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ABSTRACT

The electromagnetic radiation of nanoemitters placed into a multilayered microsphere with dispersive left-handed (LH)
layers included is studied numerically. It is found that in the frequency range where LH layers have a negative refraction
index the field frequency spectrum consists of a series of narrow and well separated resonances. In the band of such peaks,

the great part of the field energy is located in a LH layer and practically does not leave the microsphere.
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1. Introduction

The recently emerging fields of metamaterials and trans-
formation optics promise a family of exciting applications
in nanophotonics with the potential for much faster in-
formation processing. The possibility of creating optical
negative-index metamaterials (NIM) using nanostructured
metal--dielectric composites has triggered intense basic
and applied research [1-7]. In very recent experiments [8]
it has been demonstrated that the incorporation of gain
material in the metamaterial makes it possible to fabricate
an extremely low-loss and an active optical NIM that is
not limited by the inherent loss in its metal constituent.
Since in such materials the electric field, the magnetic
field, and the wave vector of a plane wave form a left-
handed system, they are also called left-handed materials
(LHMs). Investigations of the electromagnetic properties
of LHMs open various promising directions in the elec-
trodynamics of materials with simultaneously significant
electric and magnetic properties, including LHMs.

2. Multilayered Microspheres

One of such directions is the use of microcavities and
microspheres that provides a new view of various effects
and interactions in structured and layered media. Nowa-
days, the basic regime of the operation of open (uncoated)
dielectric microspheres is the whispering gallery mode
(WGM) for a microsphere with a radius of the order
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100—1 gm or less. The extremely high quality factors
(Q -factors) ~10° =10 have already been realized [9].
But since fabricating the coated dielectric spheres of the
submicron sizes, the problem arises of studying the optical
oscillations in microspheres beyond the WGM regime for
harmonics with small spherical numbers. The peculiarity
of such a system (nanoemitter + multilayered microsphere)
consists of the following. The ratio of the typical sizes of a
nanoemitter (10 nm’ ) to the typical sizes of a microsphere
(1000 nm) is small ~0.01. However, the range of the
wavelengths of a nanoemitter ~ 600 nm is comparable to
the width of a layer in the coated microsphere; hence the
retardation effects cannot be neglected already.

It is well known that in general, a dielectric sphere has a
complex spectrum of the electromagnetic low quality
factor eigenoscillations because of the energy leakage into
the outer space [10]. The case of the compound structure:
the dielectric sphere coated by an alternative stack, is
richer. The Q -factor of such oscillations strongly de-
pends on the properties of the stack. It has a large value in
the frequency regions of high reflectivity, and beyond
these regions Q remains small, [11,12]. The combination
of such factors causes a large variety of optical properties
of microspheres with a multilayer stack. In particular,
such a system can serve as a spherical symmetric photonic
band gap (PGC) structure, which possesses strong selec-
tive transmittance properties [13,14], and can arrange the
nanometer-sized photon emitters. These possibilities al-
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low us to essentially expand the operational properties of
microspheres with the engineering of nanometer-sized
photon emitters as attractive artificial light sources for
advanced optical technologies. Equally important, this
system can provide a compact and simple building block
for studying the quantum aspects of light. The attachment
of semiconductor nanoclusters onto a spherical microcavity
has already allowed the observation of the Rabi splitting
[15].

Various properties of the electromagnetic waves in
microspheres have been studied both experimentally and
theoretically by a number of authors [16-20]. Recently
various properties of nanoemitters are discussed (see
[21,22] and reference therein).

The incorporation of nanoemitters in the structures with
LH materials, e.g. microspheres, can open new possibili-
ties in the electrodynamics of such systems. As far as the
author is aware, the radiation of active nanosources, placed
in multilayered microspheres with included LH material,
has inadequately been studied yet, though it is a logical
extension of previous works in the case of bare micro-
spheres. Due to recent synthesization of the microspheres
with radial variation in the refractive index [23,24], it is of
interest to study new electromagnetic phenomenon when
nanosources are incorporated not only onto the surface of
a microsphere, but also inside various layers of the spheri-
cal stack consisting of the LH and conventional materials.

