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ABSTRACT

This paper studies the global behavior to 3D focusing nonlinear Schrodinger equation (NLS), the scaling index here is
(0 <s, < 1), which is the mass-supercritical and energy-subcritical, and we prove under some condition the solution

u (t) is globally well-posed and scattered. We also show that the solution “blows-up in finite time” if the solution is not

globally defined, as ¢t — T we can provide a depiction of the behavior of the solution, where 7 is the “blow-up time”.
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1. Introduction

Consider the Cauchy problem for the nonlinear Schré-

dinger equation (NLS) in dimensions d = 3:
iu, +Au+|u|2u =0

(1.1)

u(x,O) =u, (x) eH' (R3)

where u =u(x,t)is a complex-valued function in
R*xR . The initial-value problem u, =u(x,0) is lo-
cally well-posed in H'.

In this paper we will study the focusing (NLS) prob-
lem, which is the mass-supercritical and energy-sub-
critical, where (0<s, <1).

The Equation (1.1) has mass M[u](z‘) = M[uo] where

M[u)(r) = [Ju(x.0)f d,
Energy E[u](t):E[uo] where
E[u](¢) :% [IVu(xof -% [le(x.0)]* dx,
and Momentum P [u] (1)= P[uo] where
Plu](r)= ImJ'ﬁ(x,t)Vu(x,t)dx.
If [Jxuy|| » <o, then u satisfies
O [ fu ()| de=24E[u] -4 |Vu (o), (12)

Equation (1.2) is said to be the Virial identity.
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The Equation (1.1) has the scaling:
u, (x,t)=Au (/bc,/ft)

and also this scaling is a solution if u (x,t) is a solution.

Moreover, u is a solution that is globally defined by u,
if it is globally defined (T = +oo) , and it does scatter
(See [1,2]). We say the solution “blows-up in finite time”.
If the solution is not globally defined, as ¢t — T, we can
provide a depiction of the behavior of the solution, where
T is the “blow-up time”. It follows from the H' local the-
ory optimized by scaling, that if blow-up in finite-time T
> 0 happens, (see [3] or [4]), then there is a lower-bound
on the “blow-up rate”:

[vu(c)], " - ; (13)
T—t)s

for some constant ¢. Thus, to prove global presence, it

suffices to prove a global axiomatic bound on "Vu (t)"LZ'
From the Strichartz estimates, there is a constant cg; >0
such that if |uy .3 <cg, . then the solution u is glob-

ally defined and scattered.
Note that the quantities ||u0|| > Vu,, and

M [uO]E [uo] are also scale-invariant (See also [5]).
Let u(x,¢)=¢"y(x) then u solves (1.1) as long as

v solves the nonlinear elliptic equation

—!//+Al//+|l//|2l//=0 (1.4)
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Equation (1.4) has an infinite number of solutions in
H' ]R3). The solution of minimal mass is denoted by
w(x) and for the properties of y see [3,5,6].

Under the condition M [u]E[u]<M [y]E[y], solu-
tions to (1.1) globally exist if u, satisfies;

||u0||L2 "VuO”LZ < ||W||L2 "V '//"LZ > (1.5)
and there exist ¢, € H' such that
()"0,

Theorem 1.1. Let u, € H', and let u be the corre-
sponding solution to (1.1) in H'. Suppose

M[u]E[u] < M[y]E[y] (1.6)

If ||u0 ||L2 ||Vu0 ||L2 < ||1//||L2 ||V l//"L2 then u scatters in H'.

=0.

The argument of [6] in the radial case followed a
strategy introduced by [7] for proving global well-pos-
edness and scattering for the focusing energy-critical

NLS. The beginning used a contradiction to the argument:

suppose the sill for scattering is strictly below that
claimed. This uniform localization enabled the use of a
local Virial identity to be established, with the support of
the sharp Gagliardo-Nirenberg inequality, an accurately
positive lower bound on the convexity (in time) of the
local mass of u, Mass conservation is then violated at
enough large time.

We show in this paper, that the above program carries
over to the non-radial setting with the extension of two
key components.

