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ABSTRACT

In this paper, we study the reliability and availability characteristics of arepairable system consisting of two subsystems
A and B in series. Subsystem A consists of two units A; and A, operating in active parallel while subsystem B isasin-
gle unit. Failure and repair times are assumed exponential. The explicit expressions of reliability and availability char-
acteristics like mean time to system failure (MTSF), system availability, busy period and profit function are derived
using Kolmogorov forward equations method. Various cases are analyzed graphically to investigate the impacts of sys-

tem parameters on MTSF, availability, busy period and profit function.
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1. Introduction

Reliability is vital for proper utilization and maintenance
of any system. It involves techniques for increasing sys-
tem effectiveness through reducing failure frequency and
maintenance-cost minimization. Adequate maintenance
management is vital in reducing the adverse effect of
equipment failures and maintenance cost and in maxi-
mizing equipment availability. The increase in equipment
availability means less maintenance cost, higher produc-
tivity and higher profit. There are systems of three units
in which two/three units are sufficient to perform the
entire function of the system. Such systems are called 2-
out-of-3 or 3-out-of-3 redundant systems. These sys-
tems have wide application in the real world. The com-
munication system with three transmitters can be sited as
a good example of 2-out-of-3 redundant system. One of
the commonly used forms of redundancy is active paral-
lel system, which often finds applications in various in-
dustrial or other types of setup. Due to their importance
in industries and system design, models of redundant sys-
tems as well as methods of evaluating system reliability
and availability have been researched in order to improve
the system effectiveness (see, for instance, [1] and [2]). S.
V. Amari et al. [3] show that the reliability of systems
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subject to imperfect fault-coverage decreases after a cer-
tain level of active redundancy. K.-H. Wang and B. D.
Sivazlian [4] deal with the reliability characteristics of a
multiple-server unit system with warm standby units with
exponential failure and exponential repair time distribu-
tions. Steady-state availability and the mean time to sys-
tem failure of a repairable system with warm standbys
plus balking and reneging were studied by J.-C. Ke and
K.-H. Wang [5,6]. K.-H. Wang et al. [7] deals with the
reliability and sengitivity analysis of a system with M
operating machines, S warm standbys, and a repairable
service station. The problem considered in this paper is
different from the work of K. M. El-Said et al. [1,2]. The
main contribution of this paper is two-fold. Thefirst isto
develop the explicit expressions for MTSF, system avail-
ability, busy period and profit function. The second is to
perform a parametric investigation of various system
parameters on MTSF, system availability and profit func-
tion and capture their effects on MTSF, availability, busy
period and profit function. The rest of the paper is organ-
ized as follows. Section 2 gives the notations, assump-
tions of the study, the reliability block diagram and the
states of the system. Section 3 gives the states of the sys-
tem. Section 4 deals with models formulation. The results
of our numerical simulations are presented and discussed
in Section 5. Section 6 is the conclusion of the paper.
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2. Notations and Assumptions
2.1. Notations

ai: Typei repair rate of unit 4i in operation, i = 1, 2. fsi:
Type i failure rate of unit in operation Ai, i = 1, 2. #:
Type Il repair rate of subsystem B in operation. J: Type
[11 failure rate of subsystem B in operation.

2.2. Assumptions

1) The systems consist of two dissimilar subsystems A
and B in series; 2) Subsystem A consist of two units A1
and 42 in active parald; 3) The system work in a
re-duced capacity at the failure of unit 41 or 42; 4) Sub-
sys-tem B isasingle unit; 5) The systems have two states:
normal and failure. 6) Unit failure and repair rates are
constant; 7) Repair is as good as new; 8) Failure and
re-pair time are assumed exponential; 9) The system fail
at the failure of 41 and 42 or subsystem B; 10) The sys-
tem is under the attention of one repairman.

3. States of the System

1) State SO: Units A1, A2 and subsystem B are working,
the system isworking. 2) State S1: Unit A1 is under Type
| repair, unit A2 is working, subsystem B is working, and
the system is working. 3) State S2: Unit 41 is working,
unit 42 is under Type Il repair, subsystem B is working,
and the system is working. 4) State S3: Unit 41 and 42
are good, subsystem B is under Type Il repair, and the
system failed. 5) State S4: Unit A1 isunder Type | repair,
unit 42 is good, subsystem B is under Type Il repair,
and the system failed. 6) State S5: Unit A1 is under Type
| repair, unit A2 is under Type | repair, subsystem B is
good, and the system failed. 7) State S6: Unit A1 is under
Type | repair, unit 42 is under Type Il, subsystem B is
good, and the system failed. 8) State S7: Unit 41 is good,
unit 42 is under Type Il repair, subsystem B is under
Type Il repair, and the system failed. 9) State $8: Unit
Al isunder Type Il repair, unit 42 is under Type Il, sub-
system B is good, and the system failed.