The analysis of the refractive index properties of optical
metamaterials, as a function of real and imaginary parts of
dielectric permittivity and magnetic permeability demon-
strated a specific interplay between the resonant response
of constituents of metamaterials that allows efficient dis-
persion management. The use of one-dimensional plane
structures, including dispersiveless LH layers, allows
considerable widening of the band gap of layered struc-
tures [25]. Moreover, similarly constructed spherical stack
allows extremely narrow frequency resonances in a qua-
siperiodic structure [26] Nevertheless, up to now, the case
of a radiated nanosource placed in a LH dispersive spheri-
cal stack containing both conventional and LH materials
has not been studied.

In this paper, we study this situation of a microsphere
coated by alternating layers with the dispersive LH layers
included. We explored both the frequency and radial de-
pendencies of the field radiation in such a frequency area
to answer the question of whether or not the spherical stack
can confine the electromagnetic fields and form the new
photon states. Our approach is based on the dyadic Green’s
function (GF) technique that provides an advanced ap-
proximation for a multilayered microsphere, in particular
in cases where the field is arrested in a LH layer. Such a
numerical approach has allowed us to study the multi-
layered microspheres with any structure of the superficial
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layers and to evaluate the total contribution of various
field states in unified framework.

This paper is organized as follows. In Section 2, our
approach and basic equations are formulated for optical
fields in a dielectric microsphere coated by a multilayered
stack. In Section 3, the properties of permittivity, per-
meability, and the refractive index of LH layers are dis-
cussed. In Section 4, we outline the numerical scheme of
applying the GF technique and also discuss our numerical
results for the cavity field states radiated by nanoemitters
placed into such combined multilayered microsphere. In
the last sections, we discuss and summarize our conclu-
sions.

2.1. Basic Equations the Green Function

The spatial scale of the nanoemitter objects (1—-100 nm)
is at least one order of magnitude smaller than the spatial
scale of microspheres (10° —10* nm ). Therefore in the
coated microsphere (Figure 1), we can represent the na-
noemitter structure as a point source placed at r' and
having a dipole momentd, . It is well known that the
solution of the wave equation for the radiated electro-
magnetic field E due to a general source J(r") is [27]

E(r):ia)yoijdr’G(r,r',a))-J(r’), (1)

where G(r,r',) is the dyadic GF, which depends on the
type of boundary conditions imposed on E(r) and con-
tains all the physical information necessary for describing
the multilayered structure (the time dependence is assumed
to be €'"). Equation (1) is complemented by the standard
boundary conditions: limitation of the fields in the center
of the microsphere and continuity of the tangential com-
ponents of the fields at the interfaces of layers. We also use

Figure 1. Geometry of a multilayered microsphere. A stack
of multilayers with LH layers included is deposited on the
surface of the microsphere.
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Sommerfeld’s radiation conditions, where there is only an
outgoing wave in the external boundary of the microsphere.
In this case, the electromagnetic field E in the coated
structure consists of the sum of the waves radiating in the
surrounding medium and the multiple wave reflections
due to the interfaces between layers. Substituting the
nanoemitter source in the form J=iwd, d= d05<r - r')
in (1), we obtain

E(r, r.e)=-pG(r, r,o), )
where p, =(ud, / 50)(0)2 / Cz) In such a situation, the

nanoemitter frequency spectrum is identical to the dyadic
GF spectrum. Thus, the equation of the field generated by
a nanoemitter assumes the form of the GF G(r,r', »)
equation, and is given by [27]

{f—;g((())y(a))—VxVx G(r,r',a)):—é(r— r’), (3)

where r is the point where the field is observed, while r'
is the nanoemitter (point source) location.

Let us consider the multilayered spherical structure: a
concentric system of spherical layers contacting with the
sphere (concentric stack) deposited onto the surface of the
microsphere with nanoemitters placed in such a structure
(see Figure 1.). The layers are localized at the distance R,
from the center, where d, =R, —R,,, is the width of a
k -th layer.