Theorem 1.2. Suppose the radial H' solution u to (1.1)
blows-up at time 7 <oo.Then either there is a non-ab-
solute ¢, >1 constant such that,as ¢t —>T

I |u(x,t)|3dx2cl_], (1.7
et [vu(e)| 3

or there exists a sequence of times ¢, = T such that for
an absolute constant c,

j |u(x,l‘n)3

3 -1
bisealuol% [Va(e)] 3

(1.8)

From (1.3), we have that the concentration in (1.7)

1
satisfies ||Vu(t)||;22 <¢(T—-t)2, and the concentration in

-1 1
(1.8) satisfies "Vu 22 < c(T —t)§ (For more additional

information see [8-10]).

Notation

Let ™ f be the free Schrodinger propagator, and let
u,+Vu =0, with u(O,x) =f(x) be linear equation, a
solution in physical space, is given by:
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. 2
l‘x—y‘

e f(y)dy,
(4nit)5 R

eitAf(x) —

and in frequency space

ei?A (5) _ e—4n2n\g\zj}(§)

In particular, they save the Farewell homogeneous
Sobolev norms and obey the dispersive inequality

itA

_d
2 (x) §|t| 2 fLL (1.9)

For all times ¢##0.

Let ¢(x)eC’ (R3) be a radial function, so that,
¢(x)=1 for |x|<1 and ¢(x)=0 for |x|>2, Define
the inner and outer spatial localizations of u(x,t) at
radius R(t) >0 as

(xt (x/R ) xt)
uz(xt (1 ¢(x/R )) )

Let y(x)eC (R3 ) be a radial function so that,
x(x)=1 for |x| Sé and y(x)=0 for |x| 2% then

A

7(0)=1, and define the inner and outer indecision lo-

calizations at radius p(t) of u; as

”1L(§t (ég/p )”1 s t)

and
ﬁlH((JE’t) (1 Z(é/P ))u1 §t)

1 1 .. . .
(the P and P radii are chosen to be consistent with
T T

the assumption 7(0)=1, since (0)= I z(x)dx. In
R3

reality, this is for suitability only; the argument is easily

proper to the case where 7(0) is any number #0). We

note that the indecision localization of u, =u,, +u,, is

inaccurate, though decisively we have;

1= 2(&)| < emin(|&].1) (1.10)

2. Proof of Theorem 1.2

In this section we discuss a proof of Theorem (1.2).
Proposition 2.1. Let u be an H' radial solution to (1.1)
that blows-up in finite 7 >0. Let

3 1
R(t)=c |2 ”V” (t)"LZ2

=c, "Vu

and p (Where ¢, and ¢, are absolute

L2 >
constants), and u=u,, +u,, +u, ascharacterized in the
paragraph above.
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1) There exists an absolute constant ¢ >0 such that

| (1)), 2cast—>T. @.1)

2) Let us assume that there exists a constant ¢* such
that "u1 (¢) " , <c”. Then

> cast—>T 2.2)

|| ||1,3 ‘x xo(t 1)

for some absolute constant ¢ > 0, where x,(7) is a
stance function such that

(O o (0)" < e+

We recall, an “exterior” estimate, usable to radially
symmetric functions only, originally due to [11]:

< S v 2.3
||U||L§x\>x} R’ UL?M x) O @)

where c is independent of R > 0. We recall the generally
usable symmetric functions and for any function o,

b, <ol 9ol e
(2.3), (2.4) are Gagliardo-Nirenberg estimates for func-
tions on RR’.

|| — +0 as
t—>T, by energy conservatlon we have

Lfi— / Vu Li — 2. Thus, for ¢ to be large enough to

close toT

2 4 4 4 4
2 Sl <, 4 +||”1H||L¢ +||”2||y:_~ 2.35)

By (2.3), the selection of R(f) and mass conserva-
tion;

1
flly < Sl s <2l @o)

where ¢; in the definition of R(#) has been selected to

obtain the factor % here. By Sobolev embedding, (1.10),

and the selected p(7)

4
"”m"L4 <C"”1H" =c¢ |§| ( §/p))u1( )
i3 I7
<cp[Jela (¢) II‘Z : @7
<ep™ [ou} 2w

where ¢, in the definition of p(¢) has been selected to

obtain the factor % here. Bring together (2.5), (2.6), and
(2.7), to obtain

Copyright © 2013 SciRes.

