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ABSTRACT

The linear stability of the triangular points was studied for the Robes restricted three-body problem when the bigger
primary (rigid shell) is oblate spheroid and the second primary is radiating. The critical mass obtained depends on the
oblateness of the rigid shell and radiation of the second primary as well as the density parameter k . The stability of the
triangular points depends largely on the values of k. The destabilizing tendencies of the oblateness and radiation fac-
tors were enhanced when Kk >0 and weakened for k <0.
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1. Introduction

Robe [1] introduced a new kind of restricted three-body
problem that incorporates the effect of buoyancy force.
One of the primaries m, is a rigid shell of mass filled
with homogeneous incompressible fluid of density p,.
The second primary m, is a point mass located outside
the shell. The third body m, is the particle of negligible
mass of density p, which moves inside the shell under
the influences of the gravitational attraction of the prima-
ries and the buoyancy force of the fluid of density p,.
Robe studied the motion of the infinitesimal mass when
m, describes both circular and elliptic orbits. He ob-
tained the equilibrium points and showed that, for the
circular case, the equilibrium point is linearly stable
when p; < p, and unstable when p, < p;.

Robes model may be useful for studying the small os-
cillations of the earth’s inner core by taking into consid-
eration the moon’s attraction. The model is also applica-
ble to the study of the motion of the artificial satellite
under the influence of the earth’s attraction.

Robes problem has been modified to define a new
problem (Shrivastava and Garain [2], Plastino and Plas-
tino [3], Giordano, Plastino and Plastino [4], Hallan and
Rana [5] and Hallan and Mangang [6]).

In our model we consider a rigid shell which is oblate
spheroid and the second primary which radiates to study
the effect of oblateness of the first primary and radiation
of the second primary on the stability of the triangular
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equilibrium points of the Robes restricted three-body
problem.

The paper consists of four sections. Section one estab-
lishes the relevant equations of motion that incorporates
the effect of buoyancy force using some basic assump-
tions. In the second section we obtained the equilibrium
points. Section three deals with the variational equations
of motion of the problem and solutions of the resulting
characteristic equation obtained. In section four, we ob-
tained the critical mass of the mass parameter. This is
followed by the conclusion on the findings.

2. Equations of Motion

Let the mass of the rigid shell be m; and the point mass
be m, . Let the density of the incompressible fluid inside
the shell be p, and that of the infinitesimal mass be p,
and it’s mass m. Let A denote the oblateness coeffi-
cient of the first primary such that 0 < A< 1 and q
the radiation force of the second primary which given by
F,=F (l—q) such that 0<1-q<«1.

Let M,, M, and M, be the centers of m, m,
and m respectively such that MM, =1, and M,M,
=T, . Let G be the gravitational constant and (X,y) the
coordinates of the infinitesimal mass m. Let the line
joining m, and m, bethe x—axis. Then the total po-
tential actingon m is
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where
r’ =(x—x1)2 +y?

(@)

2=(x—x%) +y?

Let the coordinates of m and m, be (XI,O) and
(Xz,()) respectively. In the dimensionless rotational
coordinate system we choose the unit of mass to be the
sum of the masses of the primaries (M, =1-x and
m, = u ). We take the unit of length equal to the distance
between the primaries and is chosen such that G =1.

The equations of motion of the infinitesimal body are
(AbdulRaheem and Singh, [7]),

K—-2ny=Q,
. . (3)
y+2nx=Q,

where

Q=—n (X’ +y’ —kr12+1_—'u+ﬁq+l_fA 4)
h n 2r,
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3. Equilibrium Points
Equilibrium points exist when
Q,=Q,=0 6)
For k=0 we have
I—p)(X+
Qx:n2x—2k(x+y)—( #)3 “)
r
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Triangular Points
The triangular points are given by the equations
Q,=0, Q, =0, y=0.
That is
— 1—
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and

_ 1-
y{n2—2k—1—3’u—ﬁ3q—é( Sﬂ)A}o. (10)
rl r2 2 rl

Equations (9) and (10) give
1 3A

n* -2k -2 =0 (1)
1 1

n2—2k—r'i3=0 (12)
2

Knowing I, and r, from Equations (11) and (12)
the exact coordinates of the triangular points are obtained
by using Equation (5) for x and V.

Thus

x:%—/ﬁ%(rf -17)

When the bigger primary is not oblate, the smaller
primary is not radiating and p, = p,

=1 (i :1,2). (14)
We assume the solutions of equations (11) and (12) are
n=1+¢ (i:1,2) (15)

where o, and «, are very small perturbations. Using
Equations (11) and (12) and restricting ourselves to lin-
eartermsin A, 1-Q and k,we obtain

1 3+4k\[ 1 1
X=——u+ —~(1-q)+=A
) (3+2kj{ 3( %) 2 }

. [oriek), 3 {-1(1— )_lA} 1o
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The coordinates (X,+y) obtained in Equation (16)
are the triangular points and are denoted by L, and L;.

