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ABSTRACT

The solutions of the Alhaidari formalism of the Dirac equation for the gravitational plus exponential potential have been
presented using the parametric Nikiforov-Uvarov method. The energy eigenvalues and the corresponding un-normal-
ized eigenfunctions are obtained in terms of Laguerre polynomials.
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1. Introduction

The bound state solutions of the Dirac equation are only
possible for some potentials of physical interest [1-5].
These solutions could be exact or approximate and they
nornally contain al the necessary information for the
guantum system. Quite recently, several authors have
tried to solve the problem of obtaining exact or approxi-
mate solutions of the Dirac equation for a number of
special potentials using different methods [6-20]. Some
of these potentials are known to play very important roles
in many fields of Physics such as Molecular Physics,
Solid State and Chemical Physics [21]. When a particle
isin a strong potential field, the relativistic effects must
be considered, leading to the relativistic quantum me-
chanical description of such a particle [22-26]. In the re-
lativistic limit, the particle's motions are very often de-
scribed using either the Klien-Gordon (KG) equation or
the Dirac equation depending on the spin character of the
particle [23,24]. The spin-zero particles like the mesons
are satisfactorily described by the KG equation while the
spin-half particles such as the electrons are described by
the Dirac equation. It is therefore of interest in nuclear
and high energy physics to obtain exact solutions of the
KG and Dirac eguations.

The purpose of the present work is to present the solu-
tion of the Alhaidari formalism of the Dirac equation [25]
with the gravitational plus exponential potential (GEP) of
the form:
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V(z) = mgz +5e"* Q)

where z isthedisplacement, & isthe momentum, m
is the mass, g is gravitational acceleration and ¢ is an
adjustable parameter. The GEP could be used to calculate
the energy of a body falling under gravity from quantum
mechanical point of view. Berberan-Santos et al. [22]
have studied the motion of a particle in a gravitational
field using the GEP without the exponential term. They
obtained the classical and quantum mechanical position
probability distribution function for the particle. Also
quite recently, Ita and lkeuba [27] have obtained the
bound state solutions of the Klein-Gordon equation for
the GEP using the parametric NU method. However, not
much has been achieved in the area of solving the Dirac
equation with GEP in the literature.

2. TheDirac Equation

The Dirac equation for the lower and upper spinor com-
ponents can be written as [25]:

e %
{—d V) oy

@’ &
2 2 2
$CdV_(E -m ) (Di(V)ZO
&dr a?

where m istherest mass, E is the relativistic energy,
and ¥ (r) isthe vector potential.
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dr &
where mc#+te and & is ared parameter. The “+”
designate the upper and lower components respectively.

3. The Nikiforov-Uvarov M ethod

The Nikiforov-Uvarov (NU) method is based on the so-
lutions of a generalized second-order linear differential
equation with special orthogonal functions[28]. The Sch-
rodinger equation of the type as.

' (r)+[E-V(r)]w(r)=0 (4)

can be solved by this method. This can be done by trans-
forming Equation (2) into an equation of hypergeometric
type with appropriate coordinate transformation s = (r)

to get
7(s) oy, 0(s)

l//”(s)+?s)l// (S)+02 (S)y/(s):o. (5)

To find the exact solution to Equation (3), we write
w(s) as
w(5)=0(s) (). ©)
Substitution of Equation (6) into Equation (5) yields
Equation (7) of hypergeometric type as
o(s)x"(s)+7(s) x'(s)+Ax(s)=0. (7)

In Equation (6), the wave function ¢(s) is defined as
the logarithmic derivative [29]

#'(s) _7(s)
#(s) ofs)
with 7(s) being at most first order polynomials. Also,

the hypergeometric-type functions in Equation (7) for a
fixed integer n isgiven by the Rodrigue relation as

B d" "
7,(5)="2 " (5)p(5)] ©)
where B, is the normalization constant and the weight

T p, o
function p(s) must satisfy the condition

%[a” (s)p(s)]zr(s)p(s) (10)

®)

with
T(S)IZ_'(S)+27Z'(S) (1D

In order to accomplish the condition imposed on the
weight function p(s) itisnecessary that the polynomial
z(s) beequal to zero at some point of aninterval (a,b)
and its derivative at this interval at 7'(s)<0 will be
negative [30]. That is

dr(s)
ds

<0. (12)
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The function 7(s) and the parameter A required for
the NU method are then defined as[31]

ﬁ(s):O-’Z_Fi\/EOJZ_?j -G+ko. (13)

A=k+7'(s). 14

The vaues in Equation (13) are possible to evaluate if
the expression under the square-root be square of poly-
nomials. Thisis possible if and only if its discriminant is
zero. Therefore, the new eigenvalue equation becomes
[29]

dr n(n-1)d%
A=4, = nds BT ,n=012, (15)

A comparison between Equations (14) and (15) yields
the energy eigenvalues.

Secondly, the parametric generalization of the NU me-
thod is expressed by the generalized hypergeometric-type
equation [32]

" (Cl_czs) ,
v (S)+—s(1-c3s)"’ (s)

1 2
S S - -0.
+S2 (1_CSS)2|: G+ o8 53]’//(3)

(16)

Equation (16) is solved by comparing it with Equation
(5) and the following polynomials are obtained:

T=(c,—c,5),0(s)=5(1-cys),
E(S) = —flsz + &8 =&,

Now, substituting Equation (17) into Equation (13)
gives

(17)

7(s)=c,+cgs i[(ce —csk, ) s+ (e +k,)s +c8]]/2 (18)

where
1 1
¢, :—(1—01),05 :E(c2 —203),06 = 052 +&,

2

2
C7 = 20405 = G2 Cg = C4 + G5

(19)