[Vull; < el 2.8)

By (2.8) and (2.4), we obtain (2.1), completing the
proof of part (1) of the proposition.

To prove part (2), we assume u, (1) ; <c", by (2.8)

<eo() el

<c(c) f:g“p 2o (x=y)u, (v dy‘.

[Veliz < el i s ]

. . 1
There exists x, = x,(¢) € R’ for which at least 5 of

this supremum is attained. Thus,
[Vall <e(c ) |[ 20 (= y) (v) o]
'Up3zp(xo = )u ()]

<e(e) o | [ ()

‘xo(t)—y‘Sp’

1

3

SC'(C*)3"[ ] Iul(y)lsdy]
ol

where we used Holder’s inequality in the last step. By the
selected p, we obtain (2.2). To complete the proof, it
keeps to obtain the remind control on x, () which will
be a consequence of the radial supposition and the sup-

posed bound ||u1 (t)”L3 <c

%, (¢,)|
p(t)
t, > T. Assume the spherical annulus;
Az{xe}R3 :|x0|—p_] S|x| S|xo|+p'l}.
47‘C|x0|2
1 2
(v

dius x,, both the radius p ', centered on the sphere.
By the radiality supposition, on all ball B, we have

6 .
Assume > (c*) along a sequence of times

And inside 4 place ~

disjoint balls, at ra-

||u1 || B > ——, and hence on the annulus 4,

C
2
¢ |x0|

eTir

which contradicts the assumption [|u s<c. U

3
u” >
||1L3A

We now point out how to obtain Theorem 1.2 as a
consequence.

Proof of Theorem 1.2. By part (1) of Prop. 2.1 and
the standard convolution inequality:

CS””IL 2 =||p3;((p~)*u1 13 S"”1"L3 .
3
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If ||ul(t)||L3 is not bounded, then there exists a sequence
of times 7, - T such that "u1 (

on the other hand, if ||u1 (t)"L3 <¢*, forsome ¢, ast— T,
we have (2.2) of Prop. 2.1. Since |x0 (t)| < c(c* )6 p(t)",

we have
( ) " ”L3 v xo(t ’1) < "u1 (t” )||L3(\x\gc(¢*)6p(z)"]

which gives (1.7) in Theorem 1.2. []

t,)|, — o Since

>u,(t,),;, we have (1.8) in Theorem 1.2;

L3 (j<2R) —

3. Strichartz Estimates

In this section we show local theory and Strichartz esti-
mates.

Strichartz Type Estimates

We say the pair ( ,r) is H* Strichartz admissible if
2 d

—+—=§—s with 2<g¢, r<o and (g,r,d)#(2,,2).

q r

. . d .
And the pair (g,r) is E-passable if 1<q, r<o,
1

;<d(%—%) o (¢7)=(,2).

As habitual we denote by ¢',r' the Holder conju-

. 1 1
gates of g and r consecutive (i.e. —+—=1).
ror

Let
"u”S(Lz) = sup

s "u”L?L; :
(q,r)L admissible 2<r<6,2<g<o0

We consider dual Strichartz norms. Let

uS’(LZ) = inf u|| P

(q,r)Lzadmissiblc 2<q<0,2<r<6,

where (¢',r") is the Holder dual to (g,r). Also define

1 —_—
"u"S’[H 2} - sup uLtq'L;'
(

,l +
q,r)H 2 admissible %Sq567,3+£r£67

The Strichartz estimates are:
"eim¢"5(ﬁ) <cle].»

and
t

J'ei(t—t')Af(.’tr)dt!

0

<c|f ||5f(L2) :

s(22)

By bring together Sobolev embedding with the Stri-
chartz estimates, we obtain

itA
" ¢" 112}_ |¢||112

S
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and

t

J‘ei(t—r')Af(.’Z;)dt/

0

1
<c|D2f

3.1

s[;ﬁ] s(2)

We must also need the Kato inhomogeneous Strichartz
estimate [12].

t
J'ei(t—t')Af(.’tr)dt!

