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ABSTRACT

In this paper, we investigate the existence and uniqueness of weak solutions for a new class of initial/boundary-value
parabolic problems with nonlinear perturbation term in weighted Sobolev space. By building up the compact imbedding
in weighted Sobolev space and extending Galerkin’s method to a new class of nonlinear problems, we drive out that

there exists at least one weak solution of the nonlinear equations in the interval [O,T] for the fixed time T >0.
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1. Introduction

Now we consider the initial/boundary-value problem [1]
as following

U, —div(a(x)|Vu|p72 Vu)

:/1|u|p'2u+b(x)|u|“_lu, in Q, (1.1)
u(x,t):o on 8Q><[0,T],
u(x,0)=g(x), on Qx(t=0).

_pj l<a<p_l. A isa

where 2<p< p*[p*
n-p

iy 0
real positive parameter and —+---
t

bolic, Q; :QX[O,T] for some fixed time T >0, Q is
an open bounded subset with smooth boundary in R",
gel’(Q):Q—>R is given, U:Q; >R is the un-
known, u=u(x,t), a(x), b(x) are functions satis-
fying some suitable conditions [2-4].

The main purpose of this paper is to establish the exis-
tence of weak solutions for the parabolic initial/bound-
ary-value problem (1.1) in a weighted Sobolev space. For
this purpose, we assume for now that

1) a(x) is a positive measurable sufficiently smooth
function,

2) b(X):ﬁ—) R is a non-negative smooth function
which may change sign,

3) W,"?(a(x),Q) is a weighted Sobolev space [5-8]

is (uniformly) para-
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with a weight function a(x), its norm defined as

[l iy = (o (20O )

For convenience, we will denote W,"° (a(x),Q) by X,

note ||u||W(}_p(a(x)’Q) by ||u||>< , and unless otherwise stated,

integrals are over Q.

Similar problems have been studied by Evans [9], he
investigated the solvability of the initial/bondary-value
problem for the reaction-diffusion system

u-Au=f(u), inQ,
u=0, on 8Qx[0,T], (1.2)
u=0, on Qx(t=0).

Here u =(u',u2,-~,um), g =(g',gz,-~,g"‘), and as
usual Q; =Qx[0,T], QeR" 1is open and bounded
with smooth boundary. Via the techniques of Banach's
fixed point theorem method, he obtained the existence
and uniqueness and some estimates of the weak solution
under the assumer that the initial function g(x) be-
longs to H, (Q, Rm) and f:R™—R" is Lipschitz con-
tinuous. He also studied the nonlinear heat equation with
a simple quadratic nonlinearity

U -Au=u’, inQ,
u=0, on 6Q><[O,T], (1.3)
u=0, on Qx(t=0).

The Blow-up solution has been established under the
assumer that T >0 and g >0 are large enough in an
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appropriate sense.

The main results of this paper can be stated as follows,

Theorem 1.1. There exists a unique weak solution of
problem (1.1) on the interval [0,T] for the fixed time
T>0.

For the further argument, we need the following
Lemma.

Lemmall If 2<p< p*,( ij,then,
n-p

pr=
1) W, "(a(x),Q)—Hg(a(x),Q)— H,(Q)—L(Q)
are the compact imbedding [6],
2) W,"*(a(x),Q)—W,?(Q)—LP(Q) are also com-
pact imbedding.
Proof. 1) Since p>2, and a(x) is a positive suffi-
ciently smooth function, there exists a positive constant

C, such that "a(x)||L2(n) > ”a(x)"L‘(Q) >C . Hence

Lz(a(x)|Vu|p)dX > Q(a(x)|Vu|2)dx
:”a(x)"U(Q) IQ|VU|2 d
>C[ |vuf'd, =C[ |u['d,,

for all xeQ, and a.e. time 0<t<T . We used the
poincare’s inequality in the last inequality above. Thus,
1) Holds and is compact.
2) The proof of 2) is almost the same as 1). This com-
pletes the proof of Lemma 1.1.

2. Weak Solutions

According to Lemma 1.1, it suffices to consider the ini-
tial/boundary-value problem (1.1) in spaces H,(Q) and
L* () . We will employ the Galerkin’s method to prove
our results.

Definition 2.1. We say a function

uel’(0,T;W,*(a(x),Q)) < L*(0,T:Hy (Q)),
with u'e *(0,T:H™(Q))

is a weak solution of the parabolic initial/boundary-value
problem (1.1) provided

1) (u’,v)+B[u,v;t]=(f (u),v), for each veH;(Q),
and a.e. time 0<t<T ,and

2) u(0)=g.

Here B[u,v;t] denotes the time-dependent bilinear
form

B[u,v;t] =Iﬂa(x)|Vu|p72(Vu,Vv)dX,
for each u,veHg(Q) andae.time 0<t<T.
f(u)= /1|u|p72 u+ b(x)|u|LH U is the nonlinearity term.
the pairing (,) denoting inner product in L*(Q), (,)
being the pairing of H™'(Q) and H(Q).
By the Definition 2.1, we see ueC (0,T; L’ (Q)), and
thus the equality 2) makes sense.