4. Stability of Triangular Points

Putting x=X,+¢&, y=Y,+n inEquation (3), in order
to study the motion near the triangular points L, and
L, , we obtain the variational equations of motion as

§—2n7'7 :QXX(X(): y0)§+Qxy(X0’ yO)ﬂ
+20E = Q (X0, Yo ) E+Q,, (X0 Yo )77

The characteristic equation is

amn

24— (Q +QS —dn*) 2% + Q508 —(8) =0 (18)

where the superscript 0 indicates that the partial deriva-
tives are evaluated at the triangular points (X,,Y,), and
are given by
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Each |ai | , |bi| is very small.
The characteristic equation becomes

At 3[1 2kj(b +h,) y+9(ﬂJ—4+3(1 2kj[—k+a +aj 6Ap* |1
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Its roots are
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We observe that the roots are functions of #, ¢, A, k and they depends upon the nature of the discriminant A

w2 oo o2
AR R SN N
ot o5 o2 o)

SR CHR( N ARy Ry

Copyright © 2013 SciRes.

—27[1——k
3

JMP



A. ABDULRAHEEM 867

Three cases can be discussed for A:

1) When A >0, we have that the roots are negative
showing that the triangular points are linearly stable.

2) When A <0, we have that the real parts of two of
the four roots are positive and equal, showing that the
triangular points are unstable.

3) When A =0, we have that the double roots give

e Ao
R R

—_—

Q ,/P-4 P
JrP-i0)

W | —

where P :9[1—?k](3+%kj and

2
Q= (—l —%kj . Restricting ourselves to linear terms in

k, 1-q and A, and neglecting the product (1-q)A,
we find that

He = Mo + My + 1, (22)

S A
Ho =7 27

2 1 13
- (1-q)——|1+—=|A
Hor 27@( ) 9[ J@j
128 64(. 225073
-2 k22222 k-
M =07 060 27[ 2208«/@] -
38990441

98
A § PiEbianat [V
81( 18032@}

Equation (22) gives the critical mass value g, of the
mass parameter. It reflects the effect of the oblateness of
the first primary (rigid mass) and the radiation of the
second primary on the critical mass of the Robes re-
stricted three-body problem, indicating a destabilizing
effect on the triangular equilibrium points.

The destabilizing tendencies of both the oblateness and
radiating factors are further enhanced when k>0
(p < py) and weakened when k<0 (p, > py).

When k=0 we confirm the result of Abdul Raheem
and Singh (2006) for ¢ =¢,=0, ¢, =1 and A =0.
When k=0, g=1 and A=0 we obtain the critical
mass value of the classical restricted three-body problem.

where

Copyright © 2013 SciRes.

JP _\/P(P—4Q)_1

secular terms, showing that the triangular points are un-
stable.

5. Critical Mass

The solution of the equation A=0 gives the critical
mass value 4, of the mass parameter. That is

2a, +Db, _ﬁ
P(P-4Q) P

[

2, 4B+

__a3 +—
37 P(P-4Q)

6. Conclusions

The effect of oblateness of the first primary (rigid shell)
and radiation of the second primary on the stability of the
triangular equilibrium points of the Robes restricted
three-body problem was studied. The value of the critical
mass value obtained depends on the oblateness coeffi-
cient of the rigid shell, radiation factor of the second
primary and the density of the fluid and that of the in-
finitesimal mass in the shell.

It was observed that the oblateness and radiation fac-
tors have destabilizing tendencies on the triangular equi-
librium points. These destabilizing tendencies are further
enhanced or weakened, depending on whether the den-
sity of the fluid in the shell is less than that of the infini-
tesimal mass or the density of the infinitesimal mass is
less than that of the fluid.

REFERENCES

[1] H. A. G. Robe, Celestial Mechanics, Vol. 16, 1977, pp.
345-351. doi:10.1007/BF01232659

[2] A. K. Shrivastava and D. Garain, Celestial Mechanics
and Dynamical Astronomy, Vol. 51, 1991, pp. 67-73.
doi:10.1007/BF02426670

[3] A.R. Plastino and A. Plastino, Celestial Mechanics and
Dynamical Astronomy, Vol. 61, 1995, 197-206.
doi:10.1007/BF00048515

[4] C.M. Giordano, A. R. Plastino and A. Plastino, Celestial
Mechanics and Dynamical Astronomy, Vol. 66, 1997, pp.
229-242. doi:10.1007/BF00054966

[5] P.P.Hallan and N. Rana, Indian Journal of Pure and Ap-
plied Mathematics, Vol. 35, 2004, pp. 401-413.

[6] P.P. Hallan and K. B. Mangang, Planetary and Space
Science, Vol. 55,2007, pp. 512-516.

JMP


http://dx.doi.org/10.1007/BF02426670
http://dx.doi.org/10.1007/BF00048515
http://dx.doi.org/10.1007/BF00054966
http://dx.doi.org/10.1007/BF00054966
http://dx.doi.org/10.1007/BF00054966

868 A. ABDULRAHEEM

doi:10.1016/1.pss.2006.10.002 Vol. 131, 2006, pp. 1880-1885. doi:10.1086/499300
[71 A. AbdulRaheem and J. Singh, Astronomical Journal,

Copyright © 2013 SciRes. JMP


http://dx.doi.org/10.1016/j.pss.2006.10.002
http://dx.doi.org/10.1086/499300