The resulting value of k£ in Equation (18) is obtained
from the condition that the function under the square-root
should be sgquare of a polynomial and we get

ky =—(c; +2c55) £ 2y/cgcq (20)
where
Co = C4C; +CCy +C. (21

Thenew 7(s) for k becomes
(ngm/g)s} 22)

7Z'(S)=C‘4+CSS-T-[
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k_ vaue becomes
ko =—(c; + 2405 ) — 2/ - (23)
Using Equation (11), we obtain
t(s)=c;+2¢c,—(c, —2c5)s
_2{(@ +egfs )s} (24)

The physical condition for the bound state solution is

7' <0 andthus
2(\fes + sy ) < 0. (25)

With the aid of Equations (12) and (13), we obtain the
energy equation as

T'(s)=—2c,—

(c,—c3)n+cgn® —(2n+1)cq
+(2n+1)(Jes +eqfcs ) (26)
+¢; + 20405+ 2\Jcgcg =0

The weight function p(s) is obtained from Equation
(10) as

p(s) =507 (1- ) (27)
And together with Equation (9), we have

C
(a2

ﬂ‘m—l]
ya (s) =P e (1— 203s) (28)
where

Cp=6¢+2¢c,+2|c

611=62—2c5+2(\/g+63\/g).

Pn(a'ﬂ) are the Jacobi polynomials. The second part of
the wave function is obtained from Equation (6) as

#(s)=

(29)

a3

592 (1-cys) @ e (30)
where

Clp =Cy +4/Cq,

13 = 65— (o +canfcs ) (31)

Thus the total wave function becomes
w(s)=
(32

_asz c0-1 11—010—1
N,sP (1-cys) s P[ ‘3 J(1— 2c,5)
where N, is the normalization constant.

4. Solutions of the Dirac Equation

The potential in Equation (1) can be written as

Copyright © 2013 SciRes.

V(r) =pr+V,e . (33)
where f=mg,a=k,z=r,6=V,. We can also write
Equation (33) as

V(r)=pr+Vv, (1—ar+a2r2) ) (34

On arranging Equation (34) we get our working poten-
tia as

V(r)=Vy+(B-aVy)r+a®Vyr?. (35)

The potential of Equation (35) can be used to solve
various quantum mechanical equations including the
Schrodinger equation (SE), Klein-Gordon equation (KG)
and Dirac equation using the NU method for their exact
solutions. Writing Equation (32) with the GEP we get

d? 2
{_F+?[% +(,B—aVo)r+a2Vor2]

R2E[Vy+(B-aVy)r+a’Vy | . (36)

—2[(ﬁ—aVO)r+ 2052V0r]}(p+ =0

Ignoring al terms of the form " with n>2 in
Equation (36) as these will not affect the physics of the
calculations, we write Equation (36) as

_E(s)
dS2

+{?(2a21/02 +o®+ 2E0¢2V0)(p+ (s)}s2

c C. 2 c .
+| =20V, +2E0——=2aV,——w |¢" (s)s (37)
(52 ’ &0 éj )

0

+[éV02 +2EVO—EJ¢)+(S)

2 2
ES—m

a2

where we have used e= and s=r transfor-

mation in Equation (36).
Comparing Equation (37) with Equation (16) yields
the following parameters

¢ =c,=c3=0,

7= _é(Zano2 +0’+ ZEanO),

(39)
Y, = %ZwVO + 2Ea)—£2012V0 —Ea),
g g g
C ;2
¥y = _(—ZVO +2EV,— eJ
4
Other coefficients are determined as
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1
—V2:Cg :Z+7’3v

7/11010—1"‘2\/ +7’3’011—2 71 (39)

1
C1225"' +73!C13 \/7

From Equation (16)

1
Cy :E=Cs =0,c5 =71,¢; =

1 1 y/2
”(S):Ei[Vlsz +(—72+k+)s+z+7/3} . (40)
From Equation (18)
k. =7,%2 (—+73j71- (41)
From Equation (22)

r(s)=1—<2 71)s—2‘/%+7/3. (42)

The negative derivative of Equation (42) then becomes
T’(s)z—(Z 71)<0- (43)

Thenew 7(s) forthe NU method is chosen as

7(s)=5-(V)s— 3 +7 (44)

1
k =y,-2 (Z"'?/sj}’l' (45)

For

Now using Equations (24), (38) and (39) we obtain the
energy spectrum of the GEP as

(L+N) ,

E?—m® = 7 a (46)

where

- {—(2;1 +1)(\/{§(2a21/02 +o’+ 2Ea2VO)B

2 (47)
- (%Za)VO +2E0—<2a%V, —Ea))
¢ 4 <

2 2 2
N = —canz +0® +—cEa®V, —Bc—aza)zV4
2 0 52 0 4 0

8c? 16¢ 16c “)
_?Eanoa S EVa 30207 — E V.ia 2 2
P= —Ezozza)zVo2 —;—ECQZVOE . (49)

The weight function p(s) is obtained from Equation
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(25) and the parameters of Equation (39) as

2 1+}/3
ps)=sV4 (50)
and using Equation (26) we get the wavefunction y,(s) as
2,() = L (275 (51)

where u=2 /%+73 and ij(z 71.9) is the Laguerre

polynomial. From Equation (28) the wave function is
#(s)= stz (52
The unnormalized wave function is then obtained from
Equation (30) as
1n
0; ()= N,s7 2L (2Jns) (53)
where N, isthe normalization constant.
In addition, the corresponding lower-spinor wave func-
tionis

o (5)=—2 [LCV(V)—g}f(s). =9

mc+¢e\ dr &

5. Conclusion

In summary, we have obtained the energy eigenvalues
and the corresponding un-normalized wavefunction using
the parametric NU method for the Dirac equation with
the gravitational plus exponential potential.
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