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ABSTRACT

The present paper deals with thermoelastic pro-
blems of finitely long hollow cylinder composed
of two different materials with axial symmetry.
The medium is traction-free, with negligible bo-
dy forces and with internal and external heat
generations. The governing equations for dif-
ferent theories of the generalized thermoelas-
ticity are written in terms of displacement and
temperature increment. The exact solution of
the problem, using different theories of gener-
alized thermoelasticity, has been deduced. The
analytical expressions for displacements, tem-
perature and stresses are found in final forms,
and a numerical example has been taken to
discuss the effect of the relaxation times. Finally,
the results have been illustrated graphically to
find the responses of different theories.
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1. INTRODUCTION

The governing equations for displacement and tempe-
rature fields in the linear dynamical theory of classical
thermoelasticity consist of the coupled partial differen-
tial equation of motion and Fourier’s law of heat con-
duction equation. The equation for displacement field is
controlled by a wave type hyperbolic equation, whereas
that for the temperature field is a parabolic diffusion
type equation. This amounts to the remark that the clas-
sical thermoelasticity predicts a finite speed for pre-
dominantly elastic disturbances but an infinite speed for
predominantly thermal disturbances, which are coupled
together. This means that a part of every solution of the
equations extends to infinity.
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Biot [1] formulated the theory of coupled thermoelas-
ticity (named as C-D theory) to eliminate the paradox
inherent in the classical uncoupled theory of thermoelas-
ticity that the elastic changes have no effect on the tem-
perature. But, the classical dynamical coupled theory of
thermoelasticity still based on a parabolic heat equation,
which predicts an infinite speed for the propagation of
heat wave, contradicts the physical facts. Generalized
theories of thermoelasticity have been developed that are
free from this paradox. Lord and Shulman [2] (L-S the-
ory) introduced the theory of generalized thermoelastic-
ity based on a new law of heat conduction by incorpo-
rating a flux rate term and involved a hyperbolic type of
heat transport equation (called the generalized thermoe-
lasticity with one relaxation time). The L-S theory was
extended by Dhaliwal and Sherief [3] to the case of ani-
sotropic media. Uniqueness of the solution for the gen-
eralized thermoelasticity with one relaxation time under
a variety of conditions was proved by Ignaczak [4] and
Sherief and Dhaliwal [5] respectively. Generalized the-
ory of thermoelasticity with two relaxation time pa-
rameters has also been proposed. Based on a generalized
inequality of thermodynamics, Green and Lindsay [6]
developed the theory of thermoelasticity with two re-
laxation time parameters (named as G-L theory). The
G-L theory doesn’t violate the Fourier’s law of heat con-
duction when the body under consideration has a center
of symmetry. In this theory, both the equations of motion
and heat conduction are hyperbolic but the equation of
motion is modified and differs from that of the classical
dynamical coupled theory of thermoelasticity.

The axisymetric multilayered hollow cylinder prob-
lems have been discussed by some researchers in the un-
coupled, coupled and generalized thermoelasticity in the
recent years. Jane and Lee [7] considered the thermoe-
lasticity of multilayered cylinders subjected to known
temperatures at traction-free boundaries by using Lap-
lace transform and the finite difference method. Kandil
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[8] studied the effect of steady-state temperature and
pressure gradient on compound cylinders fitted together
by shrink fit. Sherief and Anwar [9] discussed the prob-
lem of an infinitely long elastic circular cylinder whose
inner and outer surfaces are subject to known tempera-
ture and traction free. Yang and Chen [10] discussed the
transient response of one-dimensional quasi-static cou-
pled thermoelasticity problems of an infinitely long an-
nular cylinder composed of two different materials. Lee
[11] solved the two-dimensional, quasi-static coupled,
thermoelastic problem of finitely long hollow cylinder
composed of two different materials with axial symmetry.
Chen et al. [12,13] discussed also the transient response
of one-dimensional quasi static coupled and uncoupled
thermoelasticity problems of multilayered hollow cylin-
der. Allam et al. [14] solved the problem of an infinite
body with a circular cylindrical hole in a harmonic field
in the context of the generalized theory of thermoelastic-
ity. In a recent article, Zenkour et al. [15] presented the
static bending response for a simply supported function-
ally graded rectangular plate subjected to a through-the-
thickness temperature field under the effect of various
theories of generalized thermoelasticity with relaxation
times.