0

1 Sc||f||s, i3l (3.2)
fo V]

To point out a restriction to a time subinterval
< (—o0,+0), we will write S(H*;I) or S'(H‘Y I).
Proposition 3.1 Assume | ] <M . There is

8., =0,(M)>0 such that if [ u,

AiJ <35, , then
2 S

1

u solving (1.1) is global (in H E) and

IIMIIS[H% <2e"u|, [H]

1
2 1
D*uy S2c||u0||H2 .

S(L'z)

(Observe that, by the Strichartz estimates, the assump-
tions are satisfied if |u,[3 <cd,).
Proof. Define

t
¥, (v)=e"u,+ i'[ e/t |v|2 v(t')dr'.
0

Applying the Strichartz estimates, we obtained
1

D, (V)| <clju,t+e D2(| |2v) Y
s(2) Ly
and
1
[, ()0 <ele sl w0z (M) L
1219

We apply the Holder inequalities and fractional Leib-
nitz [13] to get

1

D2y D2

HZJ

D% (|v|2 v)

<M,

S
Vi S|

510 2L

219

s(22)

Let

O, <min 1
e J— 4’ 24eM

Then ¥, :N — N, where
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1
H2

1
2
IV Dy

N{v S"Ze’mu " l}
Olls| g2 |°

and ¥, isa contractiononN. [
Proposition 3.2. If u, € H',u(t) is global with glob-

< 20"”()";1;}

s(2)

1

1
ally finite A2 Strichartz norm ||u|| 2| <+ and a

uniformly bounded H' norm sup ||u(t)||H1 <N, then
)

te[0,+oo
u(t) scattersin H'as t —+o.
Meaning that there exist ¢* € H' such that

lim "u (t)—e"g" =0

t—+0

Proof. Since u(t) resolves the integral equation
t
u(t)=e"uy+ iI s (|u|2 u)(t’)dt',
0
we have

u(t)—egt = —iT O Juf w)()ar 33)
where
¢ =u,+ iTe""'A (|u|2 u)(t')dt'.
0

Apply the Strichartz estimates to (3.3), to get
"u (t) —_eM gt

< cfJuf* (14 V)

Hl

5 10

o

2
ey < N
2 H. Lf w)Li.

2
<c|u| s 5
bl
As t— o above inequality get the claim. []

4, Some Lemma

4.1. Here We Discuss the Precompactness of the
Flow Implies Regular Localization

Let u be a solution to (1.1) such that
K ={u(-=n(t).t)|t [0,4e)} (4.1)

is precompact in H'. Then for each ¢ >0 there exist
R>0sothat © forall 0<¢<-+oo.

We proof (4.2) by contradiction, there exists & >0
and a sequence of times ¢, and by changing the vari-

ables,

j |Vu(77—77(t,,),tn)2 +|u(77—77(t,1),t“ )|2
[nj>n (43)
4

u(n—n(tn),tn)| £>¢e

+

Copyright © 2013 SciRes.

Since K is precompact, there exists @€ H', such that
(=n(2,).t,) > ¢ inH' by (4.3),

VR>0, [ Vo) +le(n)| +le(n) dnze.

[n>R

<

Which is a contradiction with the fact that ¢ H'.
The proof is complete.

Lemma 4.1. Let u be a solution of (1.1) defined on
[0,4%0), such that P[u]=0 and K such as in (4.1) is
precompact in H', for some continuous function 7(:)
then;

n(1)

T—)Oast—>+oo 4.4

Proof. Suppose that (4.4) does not hold. Then there

n(t,)

exists a sequence ¢, —> 4+, such that ——=2>g, for

some & > 0. Retaining generality, we assume 77(0) =0.
For R >0, let

4 (R)= inf{t >0: |77(t)| > R}
ie. 1,(R) is the first time when 7(¢) arrives at the
boundary of the ball of radius R. By continuity of 7(¢),

the value f,(R) is well-defined. Furthermore, the fol-
lowing hold:

) #(R)>0;

2) [n(t)|<R.for0<t<t,(R):;

3) |n(4(R))|=R.

