1.2).

Example 3.1 In system (1.2), let r, =0.2¢°*+0.05
+0.1sint, b =009cost, r,=04, a =a,=1k =2,
7,=01 7,=05 k, =1. It is easy to verify that coeffi-
cients of system (1.2) satisfy (3.8). By Theorem 3.2 and
3.3, system (1.2) is permanent.

Example 3.2 In system (1.2), let r, =0.2e"* ,
b=01, a=a=1, k=2, r,=04, 7,=01
7,=0.5, k,=1. By Theorem 3.2 we see that the com-
ponent X, of system (1.2) is permanent. However, it is
easy verify that

h- airzkzerm /klaz =0.2e%? - 0.4e? /2 =0

thus (3.8) does not hold for system (1.2) and we cannot
get any information by Theorem 3.3. In this case, we
note that r—ank,/ka, =0.2e"?-0.4/2>0 and nu-
merical simulation suggests that system (1.2) with a se-
quence initial condition (¢, ¢,) is permanent.

In the example 3.2, from numerical simulation, we

note that the time delays are harmless for the permanence.

Therefore, as an improvement of Theorems 3.2 and 3.3,
we give the following interesting conjecture.

Conjecture: Suppose the assumptions of Corollary 3.2
hold, then system (1.2) is permanent.
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