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ABSTRACT 

In this paper, we find a way  to give best simultaneous approximation of n arbitrary points in convex sets .  First ,  we in- 
troduce a special hyperplane which is based on those n points .  Then by using this hyperplane, we define best approxi- 
mation of each point  and  achieve our purpose . 
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1. Introduction 

As we known ,  best approximation theory has many ap- 
plications .  One of the best results is best simultaneous 
approximation of a bounded set   but this target cannot be 
achieved easily. Frank Deutsch in [1] defined hyperplanes 
and gave the best approximation of a point in convex sets . 

 In [3,4] we can see that a hyperplane of an n-dimen- 
sional space is a flat subset with dimension . 1n 

 In this paper we try to find best simultaneous ap- 
proximation of n arbitrary points in convex sets .  We say 
theorems of best approximation of a point in convex sets . 

 Then we give the method of finding best simultaneous 
approximation of n points in convex set .  

2. Preliminary Notes 

In this paper, we consider that X is a real inner product 
space .  For a nonempty subset W of X  and x X  , define 

 , infw Wd x W x w  . 

 Recall that a point  is a best approximation   of 0w W
x X  if  , .0x w d x W   

 If each x X  has at least one best approximation 
 ,  then W is called   proximinal . 0w W

 We   denote by  W xP  ,  the set of all best approxima- 
tions   of x in W. Therefore  

    : : , ,W x w w W x w d x W   P   

 It is well-known that  W xP  is   a closed and bounded 
subset of X. If x X , then   W xP  is located in the 

boundary of W. 
 In 2.4 lemma of [1] we can see that   if K be a convex 

subset of X. Then each x X  has at most one best ap- 
proximation in K. 

 In particular ,  every closed convex subset K of a Hilbert 
space X has a unique best approximation in  K. 

 Also in 4.1 lemma of [1] if   K be a convex set and 
 0 Ky P xx X 0y K,  .  Then  if and only if 

0 0  , 0 for all x y y y y K      

 For a nonempty subset W of X and a nonempty bounded 
set S in X, define 

  , inf sup  
w W s S

d S W s w
 

   

and  

     : s , upW
s S

S w W s w d S W


   P  

 W SP Each element in  (If ) is called a best 
simultaneous approximation   to S from W (see [2] Prelimi- 
nary Notes). 

 W S P 

 For  * 0\f X  and c R  hyperplane H in X de- 
fined by  

   ;H y X f y c      

and we denote H by ,H f c . 
 The Kernel of a functional f is the set  

ker : ,0f f    

and for  

 ,H f c  , 
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 is in the below of hyperplane H,  if x Xwe say that 
 f x c  . 

3. Best simultaneous Approximation in  
Convex Sets 

In this section , we consider 

 1, 2, ,S x x x n     

and  

  1, , , 1, 2, ,i n k n k   i  

Define 

    
 

  
  

2 2

: ; max , ,

: , ,

:
2

: ;

: ;

ji x S j

ik i k

i i
ik

ik ik ik

ik ik ik

W w W d w x d w x

f y y x x y X

x y
c

V v W f v c

H v W f v c

  

   




  

  

i

  (1.1) 

Lemma 3.1.  Let ,i kx x S
 ik

 consider the hyperplane 
 ; ikH y X f y  c

 
 then 

 , ,i kx Hd x H d    

Proof.  Give y H  so we have  

  ,ik i k ikf y y x x c    

2 2

, ,
2

i k
i k

x x
y x y x


   

2 2
2 , ,2k k i ix y x x y x    

So by adding 
2

y  with equation of above ,  we have 
2 22 2

2 , 2 ,k k iy x y x y x y x    i  

, ,k k i ix y x y x y x y      

Therefore have 
2 2

k ix y x y    

  ,kd x y d x y ,i               ■ 

Note 3.2.  It is obvious that  . Now let 
 ,  so there exist  such that 

i iW W
nw W 1,2, ,i   , id w x   

 , jd w x  for all   1,2, , .j n
Thus    , jx, m axi x S d wj

d w x  ,  therefore w will be 
in Wi ,  that we conclude  

.i iW W   

Theorem 3.3. Let  then: 1, 2, ,i n 
1)   1, ik

2) If W be a convex subset of X,  then Wi is a convex 

3)

n
i k k iW V  

set. 