2.2. GF of a Multilayered Microsphere

Let us first specify some details of the Green’s function te-

chnique for multilayered microspheres and introduce our
notations. Following the approach [28], we write down
DGF of such a system as follows:

G(r,r,0)=G" (r,r,0)s, +G" (rre), @

where G (I,I',®) represents the contribution of the
direct waves from the radiation sources in the unbounded
medium, whereas G'™ (r,r',@) describes the contribu-
tion of the multiple reflection and transmission waves due
to the layer interfaces. The dyadic GF G (r,r’,) in (4)
is given by

GY (r.ro)= mw s(r- r')+—|k3 > i i ConGonm (1.1, @)
k32 4r q=1,0 n=I m=0 *
Q)

with

—m)
L T ) PR Y ®)
n(n+1)(n+m)!
where the prime denotes the nanoemitter coordinates
(r',8',¢"),n and m are spherical and azimuthal quantum
numbers, respectively, while K, is the wave number of
the medium where the radiated nanoemitters are located.
It is worth noting that due to the dyad Ff , the & -function
in (5) contributes to the radial (longitudinal) part. Due to
the equality f - gj@é + go(f)) =0, such a singularity does not
contribute to the field (2) for the considered case of a
tangential dipole.
The partial dyadic GF G

g,nm

(r,r',®) in (5) has a form

Gl (1) =| Mo (16 Mg (7)Mo (1 N (716 7> %
: M, o (1K )M (K )+ N (Fk NG (P K L r<r
In (7), vectors M and N represent TE - and TM -waves, respectively, where
m . sin i dP" (cos 0) ( cos

M, (k)=% kr)P" 0 —j, (kr)———= 8
an( ) +sint9J”( G )[cosj(m(p)ee Jn (kr) do [sinj(m(p)e(”’ ®

N, (=" (ko) (eose)| | mee

= cos

Z,nm r Jﬂ n Sln w r

(€))

kr dr de

, L d[rin (kr)] {dpnm (cos0) (C?Sj(mqo)ee F—

where j (x) and h, (x) stand for spherical Bessel and Han-
kel functions respectively, and P"(X) is the associated
Legendre function. For the sake of simplicity, we use in
(8,9) and further on, the following short notation

M_ (k)=M, (r.k)and M, (k)=M, (r.k).

The superscript ) in (7-15) indicates that in (8) and (9),
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Sm

m sin
P"™(cos@ me)e |,
sing " ( )[cosj( ?) "’:l
the spherical Bessel function j,(X) has to be replaced by
the first-type spherical Hankel function h'"(x).

The scattering GF G'™ (r,r', ) is written as

0

S ’ ikS S ,S ’
G(f)(r’r ’a)):_ Z channgm)(r’r ,0)) (10)

7T q=e,0 n=1 m=0

where f and s denote the layers where the field point and
source point are located; J, is the Kronecker symbol and
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Gam (1) = (M (k) N (1)) |
+A (Mgl{)nm(kf )Qu + N, (ks )QN)
with
Py = AL ATMY 1 (K )+ Ay BeM, (K, ), (12)
Py = A AN (k) + 80BN (k). (13)
Qu =ACoiM 1 (K )+ABEMD (k) (14)
Qn =ACyN, (k) + A DN D (k). (15)

where A, =1-0, , 04 is the Kronecker symbol,
ki =ny(@)w/c , n(w)=./&, (a)),us(a)) is the refraction
index of the s-layer (see (22) in next Sec.). Frequency
dependent coefficients A®(w), B (@) , C®(w) and
D.® (@) in (12-15) are defined from the above-mentioned
boundary conditions and describe the details of the wave
behavior in the interface of the stack layers.

2.3. The Recursive Calculations of the Scattering
Coefficients

The use of standard boundary conditions yields the rela-
tions between A”(w),B(®),C.°(w)and D,°(@) coeffi-
cients that are defined by the reflection R i and the trans-
mittance TJf coefficients (in the layer 1nterfaces) and can
be written in the following recursive matrix form:

ka+l,s _Ig .‘]kf,s +G+§f+1,s —ka 'G_é‘fs :0, (16)

where k=M,N , f=1.N-1 (in the spherically N-
layered medium, see Figure 1.) and

Jf,S — A(f’s ka’S If — l/Tka Réf /Tka (17)
‘ C/° D/ ot Ry /T UTy |

1 o] Jo o s
o o’® Tlo 1/ (18)

The explicit expressions for the reflection Rk and the
transmittance TJf coefficients from (17) are wrltten in the
Appendix.