In the present article, the analytical expressions for
displacements, temperature and stresses of finitely long
hollow cylinder composed of two different materials
with axial symmetry are found in final forms. Numerical
examples have been taken to discuss the effect of the
relaxation times. Finally, the results have been illustrated
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in which ® =@-0, is the temperature and @, is the
reference temperature; ¢; are the components of strain
tensor; ¢, and ¢, are the second and third thermal
relaxation times; «,,x, and x, are the thermal con-
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graphically to find the differences between the different
generalized theories of thermoelasticity.

2. FORMULATION OF THE PROBLEM

Through this area of research, we consider the fol-
lowing boundary value problem. We deal with a problem
of finitely long hollow cylinder composed of three lay-
ered of two different materials with axial symmetry. The
length of the multilayered hollow cylinder is L, and the
inner and outer radii of the cylinder are denoted by r,
and r,, respectively (see Figure 1).

We assume that, the hollow cylinder is taken to be
heated suddenly at the inner and outer surface under
temperature ¢, and ¢,, respectively. We take into ac-
count that the body forces are absent, and then the fun-
damental equations of the boundary value problem in the
context of the different theories of generalized thermoe-
lasticity, in the case of quasi-static, can be written as:

1) Equilibrium equations for the cylinder along r and z

directions:
oo, oo,.
o, +r +r—=-0,=0,
or oz (1)
0o, oo,
o, +r—=+r =0.
Oz or 2)
where o, are the components of stress tensor and

(r,0,z) are the cylindrical coordinate system.
2) General heat conduction equation in the context of
generalized thermo-elasticity theories:

ductivity; p is the density; and ¢, is the specific heat
at constant deformation. The components of the ther-
moelastic tensor are given by

ﬁr = Z [Er (1 - VOZVZO)ar + EU (Vr0 + VOZV)‘Z )aﬂ + Ez (Vrz + V)‘szﬂ)az ]’

1
ﬁg = Z [E9 (Vro9 + VHerz )ar + EH (1 - Vrzvzr )aﬁ + Ez (VHZ + Vrﬂvrz )az]’

ﬂz = i[Ez (Vrz + Vrﬂvﬁz )ar + Ez (Vé‘z + Vrﬁvrz )aﬁ + Ez (1 - Vrﬁvé‘r )az]’ A=1- VieVa = VeV = ViV — 2V9rvzt9vrz . (4)

where v_,v,, and v, are Poisson’s ratios; E,.E,
and E, are Young’s moduli; and ¢,,, and «, are
linear thermal expansion coefficients.

3) Duhamel-Neumann’s relations for layer number £:

oU U oU 0 \=
o, = =+ Ltey—==-B.|1+4,—10, (5
= Oy ‘2 Ci3 Py ﬂ( lat) Q)
ou U ou 0 \=
Oy =Cpp——+Cyp——+0Cys 6ZZ ﬂ5[1+t1 _JG), (6)
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Figure 1. The three-layer hollow cylinder and its coordinate
system.
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where ¢, is the first thermal relaxation time and U,
are the components of displacement vector. The elastic
constants ¢, are given by

®)

+

1173
Er (Vzr + V7HVHV) Ez (Vrz + Vré’vék)
C3 = A - = A =G
E + E +
023 -z (VZH A V&*Vzr) 0 (V& A Vrzvrﬁ) — 032 . (9)

The full system equations for the different theories of
generalized thermoelasticity will appear by the following
instructions:

1) t,=t,=1t,=0, C-D theory,

2) =0, t,=t,#0, L-S theory,

E (1- E (1
o, = E0VaVee) - EpmviVy) 3) 4,£0, 1, %0, £, =0, G-L theory.
A A
_ Ez (l_VrHVHr)
Cy == 3. SOLUTION OF THE PROBLEM
B, tvv.) E.(atvev,) e Substituting Eqs.5-8 into Eqs.1-3, we get the follow-
€2 = A - A = Ca1» G55 = U ing system of partial differential equations:
c —aZUr—i-c 19U, -c i+c —2 =+ (3 +c )—2 z
11 arz 11 , a 22 55 13 55
10U 0 0 \=
+(¢c,—c ——Z— I+ —|®- 1+t — |®=0,
Comen ﬂ’a[ aJ Ve=hol, ( atj (10)
: o’U, 10U, o0’U,
Css ) +(c13 +¢55) oroz Css - or C33 Py
10U 0 0 \=
+ + L—p —|1+4—|®=0,
(€23 +¢55) Py B. 82( 16tj (1)
o K, 0 o* |= 0 0 \= o 0
— 4+t —+Kk.— ®=pc,—|1+t,— |O@+0O — | 1+t,— U,
o e e | P T RGP
10 0 o’ 0
+B,——| 1+, — U, + +t,— U, |
Po r 8t( atj P o201 ( ﬁtj } (12)
Eqs.10 and 11 represent the equations of equilibrium 3.3. Initial Conditions
for the hollow cylinder along the » and z directions, re- —
spectively, while Eq.12 represents the coupled transient 0=50, att=0. 15)

heat conduction equation for the kth layer of the axi-
symmetric hollow cylinder. The boundary and interface
conditions of the present composite hollow cylinder are
given by:

3.1. Boundary Conditions

U.=U_=0, 6:771 at r=r,
U,=U, =0, a—®=0 at r=r

or (13)
o,=U,=0, ©=p, at z=0
c.=U.=0, O=p, at z=L

3.2. Interface Conditions
(Ur,UZ,@,O-'.,O-G,O-Z,O-,.Z)/{ :(UrﬂUz7@’o-rﬂo-¢97o-zﬂo-rz)k+l‘

(14)
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To solve the above equations, we introduce the fol-

lowing dimensionless quantities:
r z t| K « | K
R:—’ Z:—’ ‘[:—2[ rj’ tl:_IZ(_rj’
% L r, \pe, ), r, \pe, ),

i=123, Uj:ﬂ(ﬂ], v =Y [ﬁJ
Ty \ PCy ), Ty \PCy ),
o, . Ie)
o=t R =l -2 gl
(B 7, 0, (B
* * ci'
ﬁﬁ ﬁ ﬂz_ ﬁ cij: - b
(B, )1 (B, )1 (e
* K, * KH * K, * PcC,
= 5 Ky = > z = s v
(Kr)l (Kr)l (Kr)l (pcv)l
5, ﬁ[ 5 J®o, Bfﬁa( b J@)O,
P ), P ),
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A Note that, the index “1” represents the thermome-
B, =ﬁz[—'] 0, chanical properties of layer 1. Substituting the above
Peven ), dimensionless quantities into Eqs.10-12, we get

c*aZU,*Jr*laU C*U_:H 6U+( e r, 0°U: fe )l 1 oU; 52 0 1+tiT*
"or* "R OR PR 55L az2 ) apay T T ) R T P R or

1 « 0\
(B, -B,)—| 1+t — | =0,
(r H)R( laz_)

(16)
Lol o’U; L 1oU. L (rY U Lou* 1 @ o
cos—=+(c 0 +c + el =< 0 -B. =2 1+t —|T" =0
s R (e SS)L RO Css R R 33(Lj 622 +(Czs ss)L R o7 7 82[ +1 az_j E an
2 *
zc;‘62+&8 Z c—l+tiT*
OR R OR T or
2 2
A (1+tiU +ﬁ9—i(1 ij capte d [1+t;‘ijuj.
The dimensionless stresses are also given by
or=2, Y, Y g 1m0 gl O
r 11 OR 12 R 13 L o7 r 162‘ > (19)
. —our _ U _ rou; .. v O o
09201254'022?'*0232 o7 _ﬂ9(1+t1 E)T ) (20)
_ou: _ U _ rou; 0
= Lo+ : o= B 1+t —|T",
O, =Cpj R Cy3 R S ﬂz( 1 j Q1)
o =z |0UL 10U, 22) T" = @(z) f,(R)cos(7Z),
=% er Loz | U, =u(z) f,(R)cos(nZ), (24)
where U =w(r) f,(R)sin(72),
~ _ % ( PC, j 23) where the functions f, and f, are given, respectively,
i 2 |- .
®0 ﬁr 1 by'

