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ABSTRACT 

We are studying the problem of a stationary supersonic flow of an inviscid non-heat-conducting gas in thermodynami-
cal equilibrium onto a planar infinite wedge. It is known that theoretically this problem has two solutions: the solution 
with a strong shock wave (when the velocity behind the front of the shock wave is subsonic) and the solution with a 
weak shock wave (when, generally speaking, the velocity behind the front of the shock wave is supersonic). In the pre-
sent paper, the case of a weak shock wave is studied. It is proved that if the Lopatinski condition for the shock wave is 
satisfied (in a weak sense), then the corresponding linearized initial boundary-value problem is well-posed, and its clas-
sical solution is found. In this case, unlike the case when the uniform Lopatinski condition holds, additional plane 
waves appear. It is shown that for compactly supported initial data the solution of the linearized problem converges in 
finite time to the zero solution. Therefore, for the case of a weak shock wave and when the Lopatinski condition holds 
in a weak sense these results complete the verification of the well-known Courant-Friedrichs' conjecture that the strong 
shock wave solution is unstable whereas the weak shock wave solution is stable. 
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1. Introduction 

It is well-known that the classical problem of a stationary 
supersonic flow of an inviscid non-heat-conducting gas 
onto an infinite plane wedge (with a sufficiently small 
angle σ at the vertex) has two solutions: one of them 
corresponds to the case of a strong shock wave, when the 
components of the velocity vector  behind the 
shock satisfies the inequality  ( 0c  is the 
sound speed of the gas behind the shock wave), and the 
second corresponds to the case of a weak shock wave, 
that is  [1-3] (see Figure 1). 

0 0 0: ,U u v
2 2 2
0 0 0u v c 

2 2
0 0 0u v c  2

In Figure 1 the angular coordinates  determine 
strong and weak shocks respectively. The vector of flow 
velocity  is parallel to the  axis. 

Paradoxically, but in practice, in physical or numerical 
experiments, only the weak shock wave solution is actu-
ally realized. One possible explanation was suggested by 
Courant and Friedrichs [1]. They conjectured that the 
solution corresponding to a strong shock wave is unsta-
ble by Lyapunov whereas the weak shock wave solution 
is stable. 

The Courant-Friedrichs' hypothesis was verified in 
[4-7] (but this conclusion was based only on some quali-
tative reasons). A strict mathematical justification (and 
this is very important) of this statement for the linearized 

problem appeared in recent years in [8-12]. Briefly 
speaking, it was shown in [8-12] that in the case of a 
strong shock wave (for compactly supported initial data!) 
the perturbation arrives to the wedge's vertex as time 
increases having the growth r  ( 0  ) or a logarith-
mic growth in space variables, and this causes instability 
of the steady-state solution under consideration. 

The situation with the weak shock wave is totally dif-
ferent. In this case the perturbation decays with time. 
Moreover, this solution is asymptotically stable by 
Lyapunov. It is assumed that in the both cases the shock 
satisfies the well-known uniform Lopatinski condition 
[13]. 
 

 

Figure 1. 
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The present work is a continuation of [10]. We con-
sider the more general case when the Lopatinski condi-
tion on the shock wave is satisfied only in a weak sense 
[13], i.e. the uniform Lopatinski condition can be vio-
lated. In particular, this makes finding the classical solu-
tion of this problem more difficult. The key point of the 
work is the analysis of an explicit form of the solution 
and we extensively use the technique developed in [10]. 

2. Statement of the Original and the  
Auxiliary Problems and Formulation of 
Main Results 

The linear problem of finding a supersonic stationary gas 
flow onto a planar infinite wedge can be stated as follows 
[14]. We seek for a solution of the system of acoustic 
equations 

0,t x yAU BU C U              (1) 

in the domain , 0, tant x y x    that satisfies the fol-
lowing boundary conditions at the shock wave ( ) 
and on the wedge  tan :y x   

1 3 3 4 2

3

0, 0, ,

tan ;

y

t y

u du u u u F

F F u




 

    

 
    (2) 

2 1 t n ,au u                  (3) 

and at  it also satisfies the initial data 

    0 00, , ( , ), 0, .U x y U x y F y F y       (4) 

Here 1 2 3 4 1 2 3 4  are smooth 
perturbations of the components of the velocity, the 
pressure and the entropy respectively; 

( , , ) ( , , , ) : , , ,U t x y u u u u u u u u 

( , )x F t y  is a 
small displacement of the discontinuity front, and 

   0,0 0 0,F t F               (5) 

that means that we consider the case of a shock wave 
attached to the wedge's vertex. It is also assumed that the 
components of the vector  of initial data are 
compactly supported, i.e. 