Copyright © 2013 SciRes.

We now switch our view point, by associating with U a
mapping
u:[0,T]H Hy(Q),
defined by

[u(t)](x)=u(xt),(xeQ,0<t<T).

More precisely, assume that the functions W, =W ()
(i=1,2,---,m) are smooth,

1) {w}", isan orthogonal basis of H,(£), and

©

2) {w} , is an orthogonal basis of L*(Q), (0 <t<
T,i=1,2, -, m) taken with the inner product
(u,v)= IQVU -Vvd,. Sy is the finite dimensional sub-
space spanned by {w}” . Fix a positive integer m, we

will look for a function u,:[0,T] Hy(Q) of the

form
Uy ()= 2 d ()W, (i =1.2,---,m), @.1)

Here we hope to select the coefficients dj, (t), (0 <t
<T,i=1,2, -, m)such that
U, W)+ Blu,wist|=(f(u,),w),
) Blu (1 (wh)
d, (0)=(9,w),(i=12,---,m).

That is

d

—(u,,,v)+Blu,,v;t|=(f(u,),v),forVves,,

L (0a0)+BLu ] =(1(0,) ) s
(UnoV)|y = (82v)-

This amounts to our requiring that up, solves the
“projection” of problem (1.1) onto the finite dimensional
subspace S .

Theorem 2.1. (construction of approximate solutions)

For each integer m=1,---, there exists a function Uy,
of the form (2.1) satisfying the identities (2.3).

Proof. Taking v=)V,w (X) arbitrary, then
=

(Up¥) =D (v,

B[um,v;t]=B{idm_)lwi<x>,§vjwj<x>;t},

note that B[Wi SW ;t] =k;.

Thus, B[um,v;t] = Zm: kijdrin (t)vi ,and

ij=l

[(Eaom) Smea)

{1

(f (un)-v)

M=

a0 ()} ()|,
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:tf (Zm:dr'n (t)wi(x)j,wj (X)]Vi,forVVi, 2.4)

This is a nonlinear system of ordinary differential
equation, according to the existence theory for nonlinear
ODE, there exists a unique local solution on interval
[0,T] for fixed time T > 0. That is, the initial/boundary-
value problem (1.1) has a unique local weak solution on
the interval [0,T].

3. Energy Estimates

Theorem 3.1. There exists a constant C, depending only
on QT and /1,sup|b(x)| , such that
XeQ

2
{)l;lfgr( "Um (t)||L2(Q) + "um"LP(O,T;WOl'p(a(x),Q) (3 1)
+||U |||_2 0T;H™ ) < C||g||2L2(Q)
for m=1,2,---.

Proof. We separate this proof into 3 steps.
Step 1. Multiply equality (2.2) by d, (t) and sum for

i=1,2,---,m, and then recall to (2.1) to find
(Up»Up )+ Buy ust] = (F (uy, ).y ). 32)
forae. 0<t<T.
Whereas,

1d
L T e

Copyright © 2013 SciRes.

B[ Uy Uy ]—J'Qa(x)|Vum|p72
= J.(a(0vu,[")d,

= un g oy oy = lmlx

(Vu,.Vu, )d,

and
(f(up) Uy,

)= [ [ua|” de+ [ D(X)u, 4,

a+l

< Al g +B [l g
for a.e. time 0<t<T, here, b —sup|b | , since b(x)
XeQ
is a smooth function.
Consequently (3.2) yields the inequality
24, oull ey #l0all; < 2l +B 0l ey 33)

Since 1<a<p-1, thatis a+1< p, then by Sobo-
lev imbedding theorem, we obtain L"(Q)— L*'(Q),
and moreover,

a+1
La+l Q

a+l

o

< Ko cy < K iy

here k is the best Sobolev constant [10-13].
Thus, we can write inequality (3.3) as

5 d ualgy +lal} <€ Junll 34

Fora.e. time 0<t<T ,and appropriate constant C, .
In addition, since 2< p<p”, [p = nppJ by Sobo-
lev interpolation inequality, we find
”um "LP(Q) < "um "fp*(g) ”um ”Efa)

C
< 59||Um "LP‘(Q) + ?2(1 N '9)||um ||L2(Q)

<éfu, | @)

1-6

pop
Young’s inequality with € in the last inequality. Thus
(1-0)
ol < ol Bl
<l +C.
By Lemma 1.1 2) and Sobolev’s inequality, we have
||um||Lp*(Q) <K, ||um||x , K, 1is the best Sobolev imbedding

constant, insert the inequality above and (3.5) into ine-
quality (3.4) yields

, and we have used the

1d
> a Mnlley +luall < Cluall +Colltnllzgy - -6
t
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for a.e. time 0<t<T,
and C,.
Furthermore, we rewrite inequality (3.6) as

+Blunl <Colunllza

and appropriate constants C,

1d
Sl e 3.7
24,

for a.e. time 0<t<T,
and C,.
By Gronwall’s inequality, (3.7) yields the estimate

2
0)||L2(Q) =C ||g||2L2(Q)

and appropriate constants S

max |[u (3.9)

0<t<T

(O <l

fora.e. time 0<t<T ,and appropriate constant C .