Let Rn:|’7(tn)| and 7, =1,(R,). Wenote that ¢, >7,,

t
|77£—")| > g,, gives & > g,. Since

n n

which combined with

()

t, =+ and > ¢,, we have R = |77(tn )| — +o0.

n

Thus 7, =1,(R,) —+w. We can disregard ¢,. We will
concentrate our work on the time interval [O,fn :|, and we
will use in the proof:

1) for0<t<7, wehave |77(t)| <R;

2) |n(i,)|=R,:

no

R -
3) *+2¢g, and £, — +oo.
By the precompactness of K and (4.2) it follows that
for any ¢ >0, there exists R, (8) 20, such that for any
t>0

f (|u|2 +|Vu|2)d77 <e. (4.5)

pr+n(6)=Ro(2)

We will select ¢ later; for 7eR let 7(77) eCy (R)
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be such that y(n)=n for -1<p<l, y(n)=0 for
1

In|=23, |7(77)|S|77|, y. <4 and y, <2 for

n=(n.m.m)eR’. Let ¢(n)=(r(m).7(m).7(n))-

Then ¢( ) n for |77|<1 and ||¢|| <2. For R > 0,

set ¢, (n)=R@(n/R). Let z; :R >R’ be the trunca-
tion center of mass given by

(£)= [ ()| (.1
Then 2}, (1) = [z (1)],-[24 (1), (21 (¢)], ) where

[z}e (t) = ZIm-[;/’(?]j/R)ajuﬁdn.

)2d77.

Observe that y (T;J—l for |77 |<1 By the zero

momentum property

Im j 0,uit =—Im

.[ o.uu .
njl<r

J
‘r]j‘>R

Thus,
EA (t)]j =—2Im‘ I 0 juudn
r]/zR

+2Im j

‘77/-‘2R

7’(’7.//R)a.i“l7d’7'
By Cauchy-Schwarz, we obtain;

FAGE 5‘ [ (e +[vaf’).

7]‘ZR

(4.6)

Set R, =R, +R,(&). Observe that for 0<¢<7 and
[n|>R,, we have |17 + n(t)| >R,-R, =R, (&), and thus
(4.6), (4.5) give

4.7)

RV'I

z (1) <52

We now obtain an upper bound for z (O) and a
lower bound for z/, (t)

Z;én (O): ,[ ¢R |u0| dn
[nl<Ro ()
+ ¢ ()|, d
‘77+17 O)‘ RO

Hence, by (4.5) we have

Z, (0)|<R

For 0<¢t<¢t

o (&)M [u]+2R e (4.8)

we divide zR” (¢) as

(0= |

pr+n(0)=Ro(2)

’7)|”0|2d’7
+ _f 3 (’7)|”0|2d’7

l7+()2Ro (&)
=I1+1

Copyright © 2013 SciRes.
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To deduce the expression for /, we observed that

P (77) <2R
And use (4. 5) to obtain |I| < 2R &
For II we first observe that,
|77| < |77 +77(t)| +|77(t)| <R, (&)+R, = R,
and thus ¢, (7)=n.

We rewrite ] as

1= J (77+77 |u 77t| dn
[n+n(t)i<Ro ()
—n(t) | |u(ne) dn
[+n(1)|<Ro(2)
= (7+7(0))|u(n.0)[ dn
‘7]+r](t)‘SR0(5)
~n(OM[u]+n() [ |u(no)f dy
7+n(0)|<Ro (¢)
= [IA+IIB+1IC

Trivially, |II4)<R,(&)M[u], andby (4.5)
|IIC| £|77 (¢ |£§Rng .

Thus,
2y (0)| 2 |1B| 1|~ |14 -  11C
>|n ()| M [u]- R, (¢) M [u]-3R,e
Taking ¢=17,, we can get
z (7, )\ >R, (M[u]-38)- R, (£)M][u]
Combining (4.7), (4.8), and (4.9), we have
sef, [z, (0]ar =[5, ()|, (2)-=, (0)
0

&(M[u]—Sg)—~—

n n

S5¢>

el

Since —*-2>¢g, we have

n

~

Se2e,(Mu]-5¢)-
M[u]é,
16

f, — +oo we get a contradiction. []

(Assume g, <1)take ¢= ,as n—>+o0,

(4.9)

since
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4.2. We Now Prove the Following Rigidity
Theorem
Lemma 4.2. If (1.5) and (1.6) hold, then for all ¢
e 7o) <l 9wl @10
1