4. M odels Formulation

4.1. Mean Timeto System Failurefor System

Let P(¢) be the probability row vector at time 7, then
theinitial conditions for this problem are as follows:

£(0).5(0),7(0). A(0). £:(0),
P(0)= P,(0),R,(0),7,(0),R(0)
=[1,0,0,0,0,0,0,0,0]

we obtain the following system of differential equations
from Figure 1 above:
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Figure 1. Schematic diagram of the System.

dpfjt(t) =B+, +8) By (1) + B (1)
+at,By (1) + 7P, (1)
dlzt(t) =~(ay+ B+ B+ 8) B(1)+ Ay (1)
+77P4(t)+alp5(f)+azpe(t)
dpét(t) =—~(ay+ B+ B+ 8) By (1)+ BB (1)
+a,Py(1)+nP, (1) + By (1)
dlj’;t(t) = 7P, (,j)+5PO (t)+0!1P4 (t)+a2P7 (t)
d’?j_t(t_(aﬁn)a(z)wﬂ(t)
gff) ——a, P (1)+ AR (1)
%:_(al+a2)Pﬁ(t)+ﬁzPl(f)+ﬁ1Pz(t)
dz—(t):—(%+f7)1°v(f)+5pz(’)
1) ?
=B (1) + AR (1)

The above system of differential eguations can be
written in matrix form as

P=dP )
where
(b, &4 @, . O 0 0 0 O]
s b 0 0 o &
b hy, 0 0 0 a 1 o
o 0 0 - ¢¢ 0O O a, O
A4=0 6 O O L O O O O
0O b 0 0 0 -4 0O O O
0O g, B, 0 0 O K O O
0 0 6 0 O O 0 HK O
(10 0 g, 0 0 0O O O -a,]




where
h=—(B,+p,+9)
hy =—(ay+ B+ B, +6)
hy=—(cty+ B+ B, +6)
hy=—(ay,+1)
hs =—(oy + 1)
he =—(ay+1)

It is difficult to evaluate the transient solutions, hence
we follow [8,9], the procedure to develop the explicit
expression for MTSF is to delete the fourth row to ninth,
fourth to ninth column of matrix 4 and take the transpose
to produce a new matrix, say Q. The expected time to
reach an absorbing state is obtained from

1
- N,
E[TP(O)”P(abSOrbing)} :P(O)(—Q l) 1 = MTSF:Hi
(©)

where

~(Bi+ B, +9) A, 5,
0= a —~(ay + B+ B, +6) 0

a, 0 —(a, + B+ P, +5)

Ny = (o + B+ B +0) (0, + B+, +9)
+ﬂ1(0‘2 +ﬁ1+ﬂ2+5)+ﬂ2(“1+ﬂ1+ﬁ2+5)
D, = 0,06,0 + 20, B,0 + 0, B0 + 0, ,0 + B2 + f3 +5°
+a, B + 3B B, + 3P0+ 3PS5 +3B,6°
oy 2 +3P20 + 3,07 + 0y0° + a,0° + a5,
+ 0,418, + 6,0 + 20, 8,0

A

R _h1 a a, 1
A B h, 0 0
.| |B O h O
Bl s 0 0 —p
p|=|0 & 0 0
. 0 B 0 O
5

. 0 5 B O
B| |0 0 5 O
’ 0 0 B O
7]
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4.2. Availability Analysis

For the availability case of Figure 2 following [1,10]
using the initial condition in subsection 4.1 for this sys-
tem.

poy| O R(0.2(0).2(0).2,0).

£(0),£(0),7(0), £(0)
=[1,0,0,0,0,0,0,0,0]
The system of differential equationsin (1) for the sys-
tem above can be expressed in matrix form as:

Let T be the time to failure of the system. The
steady-state availability is given by
4 =B (<) +R(0)+R(x) @

In steady state, the derivatives of state probabilities
become zero,

AP(0)=0 (5)

(B, o, @, # 0 0 0 0 OR] [0]
B h, 0 0 y o a 0 0| A 0
p, 0 h, O 0 O o 7 a ||B 0
6o 0 0 - ¢ 0O O a, O | PR 0
0O 6 0 0 A O O O OYPA|=0
0O pf 0 0 0 -4 O O O|R 0
0O g, pp 0 0 0 A O O ||AR 0
0 0 o6 0 0O O O & O|P 0

10 0 g 0 0 0 0 0 -o,f|f]| (O]

using the normalizing condition
Po(oo)+P1(oo)+P2(oo)+P3(oo)+~~+}g(oo) =1 (6)