The boundary conditions for the limitation of field in the
center of the microsphere and the Sommerfeld's radiation
condition at r — o yield that to (16) one should add the
requirement at f =N, of the form Al**=B)°=0
and C* =D,;* =0 . It is worth noting that due to the
spherical symmetry of the system the coefficients
A", B*,Cl* and D,"* are functions of n butnotofm.

2.4. Permittivity, Permeability, and Refractive
Index of LH Layers

Let us consider a causal linear magnetodielectric medium
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characterized by a (relative) permittivity &(r,») and a
(relative) permeability u(r,®) , both of which are spatially
varying, complex functions of frequency satisfying the
relations.

e(r,—o")=¢"(r,w), ulr,-o")=u"(r,w). (19)

The relation n*(r,w) =s(r,w)u(r,) formally offers
two possibilities for the (complex) refractive index Nn(r, )

n(r,o)=+ |€(r,w)(r,w)| ei[fﬂg(r,w)Jr(p“(r,w)]/z’ 20)

where
0<[g0£(l’,w)+g0ﬂ(r,a))]/2<7r. (21)

Further, we follow [29] that allow us to rewrite (20) as

n(r,w) = e (r.o) u(r.o) el el o)

In the following, we refer to the material of a layer as
being left-handed (or metamaterial) if the real part of its
refractive index is negative. In order to allow a dependence
on the frequency of the refractive index, let us restrict our
attention to a single-resonance permittivity

2
g(w)=1+——2e (23)
W, — 0" —lwy,

and a single-resonance permeability

2
u(@)=1+——m—, (24)
Ory — O — 1Oy,

where @, , @y, are the coupling strengths, @, , @y, are
the transverse resonance frequencies, and y,, y,, arethe
absorption parameters. Both the permittivity and the per-
meability satisfy the Kramers-Kronig relations. Figure 2
where @,, @, are the coupling strengths, @y, , @y, are
the transverse resonance frequencies, and y,, y,, are the
absorption parameters. Both the permittivity and the
permeability satisfy the Kramers-Kronig relations.
Figure 2 shows the LH refractive index n(r,o)=
Ren(r,w)+ilmn(r,0) (o=2zf), with the permittiv-
ity €(w) and the permeability u(w) being respectively
given by (23) and (24)) in the frequency interval from
155THz up to 175THz . In the inset, the details of
n(r,) are shown in the frequency interval from 164 THz
up to 175 THz where Ren(r,)<0. It is worth noting
that the negative real part of the refractive index is typi-
cally observed together with strong dispersion, so that
absorption cannot be disregarded in general. However, in a
very recent [8], it was experimentally demonstrated that
the incorporation of gain material in a metamaterial makes
it possible to fabricate an extremely low-loss and active
optical devices. Thus, the original loss-limited negative
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Figure 2. (Color online.) Real (a) and imaginary (b) parts of
the refractive index n() @ =27z f of LH layer in the stack
as functions of frequency f = w/ 2z, with the permittivity
¢(w) and the permeability z( @) being respectively given
by (23) and (24) @, =<1016 /27[) THz; @,, =0.43w;,;
@py, =0.75@,,; Vo =7y =107 @y, (solid lines)]. The val-
ues of the parameters have been chosen to be similar to those
in [29]. Insets show the details of Ren and Imnin the area
where Ren < 0. See details in text.

refractive index can be drastically improved with loss
compensation in the visible wavelength range.

3. Numerical Results

Analytical solutions to (16) for scattering coefficients
A*.B"*,Cl*and D)* for cases of 1or 2 layers in a
spherical stack were derived in [28]. But corresponding
equations are rather laborious, and thus are hardly suitable
in practice for studying the frequency spectrum for the
cases with more than 2 layers in the stack already. How-
ever, namely in such a structure, one can expect physically
interesting phenomena due to the wave re-reflections in the
layers of the stack. Similarly to the plane case, such phe-
nomena are most pronounced when the thicknesses of the
alternating spherical layers are approximately equal to
A /4 (quarter-wave layers) [11]. In a general case of al-
ternating layers (having small losses), the equal-
ity k, [ny |d, =7 /1, (d, is width, k, = @/C) is considered,
sothat d, =7 /Ik, |nk , where | is integer. In this case, the
optical thicknesses of the conventional and LH material
layers are the same d, |n1| =d, |n2| .