Mu]E[u] |

2
where «o :( ] . We have also the bound for
My ]E[y]

all #;
v () -6l (1)

. 4.11)
>8(1-a)|Vu()| . 216(1-a) E[u]

The hypothesis here is E[u]>0 except if u=0. In
fact, E[u]> < |Viu .
Theorem 4.3. Assume u, € H' satisfies P[u,]=0,
M [ug) E[uy] < M [y E[y] (4.12)
and
ol Vel <l IVl @13)

Let u be the global H' solution of (1.1) with initial data
uo and assume that K = {u(-—r](t),t)|t € [0,+oo)} is
precompact in H'. Then u, =0 .

Proof. Let € C; be redial with

(p(n):{'”'z ol Sl}.

0 for |77| >2
For R > 0, we define

2 (1) = J.R2¢(%j|u(77,t)

2d77.

Then
2, (1)=2Im _[RV(p(%j-Vu(t)ﬁ(l)di].

By the Holder inequality:

|z;é (t)| <cR I |Vu (t)”u (t)|d77
<2k (4.14)

<eR|Vu(e)] ()],

By calculation, we have the local Virial identity

" o’p [77) ou Ou
2" (1)=4 L1 ==
+ () ZI on,0m, \ R )én, on,

@) 2 a2 o

Since ¢ isradial we have

Copyright © 2013 SciRes.

z (1) = (8'[|Vu|2 - 6I|u|4)+ A, (u (Z))

(4.15)

where
) =351 0)( )2 onsf
Loy 8% (nj ou o

J#k R<jn|<2R 677/‘6’71( 677‘/' 677k

el EJ-A{oo 2]

Thus, we obtain

i (w()| <€ | [|Vu(t)|2 e Lo +|u(t)|4jd77

=R

(4.16)

Now discuss z R(t) for R chosen appropriate large and
selection time interval [f,,7,] where 1<, < <.
By (4.15) and (4.11) we have

|2 (£) 216 (1= ) E[u] =] 4, (u (1))

Set &= 1_—aE[u] in(4.2), R, >0, suchthat V¢
c

(4.17)

2 2 0\ _l-«a
[ ([l +lu +|u|)STE[u]. (4.18)

[r+n(t)=rR

Choosing R = R, + sup |77| Then (4.16), (4.17) and

1o<t<y

(4.18) imply that for all 7, <t<¢,
|22 (1) 2 8(1-a) E[u].

By Lemma 4.1, there exists #, >0 such that for all
t>1, we have |x(t)| < ut with u>0. By taking
R = R, + ut,, we obtain that (4.18) holds for all
1, <t <t, . Integrating (4.19) over [f,,#,] we obtain

|25 (4) = 23 ()| 2 8(1- @) E[u] (1, - 1,).  (4.20)

On the other hand, for all #,<¢<¢, by (4.10) and
(4.14), we have

2k (1) < cRu(¢) 2 [Vu (2] 2 <Ryl [V ]2
<clwlz [Vwlz (R +pt,)
Combining (4.20) and (4. 21), we obtained
8(1-) Efu)(1 1) < 2efp [V (R, + ).

It is important to mention that ¢ and R, are con-

(4.19)

(4.21)

tant depending only on T LAEL gy i )
stant depending only on ———=———=, an =t,(u).
Mlyle[w] " * 7
: (1-a)Eu] :
Putting x4 =-————-—— and setting f, > +o0, we
eyl [Vl
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obtain a contradiction except if E [u] =0, which implies

u=0. []

(1]

REFERENCES

T. T. Tao, “On the Asymptotic Behavior of Large Radial
Data for a Focusing Non-Linear Schrédinger Equation,”
Dynamics of Partial Differential Equations, Vol. 1, No. 1,
2004, pp. 1-48.

T. Tao, “A (Concentration-)Compact Attractor for High-
Dimensional Non-Linear Schrodinger Equation,” Dy-
namics of Partial Differential Equations, Vol. 4, No. 1,
2007, pp. 1-53.

T. Cazenave, “Semilinear Schrodinger Equations. Cou-
rant Lecture Notes in Mathematics,” New York Univer-
sity, Courant Institute of Mathematical Sciences, New
York, American Mathematical Society, Providence, 2003.