The solution of Eqs.16-18 may be given by using the fi=(R-1)°—=(R,-1)*+Q, 95
following substitutions of 7*,U; and U] that satisfy £, =(R=R)R-1). (25)
the boundary conditions given in Eq.13: ) l

Using Eq.23 into Eqs.15-17, one can get
d d
Al 1+8 — P o+ Adu+ Aw=0, A|l1+— i @+ Au+ A,w=0,
(26)
d d d d d d
Ap=A—|1+t; — u+ 4, —| 1+t; — w+ 4, —| 1+ — |p,
" 8dz’( ’ drj gdr( ’ dr} 10 dz’[ Zdrjq)
where
f 1 1 d d’ . f
A1232? B, R+dR fio  A=cy|— RdR dR2 /o 022?2_055 fza
rr| (1 d L1 d o 4
Ay =- I {CB(E—Fd_Rj_CBE—Fd_RCSS}fQ’ A, == I B/,
rxl (1 d) .1 d . (1 d & (Y
As ZT{Css[Ede—RJJrCzs E+d_Rc”}f2’ A =css(}ﬁ+ﬁjfz —sz(Tj Sas
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. d .1 d N,
A=Ktk ————K,
dRr RdR
The solution of the above system of first-order differ-
ential equations may be easily given for all theories. The
corresponding solutions for C-D, L-S and G-L theories
are also obtained from the general one.

4. NUMERICAL EXAMPLES

In order to illustrate the results graphically, the ge-
ometry and thermoelastic constants for the two materials
of the hollow cylinder are given in Table 1. The cylinder
is composed of three layers of two distinct materials
with the same thickness of each layer. Layers 1 and 3
have properties of the same material. So, the two inter-
faces are given at R = 0.5 and R = 0.75, respectively. The
various non-dimensional parameters used are:

. 100" :g[ﬂ] - z(i] ,
1 1

o \ PCy o \PCy
TZT*ZQ, O'lzo'::i’ GZZG;: G'g .
®0 (ﬁr)l (ﬁr)l
* O-z * O—rz
0;=0,=—+—, 0;=0, = .
(ﬂr)l (ﬁr)l

The numerical results are plotted in Figures 2-17. The
values of ®, and Q are taken to have the same value
as ©,=Q=5. The values of ¢ and ¢, and 7,,7,,
and 77, are given, respectively, in terms of ®, and
Q . The ratio of the outer radius of the cylinder to its
length is given by r /L =0.2. In addition, the * is
dropped, for simplicity, from the dimensionless relaxa-
tion times.

Figure 2 illustrates the variation of dimensionless
temperature 7 through axial parameter Z, for value of
the dimensionless time namely 7 =8 and at the second
interface of the dimensionless radial direction (R = 0.75).
The computations were carried out for C-D, L-S and
G-L theories of thermoelasticity. Figure 3 shows the
variation of dimensionless radial stress o, through the
axial parameter Z. The values of dimensionless time and
radial direction are chosen to be 8 and 0.75, respectively.
The results were calculated for L-S and G-L theories.

In what follows, we restrict our attention to the results
of L-S theory. Figures 4,6,8,10,12,14 and 16 illustrate,
respectively, the variation of dimensionless radial and
axial displacements, u, and u, ; the dimensionless
temperature 7; and the dimensionless stresses o,
0,,0,, and o5 through the radial direction of the
multilayered hollow cylinder for different values of the
dimensionless time 7=5,7, and 9 with the relaxation
time ¢; =t¢, =20. Similar results are plotted in Figures
5,7,9,11,13,15, and 17 through the radial direction of the

Copyright © 2010 SciRes.
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Table 1. The geometry and material constants of a finitely long
hollow cylinder.