2
0 {( , ) | , 0}, 1, 2,3, 4.isuppu R x y x y i     

The matrices  read as follows: 
2

2
2 2

0 1 0

0 0
( , ,1,1), ,

1 0 1 0

0 0 0 1

M

M
A diag M M B

 
 
    
  
 


0

;A

 

0 0 0 0

0 0 1 0
, tan

0 1 0 0

0 0 0 0

C C C 

 
 
  
 
 
 

0

0

,
u

M M
c

1   is the Mach number behind of the  

shock wave ( 0 0 0, tanu v u   are the components of the 
velocity vector of the stationary solution, 0  is the 
downstream sound speed), and the physical constants 

c

, ,d    were described in detail in [14]. These constants 
depend on the components of the piecewise constant so-
lution corresponding to the step shock as well as on the 
state equation of gas ( , )sp p   (   is the density of 
the gas and s is the entropy) and the equation of the 
Hugoniot adiabat. 

If the solution of problem (1)-(4) is continuous up to 
the boundary 0, tanx y x  

0, 0 :t x y  

, then, in view of (5), it 
follows from the boundary conditions (2), (3) that the 
following compatibility condition should be fulfilled at 
the edge  

2
3( tan ) ( ,0,0) 0, 0,d u t t     

i.e. if 2
1 tan 0D d    , then 

( ,0,0) 0, 0.U t t               (6) 

Remark 1. 
We have formulated the initial boundary-value prob-

lems (1)-(5) for the case when the gas flow in a neighbor-
hood of the wedge with shock wave directed along the 

- axis is fixed as the main solution (see Figure 2).  Oy
In this paper we consider the case of a weak shock 

wave, i.e. the case when 

2 2
0 0

0 2
0

1.
u v M

M
cosc 


            (7) 

Further we will also assume that the state equation of 
gas is such that 

2 21
0, , (1 ) 0,d d M M

M
          (8) 

The coefficient 1 0D   and, moreover, 1  (for 
example, this is true for the polytropic gas [10]; some 
examples of state equations satisfying (8) are considered 
in [15]). 

0D 

 

 
  

Figure 2. 
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Assume that the solution of problems (1)-(5) is not just 
continuous but also has second derivatives which are 
continuous up to the boundary of the domain. Taking 
mixed derivatives we can reduce problem (1)-(5) with 
condition (6) to the following initial boundary-value 
problem for the component  (the pressure). In the 
domain 

3u
0, 0, tant x y x     we seek for a smooth 

solution of the wave equation 
2

2 2 2
1 2 3 0,M L L u

y

          


         (9) 

that satisfies the following boundary conditions at the 
shock wave ( ) and on the wedge (0x  tany x  ): 

2 2
1 2 1 2 32

0;{ }mL nL L L u
M


         (10) 

3 0;cos sin u
y x

 
              

       (11) 

 3 ,0,0 0,u t                (12) 

and it also satisfies the initial data for : 0t 

3 0 0 3 0 1( , ), ( ) ( , )| |t t tu u x y u u x   y

0

    (13) 

(note that the derivative 3  can be found from the 
third equation of system (1)). 

( ) |t tu 

In equations (9), (10) we have used the following no-
tations: 

2

1 1 1 2

1
, tan ,

M
L l l L l

t y x
 

 
  

    
   1,  

2
2 21 , ,

M
M n m d

   .
 

       

The converse also holds, i.e. for each solution 3  of 
problems (9)-(13) we can uniquely find a corresponding 
smooth solution  

u

( , , ),U t x y ( , )F t y  of problem (1)-(6). 
This fact can be proved by the same way as for the case 
of a half-plane  (see [14]). 0x 

Unlike [10], we assume that problem (9)—(13) satis-
fies the Lopatinski condition [13] at the boundary 0x   
only in a weak sense, i.e. the uniform Lopatinski condi-
tion  (see [14]) or equivalently the condi-
tion 

0, 0m n  

2

2
0, .

M
d




               (14) 

can be violated. 
In Figure 3 we shade the domain where the Lopatinski 

condition is satisfied (in a weak sense). 
This domain is described by the two systems of ine-

qualities 

2

2
2

2

1
,1

, ,
and

.0

dM
d d M

M
M

d





 

       
 
   



 

  (15) 

The strait line 
0

1
d

M





   corresponds to the gas  

dynamic case, and   and 0  are the densities ahead 
and behind of the shock front respectively. 

Remark 2. 
For the state equations from [15] the point ( , )d lies  

in the second quadrant and 
2

2
.

M
d




   

We point out that the uniform Lopatinski condition 
holds at the boundary tany x  . 

Now we make a convenient change of coordinates by 
setting 

, tax x y y x n .               (16) 

We shall drop the primes in what follows. 
Then problem (9)-(13) takes the following form: 

2 2

2

tan

0, , , 0;

{ ( ) ( )

( ) }

M
t x x y

u t x y
y

 2   
  

   


  


       (17) 

2
2

tan tan

1
tan 0, 0;

{( )[ ( )

( )] ( ) }

d
t y t x t y

u x
x y yM

 

 

     
   

     
  

   
  


 (18) 

sin cos 0, 0;( )u y
y x

  
  

 
      (19) 

 ,0,0   0;u t                (20) 

0 0 0 1( , ), ( , )| |t t tu u x y u u x y          (21) 

 

 

Figure 3. 
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(we also drop the subs  the unknown function 

roblems (1)-(5) and (17)-(21) are equivalent, it 
is

he following property 
ch

cript 3 by

3u ). 
Since p

 sufficient to state our main results for the solution 
( , , )u t x y  of problems (17)-(21).  

ition, we also assume that tIn add
aracterizing the behavior of the solution as ,t x    

holds: there exist parameters 0s  and 0p  such  
function 0 0 ( , , )s t p xe e u t x y   is ounde as ,t x    
for each fixe

 that the
 b d 

d 0y  , i.e. 