T. Tao, “Nonlinear Dispersive Equations: Local and
Global Analysis,” CBMS Regional Conference Series in
Mathematics, Published for the Conference Board of the
Mathematical Sciences, Washington DC, American Ma-
thematical Society, Providence, 2006.

M. Weinstein, “Nonlinear Schrédinger Equations and
Sharp Interpolation Estimates,” Communications in Ma-
thematical Physics, Vol. 87, No. 4, 1982, pp. 567-576.

J. Holmer and S. Roudenko, “A Sharp Condition for
Scattering of the Radial 3D Cubic Nonlinear Schrédinger
Equations,” Communications in Mathematical Physics,
Vol. 282, No. 2, 2008, pp. 435-467.

C. E. Kenig and F. Merle, “Global Well-Posedness, Scat-
tering, and Blow-Up for the Energy-Critical Focusing
Nonlinear Schrédinger Equation in the Radial Case,” In-
ventiones Mathematicae, Vo. 166, No. 3, 2006, pp. 645-
675.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T.
Tao, “Global Existence and Scattering for Rough Solu-
tions of a Nonlinear Schrédinger Equation on R3,” Com-
munications on Pure and Applied Mathematics, Vol. 57,
No. 8, 2004, pp. 987-1014.

Copyright © 2013 SciRes.

(]

[10]

[11]

[12]

[13]

[14]

F. KAMARA 171

T. Hmidi and S. Keraani, “Blowup Theory for the Critical
Nonlinear Schrodinger Equations Revisited,” Interna-
tional Mathematics Research Notices, Vol. 2005, No. 46,
2005, pp. 2815-2828. doi:10.1155/IMRN.2005.2815

F. Merle and Y. Tsutsumi, “L* Concentration of Blow-Up
Solutions for the Nonlinear Schrodinger Equation with
Critical Power Nonlinearity,” Journal of Differential Eq-
uations, Vol. 84, No. 2, 1990, pp. 205-214.

W. A. Strauss, “Existence of Solitary Waves in Higher
Dimensions,” Communications in Mathematical Physics,
Vol. 55, No. 2, 1977, pp. 149-162.

D. Foschi, “Inhomogeneous Strichartz Estimates,” J.
Hyper. Diff. Eq., Vol. 2, No. 1, 2005, pp. 1-24.

C. Kenig, G. Ponce and L. Vega, “Well-Posedness and
Scattering Results for the Generalized Korteweg-De Vries
Equation via the Contraction Principle,” Communications
on Pure and Applied Mathematics, Vol. 46, No. 4, 1993,
pp. 527-620.

S. Keraani, “On the Defect of Compactness for the Stri-
chartz Estimates of the Schrédinger Equation,” Journal of
Differential Equations, Vol. 175, No. 2, 2001, pp. 353-
392. doi:10.1006/jdeq.2000.3951

E. Donley, N. Claussen, S. Cornish, J. Roberts, E. Cornell
and C. Wieman, “Dynamics of Collapsing and Exploding
Bose-Einstein Condensates,” Nature, Vol. 412, No. 6844,
2001, pp. 295-299. doi:10.1038/35085500

C. Sulem and P.-L. Sulem, “The Nonlinear Schrédinger
Equation. Self-Focusing and Wave Collapse,” Applied
Mathematical Sciences, Vol. 139, 1999.

M. Vilela, “Regularity of Solutions to the Free Schro-
dinger Equation with Radial Initial Data,” l/linois Journal
of Mathematics, Vol. 45, No. 2, 2001, pp. 361-370.

L. Bergé, T. Alexander and Y. Kivshar, “Stability Crite-
rion for Attractive Bose-Einstein Condensates,” Physical
Review A4, Vol. 62, No. 2, 2000, 6 p.

P. Bégout, “Necessary Conditions and Sufficient Condi-
tions for Global Existence in the Nonlinear Schrodinger
Equation,” Advances in Applied Mathematics and Me-
chanics, Vol. 12, No. 2, 2002, pp. 817-827.

APM


http://dx.doi.org/10.1006/jdeq.2000.3951