3.1. The Spherical Stack

We consider a spherical stack with1/k, = A, /27 , where
A, is the reference wavelength of the structure. The
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equality d, |nk| =A, /4 corresponds to the quarter-wave
case. (Let us remind that the continuity of the fields in the
layer interfaces requires the continuity of impedances
Z =(u/&)"” which is positive for both the LH and the
conventional layers.) Since the amplitude of a spherical
electromagnetic wave depends on the distance to the center
of the microsphere, such a A, /4 approximation is only
asymptotically close to the plane wave case. So such a
structure can be optimized yet with respect to the local
properties of the layers in the stack.

It is worth to identify the nanosource position in a mi-
crosphere. If a nanoemitter is placed close to the center of a
microsphere, the system is nearly spherically symmetric;
therefore the modes with small spherical quantum numbers
mainly contribute to the sums in (5,10). This case is close
to a rotational invariant geometry where the dipole mo-
ment orientation does not need to be specified. Therefore,
we draw more attention to a case where the nanoemitter is
placed rather far from the center in one of the layers of the
spherical stack. In such a system, the preferred direction
(center-source) arises, therefore larger numbers of spheri-
cal modes contribute to DGF (5,10). As a result the fre-
quency spectrum of DGF becomes richer but more com-
plicated.

3.2. The Numerical Scheme of Applying the
Dyadic Green’s Function

In this section, we numerically explore the details of fre-
quency and radial dependencies of nanoemitter radiation
(the dyadic Green’s function) for alternating quarter-wave
layers deposited on the surface of a microsphere (Figure 1).
We use the following steps: 1) we solve (16) for
N -layered spherical structure; 2) we insert the calculated
matrices A°,B/°,C,"* and D,* into (12-15), and fi-
nally, 3) to obtain the Green's tensor G(r,r',) (4) we
calculate the sums in (5) and (10).

The realization of such a program requires quite inten-
sive computations. Let us outline some details. For a nu-
merical solution, we represent (16) in the form of the ma-
trix equation F; (a,b,c,d)=0 (i, ]=1,2) with respect to
the unknown boundary amplitudes a=A"*, b=B,",

c=C,"°, d=D."*.Our algorithm has been constructed
in such a way, that with the required coefficients
A, Br°,CN°,DM° and the intermediate matrices J,*°
(which are necessary for computing the fields in the in-
ternal layers) have been calculated. Having these matrices
calculated, we further make use them in (4-15). Finally,
this allows us to calculate the dyadic Green's tensor in any
point of the spherical structure and for any number of
layers in the stack. Since the complete Green tensor is
known, there is, of course, no obstacle to performing the
calculations for an arbitrary position of the nanoemitters in
a coated microsphere. We note that such a stack in general
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may have an arbitrary or even random structure.

For our numerical approach, the infinite summation in (5)
and (10) has to be truncated. The truncation index
n= N, must be chosen, so that a further increase of n
does not change the results within a given accuracy. The
physical factor, determining the value of spherical num-
bers n= N, , is the number of the field eigenmodes that
contribute to the spectrum of DGF in the frequency range
of interest. One can see that the contribution of high-order
spherical modes n in (5) and (10) may be weakened due to
C,. factor (6). Because of the complexity of the field
spatial structure, it is difficult to establish some analytical
criterion for N, . In the process of our calculations, we
have increased the quantity N . till the sum in (4) ceases
to change essentially. Usually N, did not exceed
N,.x <25-30. We have found that such an approxima-
tion remains working well up to very high spherical
numbers (WGM regime). It is worth noting that the con-
tinuity of DGF in the layer interfaces is very sensitive to
various inaccuracies in calculations and can thus serve as a
good criterion for estimating the global accuracy of the
results.

Since nanoemitters (e.g. nanorods) are highly polarized
objects, we pay more attention to the case where the dipole
orientation of the nanoemitter is d=d¢, so only the tan-
gential components of the Green's tensor G, contribute.