We substitute (6) in the last of row of (5). The result-
ing matrix is

0 0 0 0 |PR
o a 0 0 ||R
0 o n o |hk
0 0 a 0|~
0 0 0 O0|Pp
-, 0 0 0 ||A
0 h O 0| P&
0 0 h O |P
0 0 0 -a,||R]
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h o a 7 0 0 0 O0|B(] [0
B b 0 0 n o a O B (») 0
B O ks O 0 0 a 7 al B |0
§ 0 0 -n ¢ 0 0 a O] P(x 0
0 6 0 0 A O O O OfPB(w|=|0
0 B, 0 0 0 - 0 O O] R(x 0
0 5 A 0 0O 0 h O O] P 0
0O O 0 0 0 O h O PR 0
11 1 1 1 1 1 1 1]|R(@] |[1]
Thus, the expression for A7 is
4=
D2

where
N = o2 20,0,8 + A, B0 + Pond + 0%+, 8% + ay B0 + BnS + 2amS + S + B’ + B’ + B + a, ony
2 = ayl] 2 2 2 2 2 2 2
+20,10 + e, fon + L, i+ o 6+ en, B, + oy, B+ an” + eqas + oo, + aon” + 2on0,n+ o+ asn
2 o [0n? +an® + Bin® + Bon® + ofn + 20,0 + o o + aunS + eu B +
+aoya, i 5 5 5
+a, M+ o,n0 + e, + oo, + oS+ oy + oy, P + oo, + o f
0!1772 + 0(2772 + /82772 + 131772 + 0(1277 +2a,0,n + aynd + oy fon + ay B + 0!2277
+a,nd + o, Bon + o, fin + alzaz + a1a22 +o,0,0 + gL B, + oy, B+ azzé'

+ alz a4, pm (

D, = afﬂzznz + afﬂzzna + 0514055’77 + 0:13%253 + alza2253 + afazzé'z + 205130:2352 + 0:120:;'52 + af'a;'é'—i- 0:13%2773 + alzﬂ;ns
+atagn’ v fin’ v o fin’ + 2050, fn°S + 20, P’ + Aol BB’ + oy B P’ + 20l fin’
+3a’a Bn® +3alasn’®S + oo Bin’ + aas B’ + al B S + Aol asnd + oo, Ban + 20, aind
+ 2005 By + 3ot agnd” + 3o aynd” + 20 ayndone i + ancty B + a0, B3 + o5 o B + 2003 o
+205 05 B + 20k o Bin + il oy B 2au0s B S + 2aual Bin’S + 2o BB + alon + o aid
+atal B f,0 + i B o + 20l BB + alal BB + Aot al BntS + 200l B6 + alal BES + alal B0
+a5a, o’ + 20y i’ + o BB’ + 20l an B’ + 205 e B’ + cnc B + o ap oS + 205y B o
+a, PBIN + a0, B B’ + 20005 B + 20005 BN’ + 0 B o’ + o B Bon® + B ain’®S + ened Bin?
+ata,fn’ + o fAn” + 3 i’ + 20005 Bon” + e, ion’ + g Bin®S + 3o a; B + 200 By’

+ Zafazzﬂzzﬂz + zalzazﬂ227725 + 40‘12a22ﬁ27725 + 20{12a2ﬂ1ﬂ2772§ + 2a1a22ﬂ1ﬂ27725 + 2a1a22ﬂ12ﬁ’2772 + zalzazﬂlﬂzzﬂz
+on0; BN’ + g B’ + atagn’® + 2aann’ + ey fin” + o fin® + afayn’® + 2000580 + ot ay S
+ alza;ﬁlé‘ + af%ﬂﬂf + Zalzazﬁzzns + 20‘120522ﬂ2773 + Zalzazzﬂlns + a10‘23ﬁ1773 + alzagﬂlﬂ25 + 20‘120’2131182773
+ BN + ana, B o’ + 20005 B’ + 20005 B0 + i B o’ + a3 B Bont” + Bt an®S
+aag BN’ + oo’ + ad fifan’ +3ai e, fin’ + 20 an B’ + el fin” + o S + 3atag o’
+2070s pn? + 20l al Bin® + 2ala, in’S + dalal Bon’S + 20 a, BB S + 2040 B0 S + a0l B Bon’
+2afa, B fon" + ey fBn” + e in® + adoagn” + 205 a0’ + ey fin’ + oy fin® +efagn” + of B’
4.3. Busy Period Analysis
Using theinitial condition in subsection 4.1 above as for reliability case and (5) and (6), the steady-state busy period is
B(w0) =1- () === 0

2
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where

4.4. Profit Analysis

The system/units are subjected to corrective maintenance
at failure as can be observed in states 1-8. From Figure 1,
the repairman is busy performing corrective maintenance
action to the units/system at failure in states 1-8. Ac-
cording to [8,9], the expected profit per unit time in-
curred to the system in the steady-state is given by: Profit
= total revenue generated — cost incurred for repairing the
failed units.