 If W be a closed set ,  then Wi   is a closed set . 
Proof.  1) Let  1,

n
k k i ikv V     therefore  

 n k i1, ,ikV k    ik ikv   so   f v c  then we have  
2 2

,
2

i
i

k
k

x
v x x

x



  

2 22 , 2 ,i k i k
v x y x x x    

2 2,2 2kk i
xx x , ixy v   

2
v  so by adding with equation of above ,  we have   

 
2 22 2

2 , 2 ,v x v x v x v x      k i ik

, ,i ik kx vv v xx v x    

therefore we have  
22

v x  22
2 , 2 ,k i ik

v x v x v x    

, ,i ik kx vv v xx v x   . 

Thus we have 
2 2

k ix v x v    

     , 1,, ,ik d x v k nd ix v k     . 

iv W . 
revi

Therefore 
 Since all p ous steps will be reversible ,  so for any 

iWw  in a fixed i , we have      sup , ,
j

j id w x d w x  
sider  x S that con

2 2
1, ,k ix w x w k      n    

thus we have  

  1 , ,ik ik f w c k n k i      

so  

  1, , ikw V k n k i       

therefore  

and finally  

ik

 2) First we proof  for all is convex set. 

   1,
n
k k i ikw V   

 1,
n

i k k iW V   . 

 kikV  , ,i k i  
 Give 1 2, iky y V  and 0 1   ,  set    

  1 21:y y y   

thus we have  

       
 

1 21

1ik ik ik

f y f y f y

c c c

 

 

  

   
  

iky V  .  
f any c

So Thus is convex set and since intersec- 
tio
set. 

ikV  
n  o onvex set is convex ,  therefore Wi is convex 
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 So , is closed set ,  this implies Wi   closed set .   ■ 

4. or

orem states that to find best simultane- 
 of a bounded set  S   of  W ,  it is enough to 

 3) It is obviously that f is continuous function and we 
know

  1 ,V f c W    . ik ik

 ikV   is

 Alg ithm 

The following the
ous approximation
obtain the best approximation to any  

   in . .
ii i w jx W i e P x   . 

 Thus  
iw jP x

f S  fr

 would be the best simultaneous ap- 

proximation o om W  if    ,
jj W jd x P x   is minimal . 

Theorem 4.1. If W be a  X and there
exist  P x  for all 1,i 

convex subset of  
n  then  

  Proof.  With attention of best simultaneous approxima- 
tion and  (3.2) notation , we have  

iw j

     inf inf ,
i i

d 

2, ,  , 

  , ,
iW i i i id S W x x d W xP  

 

 , inf sup
j

w W x S
d S W x w

inf inf sup
i j

j

j
i w W x S

x w
 

 
 

but according to the definition of   Wi  we have  

 
 

 sup  
j

j i
x S

x w x w


    

thus the above equation can be written a lows  s fol

    , in f nf ,f in i
i

i
i w W

i
i

id S xW x w d W


    

and since exist  

i  
iW ix WP  

so we have  

     , inf ,
iW i i

i
d S W d x x P  .       

 Corollary 2.  With the assumptions of
theorem there exist i,  such that 

  ■ 

4.  the previous 
 

iW ixP  is  best simulta- 
ne

us theorem , there exist  

ous approximation of S in W. 

Proof.  With attention previo
 1, 2, , n   such that  

 
 i

  , ,
iW i id S W d x x P  

and by the definition of   we have    iW  

       , , sup
i i

j

W i i W i j
x S

d S W d x x d x x


 P P  ,

  after according to the above equation and define the best 
simultaneous approximation of the relationship will  

   
iW i Wx SP P  

 However ,  the algorithm with assumes a convex set   W 
  an d   1 2, , , nS x x x    introduce the following. 

 W mma for points   x1, x2   theith attention 3.1 le  hyper- 
plane    12 12 12;H y X f y c      are possible to obtain , 
 by 3.4 ow  H12   are   V12   called . 

 Also for points   x1, x3 the hyperplane   
 definition the points   W in bel

   13 13 13H ;y X f y c    

 are formed and the points of   W   in below H13  are   V13 called 

   W1  that this set is 
co

ation  x   exists in this set ,  it  
is

 
and so we do order to the points   x1, xn. 

 By taking subscribe of any   1  nV ,  find
nvex (by Theorem 3.3, 2). 
 Therefore ,  if best approxim 1

 called   
1 1W xP  .  Thus obtain  

iW ixP   for any   

 ,  . 
 Finally ,  the 

1, 2,i n 
 

jW jxP  
simultane

point   which has minimal dis-
ta
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