3.3. The Parameters of Calculations

The following parameters have been used in our calcula-
tions: the geometry of a system is ABCBCBC..BD, where
the letters A,B,C,D indicate the materials in the system,
Ay =175um K, =2x1f,/c, f,=171.5THz . A bottom
microsphere has a refraction index (n4 :1.5+i2~10’4)
(A, glass, radius 1000 nm). The refraction index of the
LH layer is given by (22) (see Figure 2 for details) (B,
width 437nm ), n, =1.46+i3-10" ( Si0,, C, width
300nm) and n, =1 (D, surrounding space). To consider
the realistic layers case we added to each n; a small
imaginary part, which corresponds to the material dissipa-
tion. We note that even in a material lossless case in such a
system (open system), there are losses due to leakage of the
field into the surrounding space.

3.4. The Frequency Spectrum of the GF

The above-written approach has allowed us to explore both
the frequency spectrum and the radial distribution of the
Green’s function in the multilayered microsphere. The
results of our calculations are shown in Figures 3-7
Mainly, we study the case of 7 -layered systems
(spherical stack with 7 layers deposited on the surface of
the microsphere). In Figure 3(a), we plot the frequency
dependence of the imaginary part for the tangential com
ponent of GF G, (r,r, f ) in the source point (r=r’),
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Figure 3. (Color online.) Frequency spectrum of the imagi-
nary part of the GF W = Im(GW (r,r,f )) (arbitrary units)
in the area of Re(n < 0) (see Figure 2(a)), (a) 7 multilayers;
(b) 5 multilayers.

where the nanoemitter is located at r'=1480nm in
SiO, layer. For comparison, we also present in Figure 3(b)
the frequency spectrum of the Im(GW) for a 5 -layer
stack. One can see that the structure of the spectrum is
similar in both cases.

We observe from Figure 3 (a) that the spectrum of
Im(G,,,) consists of peaks with various amplitudes; the
highest peaks are located at 164THz and 168THz . They-
have a rather indented form due to the contribution of
several close resonances corresponding to various spheri-
cal modes. Such peaks have a typical Lorentzian line shape
Im(GW) ~ ;//(52 +;/2) , where & is a detuning from the
resonance and y is the linewidth.

3.5. The Radial Structure of GF in Spherical
Stack

Some interesting special cases can be considered by ana-
lyzing W (r, f) = Im(GW( (r,r'=const, f )) as a function
of r for a different f . In Figure 4, the radial distribu-
tions W (r, f ) corresponding to the frequency reso-
nances at 164 THz , 165THz , and 168 THz (solid lines,
r =1480 nm is the position of a nanoemitter), and the
refractive index dependencies of the radial stack (dash
lines) are shown. We observe from Figure 4 that the field
structure differs considerably for resonances correspond-
ing to the values of the dispersive refractive index of the
LH layers Ren(f) . Figure 4(a) shows that for
f =164 THz the field has the form of a resonant oscilla-
tion in the LH layer. For f =168 THz (see Figure 4(c)),
the field has shape of a single spatial pulse located in the
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area of the interface of the first LH layer with a SiO, layer.
The case f =165THz Figure 4(b)) is an intermediate
case. We observe that in all shown cases, the field is con-
fined by an LH layer and practically does not leave the
spherical stack.

It is well known that due to the fluctuation-dissipation
theorem the correlation function of the photon states in the
absorbing environment for temperature T can be written
down with the help of the macroscopic GF as follows [30]

2
(E(r)E(r). :%coth(Z—?)Im(G(r,r',w)). (25)
In particular, from (25) one can see that the case r=r’
yields the inequality Im(G(r,r))> 0 that corresponds to
the energy of a fluctuating electromagnetic field E > (r) at
small dissipation [30]: <E(r)2> ~ Im(G(r,r)), where

