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ABSTRACT

The purpose of this paper is to find the admitted Lie group of the reduction of the Navier-Stokes equations
((Uyy (t,s,y)-U,(t,s, y)) y—-2sU, (t,s, y)) y+(52 +1)USS (t,s,y)+2sU, =0 where s=2z/y using the basic Lie
symmetry method. This equation is constructed from the Navier-Stokes equations rising to a partially invariant solu-

tions of the Navier-Stokes equations. Two-dimensional optimal system is determined for symmetry algebras obtained
through classification of their subalgebras. Some invariant solutions are also found.
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1. Introduction

Mathematical modeling is a basis for analyzing physical
phenomena. Almost all fundamental equations of mathe-
matical physics are nonlinear, and in general, are very
difficult to solve explicitly. Group analysis is a method
for constructing exact solutions of differential equations.
This method uses the symmetry properties for construc-
ting exact solutions. There are two types of solutions, the
class of invariant solutions and partially invariant solu-
tions which can be obtained by group analysis. Con-
structing of invariant and partially invariant solutions
consists of some steps: choosing a subgroup of the ad-
mitted group, finding a representation of solution, sub-
stituting the representation into the studied system of
equations and the study of compatibility of the obtained
(reduced) system of equations.

This paper is devoted to use the basic Lie symmetry
method for finding the admitted Lie group of the re-
duction of the Navier-Stokes equations,

((U yy (t’s’ y)_Ut (t’S’ y)) y-2sU, (t’s’ y)) y

Q)
+(s* +1)Ug (ts,y)+2sU, =0
where U is a dependent variable and t,s=12/y,y are
independent variables. This equation is constructed from
the Navier-Stokes equations. Subgroups for studying are
taken from the part of optimal system of subalgebras
considered for the gas dynamics equations [1]. One sub-
group is not admitted the Navier-Stokes equations, par-
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tially invariant solutions can be found for the Navier-
Stokes equations. These facts allow us to assume that one
can construct partially invariant solution with respect to a
Lie group, which is not necessary admitted. The pro-
posed research will deal with two-dimensional optimal
system of subalgebras for the reduction of the Navier-
Stokes equations [1]. It is determined for symmetry
algebras obtained through classification of their sub-
algebras. Example of some invariant solutions are also
found. They can return to new solutions of the Navier-
Stokes equations.

2. Invariant and Partially Invariant
Solutions

The notion of invariant solution was introduced by
Sophus Lie [2]. The notion of a partially invariant solu-
tion was introduced by Ovsiannikov [3]. This notion of
partially invariant solutions generalizes the notion of an
invariant solution, and extends the scope of applications
of group analysis for constructing exact solutions of
partial differential equations. The algorithm of finding
invariant and partially invariant solutions consists of the
following steps.

Let L' be a Lie algebra with the basis X,,---, X, .
The universal invariant J consists of s=m+n—r, fun-
ctionally independent invariants

J =(J1 (x,u),d*(x,u),--, 3" (x,u)),

where n,m are the numbers of independent and depen-
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dent variables, respectively and r, is the total rank of
the matrix composed by the coefficients of the generators
X;,(i=12,---,r). If the rank of the Jacobi matrix

a(‘]l"”"]mn—r*)
is equal to Q, then one can choose

a(ulj...)um)
the first q<m invariants J',---,J% such that the rank
8(3',+-.37)
of the Jacobi matrix —— is equal to . A
a(ul’...’um)

partially invariant solution is characterized by two
integers: >0 and &5>0. These solutions are also
called H (0',5 ) -solutions. The number o is called the
rank of a partially invariant solution. This number gives
the number of the independent variables in the repre-
sentation of the partially invariant solution. The number
o is called the defect of a partially invariant solution.
The defect is the number of the dependent functions
which can not be found from the representation of par-
tially invariant solution. The rank o and the defect &
must satisfy the conditions

oc=0+n-1,20,0>20,p<o<n,

max {r, —-n,m—-q,0} <& <min{r, -1,m—-1},

where p is the maximum number of invariants which
depends on the independent variables only. Note that for
invariant solutions, 6 =0 and gq=m.