PF = CyA(0)—C,B(w) )

where PF5: is the profit incurred to the system, Cy: isthe
revenue per unit up time of the system, C: is the cost per
unit time which the system is under repair.

5. Results and Discussions

In this section, we numerically obtained the results for
mean time to system failure, system availability, busy
period and profit function for al the developed models.
For the model analysis, the following set of parameters
values are fixed throughout the simulations for consis-
tency: 5, = 005 g, =02, « =05 «a, =001,
6 =01,  =05in Figures 3-7 and assumed «, =
0.7, in Figures 8-17, Co = 900,000, C; = 100,000 in Fig-
ures14-17.

Effect of 6 on MTSF, steady-state availability, busy
period and profit can be observed in Figures5, 6, 11 and
16. From Figures5, 6 and 16, it is evident that the M TSF,
availability and profit decrease as ¢ increases while

from Figure 11 the busy period increases as & increase.
Similar results can be observed in Figures 4, 7, 13 and
15withrespectto g, .

In these figures, MTSF, availability and profit de-
crease as B, increases while busy period increase with

L A

L Az

Figure 2. Reliability block diagram of the system.
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Figure 3. Effect of o, on MTSF.

3 .23

N, = af,b’zznz +a13/5’22773 + afafn + afazzc?a + alza22c53 + afazzéz + 20:1301252 + afaﬁ&z + afa§5+ oo
2 n3.3 2 3.3 32 3 2 n3..3 3 2 3 2 2 2 2 2 2 2
tay o rogaon oL BT oy fin + 2000, Bm 0 + 2050, 4 Bon” + Aoy o B Bon” + g o B Bon

+ 20ty i’ + 3t ey fin” +3at e’ S + 3ag Bin” + any By’ + an fin’S + Aeagnd + e

+ 207 aynd + 205 Bin + 3o aznd” + Boaind’ + 2l aynd + ey fin + ey, Bin + oy ay fon

vajal B+ 202l B + 200l piny + 2 el fin + ol af B + Aot al B S + 20405 B S + 2a,0k B S

+ 20,05 B 0" + ety + & a8 + 050 5,6 + et B B + 205 B o + g g B ot + it o

+ 20105 nS° + 20 B + a0y B B + o) @, B + Bater; By + Bes'ay fnd + 205 1S
+2alal Bins + 2aia, find + oo, B AmS + dalal B,nd +5alal Bnd + aal fnd’ + euas Bind

+ 20‘1“23,812775 + af“zﬂlﬂzzﬂ + a1a§ﬂ1ﬂ2775 + 30‘120‘§ﬂ2775 + Zafazsﬁlﬂzﬂ + 20‘130‘2213252 + alaazz 152

+ a2l B,0% + 202 B0° + ol B0 + ool PIO + 2030l B,6 + 20 A B6 + el o BRSO + ol e BS

+ afazﬂzﬂs + 20‘120‘21822773 + alzﬂlﬂzzna + 20‘126122ﬂ2773 + 2“120‘22151773 + ai“?ﬂl’f + a12a23ﬁ1ﬂ25 + Zafazﬂlﬂzﬂsﬂfﬂa
+ @, B + andy B B’ + 20005 B 5o’ + 20005 + ay B o’ + a3 B Bont” + 3ty + enes; i’

+a o, f’ + o f A" + 3 i’ + 20805 o’ + af ey fion’ + o frn®S + Boga; Bon” + 205 By’
+2alal fin® + 2ala, Bin’S + dalal B’ + 2ot e, BBn S + 20,0l B0 S + 2,0l B Bon” + 20l e, B S

20 p2. 2, 3p3. 2, 4 2 2 3.3 2, 3p3
oo, ffn o fon” +agagn” +2ann” + o f
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Figure 4. Effect of B, on MTSF
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increase in B, as can be seen in Figure 13. Results of
MTSF, steady-state availability, busy period and profit
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Figure 12. Effect of «, on busy period.
with respect to ¢, aregiveninFigures3, 9, 12 and 14.

It is evident from Figures 3, 9 and 14 that as «;in-
creases, the MTSF, availability and profit also increases

while busy period decreases as ¢, increasesin Figure 12.

Furthermore, the impact of 7 on availability, busy pe-
riod and profit can be seen in Figures 8, 10 and 17. From

Copyright © 2013 SciRes.

Figures 8 and 17, availability and profit increase as 7
increases and from Figure 10 the busy period decreases
as 7 increases.

6. Conclusion

In this paper, we constructed a repairable system with
two subsystems A and B in series. Subsystem A has two
units A; and A, in active paralld while subsystem B isa
single unit. We have developed the explicit expressions
for the MTSF, availability, busy period and profit func-
tion. We performed a parametric investigation of various
system parameters on MTSF, system availability and
profit function and captured their effects on MTSF, avail-
ability, busy period and profit function. This is the main
contribution of the paper.
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