& _52- ‘ n"nvl\g!‘f -

05 1 15 2 25 3 35 4

50F

A

T T
L L

0.5

0.5 2.5 3 33 4

Figure 4. (Color online.) Details of radial dependence of the
imaginary part of the GF VW = Im(GW(r,r’, f)) (arbi-
trary units) in the area of Re(n) <0, (see Figure 2 (a)), on
frequencies (a) f =164THz, f =165THz, (b), and (c)
f =168 THz (solid line). Radius r is normalized on the
radius of the internal microsphere r,. The nanosource is
placed at r/r, =1.48 (small arrow shows location of
nanoemitters) in the second layer of the stack. Distribution
Re(n)along the stack is shown by a dashed line; the stack
consists of 7 layers. Internal microsphere (glass) occupies the
area r/r, <1, 1-stlayeris LHM with Re(n) <0, then layer
SiO, withRe(n) > 0, etc. It is visible that for case (a), there
is a confinement of the electromagnetic field already in the
first LHM layer. The spatial variation of W becomes less
with on increase of the emitter (field) frequency, see case(b).
For case (c) only a single field pulse with large amplitude is
localized in the first LHM layer. The amplitude of the field
decreases appreciably at the increase the radius r.
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G(r,r) is the GF, which is G, (r,r) in our case. There-
fore, the field structure shown in Figure 4(a,b,c) may be
treated as a strong correlation of the electromagnetic fields
in the vicinity of the LH layer with Ren(f)<0. Figure5
shows that the field structure (shown in Figure 4 for
r'=1480nm ) does not change considerably at the shift of
the nanoemitter along the layer to r'=1700nm . The
natural question arises, how much can such a stack confine
the field energy for a stack with various numbers of layers?

3.6. GF for Various Numbers of Layers in the
Stack

In Figure 6, the structure W :Im(GW(r,r’, f)) for a
system with various layers is shown at frequency 168THz .
From Figure 6, we observe that with a change in the
number of layers, the spectral peak practically does not
variate. This means that for a considered stack (LH layers
and conventional layers), the field beyond the first LH
layer is so small that the wave boundary re-reflections do
not affect the structure of the field in the LH layer. This
allows us to conclude that the structure of the spectrum is
defined mainly by the intrinsic properties of the spherical
stack and weakly depends of the nanoemitter location.

3.7. The Structure of the GF in a LH Layer

Furthermore, in some experiments it is important to iden-
tify the spatial distribution of the field (for some reso-
nances) radiated by nanosources located in a multilayered
microsphere. Therefore, it is of interest to consider the
spatial field distribution in a cross-section ( I',@,8 = const )

Figure 5. (Color online.) The same as in Figure 4 but for
position of a nanoemitter farther from the center at
r/r,=1.70. We observe that for such a location of nano-
source, the strength W :Im(GW) is less than for case
r/r, =1.48 shown in Figure 4.
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that contains both the center of the coated microsphere and
the nanoemitter. Taking into account the physical meaning
of (25), it is of interest to calculate the DGF spectrum
fortwo nanoemitters placed at points r and r’ in a multi-
coated microsphere for a resonant frequency. In Figure 7,
such a distribution is shown for f =168 THz (see Figure
4(c)).

From (25), one can see that Im(GW (r,r,f )) is propor-
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Figure 6. (Color online.) Radial dependencies of imaginary
part of the GF W = Im(GW (r,r, f)) (arbitrary units), in
area of Re(n)<0 (see Figure 2(a)), at frequency
f =168 THz for different numbers of layers in the spherical
stack. A small shift was added to every line to separate the
corresponding close curves. The dashed line shows the radial
dependencies of n in the stack.

Figure 7. (Color online.) Spatial structure |W| (arbitrary
units), W (r,@)= Im(GW(r,r',(p)) in a cross-section
0<r<4000nm and 0< @ <2z of a coated microsphere
with A/4 stack for eigenfrequency f =168THz . A
nanoemitter is placed at point r =1480 nm. The other pa-
rameters are the same as in Figure 4. One can observe the
confinement of the field in the area of the LH layer of the
stack. See details in text.
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tional to the energy of the fluctuating electromagnetic field

in the position of a nanoemitter, while Im(GW (r, r’, f ))

corresponds to the correlations of the photonic states at r
and r'. We observe from Figure 7 that the spatial distri-
bution Im(GW (r, r, f )) has well-defined peaks not only
at r=r’, but also at angles ¢ along the circle where
r =r'. This means that a strong correlation of field states
produced by two separated nanoemitters can be arisen at
such a resonance. It is worth to note that such a field state is
not a photonic state in general but a state of the macroscopic
medium, dressed by the electromagnetic field [30]. We also
observe from Figure 7 that the field structure inside of a
alternating stack is anisotropic and quite intricate, but the
field amplitudes beyond the coated microsphere are small.
Nevertheless, a spectral detector placed outside the micro-
sphere still enables a noncontact monitoring of the proper-
ties of a nanoemitter located inside a multicoated micro-
sphere.