0 0( , , ) ,

, , 0 is fix

( )s t p xu t x y O e

t x y



  
 

ed
        (22) 

Let us introduce the notations 

.

2
0 1,M   0 tan

B



 0( 1B ), 2
1 tanD d   , 

2 2
tanD

M


 , 0

0

1

1

B
L

B





 

and assume that the problem's parameters are linked by 
the relation 

2 1

2 1

| |
.

D D
L

D D





            (23) 

The following results hold. 

ata for problem (17)-(21) are compactly 
su

Theorem 1. 
If the initial d
pported (i.e. 2

0 1, )suppu u R and inequality (23) 
holds, then the cla  the problem exists, is 
unique and can be defined by formula 
 

ssical solution of

0

0 0

( )
,

1 1
02 2 0

2

( ,0)

2 2 0

2
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8
( , , )

( , )* ( ( ) ( ) tan ), /
2

8
, (

* ( ( ) tan ),

8

/

2

/

,

( )( )

(

)

(

B x yx y

B B

t

x y

t

t

u t x y B
y xM

M
g t E t y B x
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M

M
E t y x x y d

M
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 

   


   



   
 

 

  
 

  

      


   

       


 








0

1

2

2 2

, 2 ( , )

( ( ) ( ) tan ), /
2

tan
, ;  2 , 2

)

(

) ( )

OQM P

x y d d u

M
E t y x

,x y d d x y x y

     

  

   
 

   

      


x
       




 

(24) 
the first integral is over the line , and the next 
two integrals are over the ab

0y B x 
scissa axis y 0  ; in the 

last two integrals over the qua  we 
have the following coordinates: t

0),

drangle 
he point 

0 POQM

( ,Q x y  the point 0 ( )
,

2 2
( )B x yx y

P
   

 ,

and the point 0 ( , )M x y 
olution of t

1( , )u x y  
,

; the function  is the 
fundamental s he operator n (14); 

 and are the initial d re the 
es 

( , , )E t x y
 of equatio

ata (whe0 ( , )u x y
coordinat x y  are expressed throu iables gh the var

'' '',x y ); the functions ( , ),g t x  ( , ),x  l t ( , )f t x  are 
known, in particular, ( , )f t x  is determin llows: ed as fo

( , )N t x
1

,
0

( , ) ( , ),p x s t n
n

f t x L H p s
 



         (2 ) 

where 



5

( , )N t x  is a certain integer number, ( , ) 0N t x  . 
Rem
We do not write down here formulae defining th

functions 

ark 3. 
e 

, ( , )f t x( , )g t x , ( , )l t x  and ( , )nH p s  
because of their awkwardness. 

Theorem 2. 
For problem (17)-(21) the trace 

, )*

)

 

0

0

( ,0)

0

2

0 0

2

0

2

( , )*

* ( ( ) tan ), /
2

, 8 tan

( ( ) ( ) tan ),
2

, 2 ( , )

( ( ) ( ) tan ), /
2

(

) ( )

(

)

(

x y

t

t

OQM P

OQM P

f t
y

M
E t y x

x y d u u

M
E t y x

x y d d u
t

M
E t y x

 



 

  

  

     

  

 

    


    

      


   


      












 

''
''

02
( , ) ( , , )| |xx y

f t x u t x y 
  

at the shock wave is a superposition of a fi er of 
cylindrical and plane waves. Namely, repr

nite numb
esentation 

'' ''

0
,

( ,0, ) ( , ) .|n

( , )
1

p x s t x y
n

u Lt y H p s
  



 
N t y

 

takes place. 
Theorem 3. 
If y K  (K is a compact subset of the real half-axis), 

then there exists * ( , )t K
 

  (   is the support of the 
initial data 0u  and c hat ( , ) 0f t y1u ) su h t   when 

* ( , ),t t K   y K . 

3. Conclusions 

on the linearized level that the solution 
w

 when on e shock ont the L i condi
e, i.e., the uniform Lopat-

in s violated. 
ported initial data any 

So, 
1) we prove 

ith a weak shock is asymptotically stable (by Lyapunov) 
in the case  th  fr opatinsk -
tions is satisfied in a weak sens

ski condition i
2) Moreover, for compactly sup
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solution of the linearized initial boundary e problem 
becomes stationary for a finite time. 

sta-
ble whereas the weak shock wave solution is stable
(when the Lopatinski condition holds at least  a weak
sense). 
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