Step 2. Returning once more to inequality (3.7), we
integrate from 0 to T and employ the inequality (3.8) to
obtain

T
[ e 0.0 = Iy Il d < Clall o (39

fora.e. time 0<t<T , and appropriate constant C.
Step 3. Fix any veH,(Q), with "v"H(')(Q) <1, and

write V=V'+V’, where V' €S =span{w} and
o0

i=1
(VZ,Wi ) =0,(i=1,2,---,m) . Since functions {w;}"  are
orthogonal in H,(Q), "Vl

oy <My <1- Utilizing

(2.2) we deduce for a.e. time 0<t<T ,that
(ur'n,vl)+B[um,v1;t]=(f(um),vl).
Then (2.1) implies
{up,vy=(ur,v)= (um,vl)
=(f(um),v')—B[um,v';t].

Consequently,

(R e 0TS e T W
since "V1 Hi(@) <1. Thus

0

T L e Ty

<c(|r

(U s Il )

Jo iy < C 1 (i * il o
<Cloff

fora.e. time 0<t<T ,and appropriate constant C.
Combing (3.8), (3.9) and (3.10) we complete the proof
of Theorem 3.1.

(3.10)

4. Existence of Weak Solutions

Next we pass to limits as m—oo, to build a weak
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solution of our initial/boundary-value problem (1.1).
Theorem 4.1. There exists a local weak solution of
problem (1.1).
Proof. According to the energy estimates (3.1), we see
that the sequence {u,}”  is bounded in

L*(0,T:W,* (a(x),Q)) , and {ur}”

ny 1s bounded in

LZ(O,T;H'I(Q)). Consequently there exists a subse-

quence {urm }:il <{u,}  anda function
uel?(0,T:W," (a(x),Q)) = L' (0,T:H (Q))

with u'el? (O,T; H (Q)) , such that

1) u, —>u weakly in LP(O T'W"p(a(x),Q)),and
u, Su strongly in L”(Q).

2) Uy, —>U" weakly in LQ(OT H(Q ))

Now we fix an integer N and choose a function
veC! (O,T; H! (Q)) having the form

v(t):idi(t)wi, @)

are given smooth functions. We choose

N , and

. N
1
here {d (t)}i:l |
m> N, multiply (2.2) by d'(t), sum i=12,---,
then integrate with respect to t, we find

f(u V) +B[u,,vst]d, f( ).v)d,.

We set m=m,, and recall 1), 2) to find upon passing
to weak limits that

_[()T (u',v)+B[u,v;t]d, :IOT( f(u

This equality then holds for all functions
vel? (O,T; H(')(Q)) , as functions of the form (4.1) are
dense in this space. Hence in particular

(u’,v)+BJu,v;t]=(f (u),v).

foreach ve H,(Q) andae.time 0<t<T.
In order to prove u(0)=g, we first note from (4.3)
that

4.2)

).v)d,. (4.3)

(4.4)

.[OT —(v',u)+B[u,v;t]d,

= [ (£(u).v)d,+(u(0).v(0)).

for each veC'(0,T:H,(Q)) with v(T)=0. Simi-
larly, from (4.2) we deduce

IJ—(V',um>+ B[u,.Vv;t]d,

=01 (£ (U),v)d, +(un (0),(0)).

We set m=m, and once again employ 1), 2), we
obtain

4.5)

(4.6)
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IOT —(V,u)+B[u,v;t]d,

=7 (1 (W).v)d, +(9.v(0)),

since U, (0)—>g in L*(Q). As v(0) is arbitrary,
comparing (4.5) and (4.7), we conclude u(0)=g. This
completes the proof of theorem 4.1.

4.7)

5. Uniqueness of Weak Solutions

In this part, we will prove Theorem 1.1.

Proof. Let u, and u, aretwo weak solutions for the
initial/boundary-value problem, put u=u, —u,, and in-
sert it into the origin equation, we discover

di(u,v)+ B[u,v;t]=0,Vve Hy(Q),
t
u|t:0 =0

Taking v=uU, we obtain the energy estimates ine-
quality

]
Jull g+, ol d <0

Since ||u||i2(9) 20, .[OT ||u||§ d, 20. So we have u=0

for a.e. time 0<t<T . This completes the proof of
Theorem 1.1.

6. Conclusion

In this paper, we established the existence and unique-
ness of weak solutions for initial/boundary-value para-
bolic problems with nonlinear perturbation term in
weighted Sobolev space. First, we investigated the com-
pact imbedding in weighted Sobolev space, which can be
imbedded compactly into Hy(Q) and L*(Q) spaces.
By exploiting Sobolev interpolation inequalities and ex-
tending Galerkin’s method to a new class of nonlinear
problems, we proofed the energy estimates of the equa-
tions and furthermore obtained the unique weak solution
of the problem.
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