3.8. Discussion

We observe that the use of the of GF technique allows a
clear description and a self-consistent understanding of the
physics of the electromagnetic phenomena in the spherical
stack with LH layers included with respect of the standard
decompositions on the spherical modes of the system. We
have shown that the difference in the location of a nano-
source may lead to the essentially distinct wave pictures.
As a result the frequency spectrum of radiations becomes
rather indented as it is defined by the sum of the various
spherical harmonics with the frequency depending field
amplitudes. Such a spectrum differs sufficiently from the
case of a spherical stack with conventional materials.
Therefore the behavior of the considered compound sys-
tem is instructively to compare with a limit infinite plane
alternating case that has an analytical solution.

The latter stack consists of two different materials with
widths @, and impedances 7, = ( y7 5)”2 , i=1,2, where
both 4 and ¢ are dispersiveless quantities. The first
layer is a conventional dielectric, while the second layer
may be LH material with £ <0 and u <0 . The dispersion
relation with @ =27 f versus the Bloch parameter &(w)
fora 1D case can be written as (see e.g. [25])

cos(&)=cos(p)cos(ap)—qsin(p)sin(cap), (26)

with ¢ :(1/2)(771 In,+m, /771)21, p=wna/c, a=
n,a,/na,, o =x1, where o =-1 for the LH material,
and n; are the refractive indices. The equation (26) is
solved for J to determine the forbidden bands. Here the
negative sign of the refractive index is shown explicitly (by
means of parameter o ), so in (26) both refractive indices
n,, are all positive. For quarter-wave stack =1 and
o =1 (conventional layer) (26) is reduced to the following
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cos(8)=cos*(p)—gsin®(p),

where p=xf /21, f, =1/A, is the reference frequency
of the alternating stack) that has well-known solution to
define the properties of the band gaps for a conventional
A/4 dielectric plane stack, see e.g. Chap. 6 in [31].
However, for o =—1 (LH layer) in contrastto o =1 case,
the equation

cos(8)=cos*(p)+qsin’(p), 27

has a real solution for § only for p=1z or f = f, =2If,
(1'=1,2,...) independently of material impedances (pa-
rameter ¢ ). This means that in (27) the transmittance
bands shrink to zero [25]. This conclusion is changed for a
quasiperiodic spherical stack, where the extremely narrow
transmittance peaks are generated [26]. However, for
considered here dispersive (with losses) LH case the ref-
erence stack frequency f, =171.5THz such an area f
with high transmittance is far from the working frequency
range of f <175TGz, where Ren is negative, see Fig-
ure 2. Thus, considered here the frequency range corre-
sponds to a forbidden gap of the infinite plane stack with
LH layers included, so the confinement of the electro-
magnetic field by the LH layer can be expected. Further-
more, the GF technique used here allows not only to iden-
tify the layers in which such a confinement occurs, but yet
to explore the spatial structure of the field in such an area,
see Figure 4 and Figure 7.

4. Conclusions

We have studied the frequency spectrum and spatial de-
pendences of the electromagnetic field (the dyadic Green's
function), radiated by a nanoemitters (considered in a
dipole model) placed into the multilayered microsphere
coated by the alternative quarter-wave spherical stack with
LH layers included. We found that in the frequency range
where LH layers have negative refraction index the fre-
quency spectrum of the field consists of the series of nar-
row and well separated peaks. In the area of such reso-
nances the LH layers can confine the field of nanoemitters;
as a result, the photon states become located in the coated
microsphere and practically do not leak into a surrounding
space. As the width of resonant peaks is rather small, it
allows creating highly polarized nanoemitters oscillating
with high Q factor to actively control the polarization
state of microcavity photons. Such states can be useful not
only for the operational purposes, but also for quantum
information technologies.
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Here j,(x) and h (x) stand for spherical Bessel and
Hankel functions respectively, k; is the wave vector in the
i -th material, while R, is the radius of the i -th layer.
From (28-35) we observe that if the parameters of
neighbors f and (f +1) layers are close then the reflec-
tion of such f,(f +1) interface is small Rf ~ 0
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