Material 1 Material 2
N
E, (—zj 50x10° 58x10°
m
N
Ea(—Qj 15x10° 22x10°
m
N
E, [—zj 15x10° 18x10°
m
N
G, (—2] 15x10° 20x10°
m
watt
K, [ j 18 22
m.K
watt
Ky [ J 12 15
m.K
watt
K, ( j 15 20
m.K
Vg =Vg 0.2 0.2
Vg =Vy 0.1 0.1
V.o =Vg 0.15 0.15
1 6 6
Qg =0; E 3x10™ 3x107°
a [~ 4x107 4x107°
" K
kg
Pl —5 0.095 0.095
m
c K 0.31 0.31
" | kgK ' '
1 T T T T T T T T T
N, — LS
08F Ny --o--e- GL
N X
5
s 0.6
g
g,
= 04fF
%
<
0.2
0 ] 1 1 ] 1 1 1 1 1 -i 5

-0.5 -04 -03 -02 -01 0 01 02 03 04 05
Temperature T

Figure 2. Variation of dimensionless temperature 7 through the
axial direction of the hollow cylinder for various thermoelas-
ticity theories (7 =8, R =0.75).
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0.8

0.6

0.4

Axial parameter Z

0.2

0 I L 1 1 L L 1 1 L 1
-05 -04 03 -02 -0.1 0 0.1 02 03 04 05
Radial stress o,

Figure 3. Variation of dimensionless radial stress o thro-
ugh the axial direction of the hollow cylinder for L-S and G-L
theories (7 =8, R=0.75).

Radial displacement u,

-0.6F Ls ]

'08 C 1 1 1 1 1 -

0.25 0.375 0.5 0.625  0.75 0.875 1
Radial parameter R

Figure 4. Variation of dimensionless radial displacement
through the radial direction of the hollow cylinder for different
values of the time parameter 7 (¢, =#; =20).

Radial displacement u,

0.8 Y N 1 N 1 . 1 L 1
0.25 0.375 0.5 0.625 0.75 0.875 1
Radial parameter R

Figure 5. Variation of dimensionless radial displacement u,
through the radial direction of the hollow cylinder for different
values of the relaxation time (¢, =5, 7=7).
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0.0 1 fr ™ -
LA P T
-0.1 1 : 1 1 : I N I

0.25 0.375 0.5 0.625  0.75 0.875 1
Radial parameter R

Figure 6. Variation of dimensionless axial displacement u;
through the radial direction of the hollow cylinder for different
values of the time parameter 7 (¢, =#; =20).

13 1 T T 1 1
1.6 =20 .
S ....... t2:21
B e =22
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&
S 05 .
=
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0.1 4
0.1 L 1 " 1 N 1 " 1 L 1 ]

0.25 0.375 0.5 0.625  0.75 0.875 1
Radial parameter R

Figure 7. Variation of dimensionless axial displacement u;
through the radial direction of the hollow cylinder for different
values of the relaxation time (7, =t;, 7=7).

24 1 1 1 1 1

Temperature T

03} e -

0 1 1 1 1 1
0.25 0.375 0.5 0.625 0.75 0.875 1
Radial parameter R

Figure 8. Variation of dimensionless temperature 7 through the
radial direction of the hollow cylinder for different values of
the time parameter 7 (t, =t; =20).
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1.6 L~ — =20 .

Temperature T
’

0.8

L-S W, e

0.6

04 I 1 1 1 1 1
0.25 0.375 0.5 0.625 0.75 0.875 1

Radial parameter R

Figure 9. Variation of dimensionless temperature 7 through the
radial direction of the hollow cylinder for different values of
the relaxation time (#, =t;, 7=7).

30 1 L T 1 T

10

Radial stress 6,

-90 1 1 1 I 1
0.25 0.375 0.5 0.625 0.75 0.875 1

Radial parameter R

Figure 10. Variation of dimensionless radial stress o, through
the radial direction of the hollow cylinder for different values
of the time parameter 7 (¢, =t; =20).

Radial stress o,

-90 . 1 . 1 . 1 . 1 . 1 .
0.25 0.375 0.5 0.625 0.75 0.875 1

Radial parameter R

Figure 11. Variation of dimensionless radial stress o, through
the radial direction of the hollow cylinder for different values
of the relaxation time (¢, =t;, 7=7).
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25
20
15

Axial stress o3

LS

-5 1 1 1 1 1
0.25 0.375 0.5 0.625 0.75 0.875 1
Radial parameter R

Figure 12. Variation of dimensionless axial stress o5 through
the radial direction of the hollow cylinder for different values
of the time parameter 7 (¢, =t; =20).

42 1 T T 1 1
37 - =20 4
2 v =21 -
g 27 ——— =22 _
g 22f i
= 17k 4
e 1
< 12} .
7L Ls ]
oL ]
-3 1 1 1 1 1
0.25 0.375 0.5 0.625 0.75 0.875 1

Radial parameter R

Figure 13. Variation of dimensionless axial stress o5 through
the radial direction of the hollow cylinder for different values
of the relaxation time (¢, =t;, 7=7).

Circumferential stress o,

. LS 4

0.25 0.375 0.5 0.625 0.75 0.875 1
Radial parameter R

Figure 14. Variation of dimensionless circumferential stress
o, through the radial direction of the hollow cylinder for
different values of the time parameter 7 (t, =t; =20).
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36F % T T T T T T T T T L—
on
an
e 290 gh =20 ]
;| in ey =21
g 221 ki ——t=22
= fit
5 1.5
B
8
§ 0.8
&
0.1
0.6 : i . ) . ]
025 0375 05 0625 075 0875 1

Radial parameter R

Figure 15. Variation of dimensionless circumferential stress
o, through the radial direction of the hollow cylinder for
different values of the relaxation time (¢, =#;, 7=7).

200

150

100

50

Shear stress o

-50 LS S

-100 1 1 1 1
0.25 0.375 0.5 0.625 0.75 0.875 1

Radial parameter R

Figure 16. Variation of dimensionless shear stress o5 through
the radial direction of the hollow cylinder for different values
of the time parameter 7 (¢, =#; =20).

160F T T T T T =
g
120 I' t2:20
s T t2:21
& 80 T =22 g
2
=
2 40 -
S L
7
0
s ]
. L-S
‘0L Y L ] ] 1 =

0.25 0.375 0.5 0.625 0.75 0.875 1
Radial parameter R

Figure 17. Variation of dimensionless shear stress o through
the radial direction of the hollow cylinder for different values
of the relaxation time (¢, =t;, 7=7).

Copyright © 2010 SciRes.

multilayered hollow cylinder for different values of the
relaxation time (f, =t¢, =20, 21, 22) when the dimen-
sionless time 7=7.

5. CONCLUSIONS

The conclusion of the above results may be given as:

1)Figure 2 illustrates that the dimensionless tem-
perature is slightly changed and the differences
between C-D, L-S, and G-L are very small (tiny).
The coupled theory (C-D) may give results with
small relative error compared with those given by
Lord and Shulman’s (L-S) and Green and Lindsay’s
(G-L) theories. However, the results of L-S and G-L
are much closed to each other (see Figure 3).

2) The plots of results given by Lord and Shulman’s
theory show that the effect of the dimensionless
time is slightly clear in the first layer, but in the
second and third layers the effect is not declared.
This happened for dimensionless radial and axial
displacements (see Figures 4-7), and axial, circum-
ferential, and shear stresses (see Figures 12-17).

3) However, for dimensionless temperature and radial
stress, the effects of dimensionless time is very
clear in the first layer and start to decrease with the
increase of radial direction in the second and third
layer (see Figures 8-11).

4) The effect of the relaxation time of Lord and Shul-
man’s theory in all physical waves (displacements,
temperature and stresses) is clear in the first layer,
but is less considerable in the second and third lay-
ers. This revealed that the effect of the relaxation
time has no effect when the dimensionless radius is
increasing.
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