For constructing a representation of a H(o,d)-
solution one needs to choose | =m-¢ invariants and
separate the universal invariant in two parts:

j:(\]l’.._’\]l)’ J :(JI+1’JI+2’.._’Jm+n—r,‘)'

The number | satisfies the inequality 1<l<g<m.
The representation of the H (o) -solution is obtained
by assuming that the first | coordinates J of the
universal invariant are functions of the invariants J :

T=w (J‘ ) @)

Equation (2) form the invariant part of the represen-
tation of a solution. The next assumption about a par-
tially invariant solution is that Equation (2) can be solved
for the first | dependent functions, for example,

ui :¢i (UI+1,UI+2,'-~,Um,X),(i=1,"',|). (3)

It is important to note that the functions W',
(i=1---,1) are involved in the expressions for the fun-
ctions ¢',(i=1-1). The functions u""',u'*?...,u"
are called superfluous. The rank and the defect of the
H(o,8)-solutionare §=m—I and
o=m+n-r,—l =5+n-r,, respectively.

Note that if 6 =0, the above algorithm is the algo-

rithm for finding a representation of an invariant solution.

If 60, then Equation (3) do not define all dependent

Copyright © 2013 SciRes.

functions. Since a partially invariant solution satisfies the
restrictions (2), this algorithm cuts out some particular
solutions from the set of all solutions.

After constructing the representation of an invariant or
partially invariant solution (3), it has to be substituted
into the original system of equations. The system of
equations obtained for the functions W and superfluous
functions uk,(k=I+1,2,-~,m) is called the reduced
system. This system is overdetermined and requires an
analysis of compatibility. Compatibility analysis for in-
variant solutions is easier than for partially invariant
solutions. Another case of partially invariant solutions
which is easier than the general case occurs when J
only depends on the independent variables

J|+1 _ J|+1(X)’J|+2 — J|+2(X),"',
J m+n-—r, — Jm+r|—r* (X).

In this case, a partially invariant solution is called
regular, otherwise it is irregular. The number o —p is
called the measure of irregularity.

The process of studying compatibility consists of re-
ducing the overdetermined system of partial differential
equations to an involutive system. During this process
different subclasses of H(o,5) partially invariant
solutions can be obtained. Some of these subclasses can
be H,(0,,5,) -solutions with subalgebra H, < H . In
this case o, 20,0, <J . The study of compatibility of
partially invariant solutions with the same rank o, =0,
but with smaller defect &, <o is simpler than the study
of compatibility for H(o,5)-solutions. In many ap-
plications, there is a reduction of a H (o,5)-solution to
a H,(0,0) solution. In this case the H(o,d)-solu-
tion is called reducible to an invariant solution. The
problem of reduction to an invariant solution is important
since invariant solutions are usually studied first.

3. The Unsteady Navier-Stokes Equations

Unsteady motion of incompressible viscous fluid is
governed by the Navier-Stokes equations

U, +u-Vu=-Vp+Au,
V-u=0,

where u=(u,,u,,u;)=(u,v,w) is the velocity field, p
is the fluid pressure, V is the gradient operator in the
three-dimensional space X =(X,%X,,%)=(X,y,z) and
A is the Laplacian. A group classification of the
Navier-Stokes equations in the three-dimensional case'
was done in [5]. The Lie group admitted by the Navier-
Stokes equations is infinite. Its Lie algebra can be pre-
sented in the form of the direct sum L” @ L, where the
infinite-dimensional ideal L* is generated by the ope-

“

'A classification of the two-dimensional Navier-Stokes equations was
studied in [4].
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rators2
Xy =6 ()0, +4(t)
X, = '//(t)ap

with arbitrary functions ¢ (t),(i=12,3) and w(t).
The subalgebra L’ has the following basis:

Y :2tat +Xia)<i —Uiaui _2pap3 ZO :atv
Zy = Xiaxk _Xkaxi +ui6uk —U,0u;, (i <ks< 3)'

o, —¢(t) %0,

The Galilean algebra L' is contained in L* @ L.
Several articles [7-13] are devoted to invariant solutions
of the Navier-Stokes equations’. While partially invariant
solutions of the Navier-Stokes equations have been less
studied®, there has been substantial progress in studying
such classes of solutions of inviscid gas dynamics equ-
ations [18-25].

4. The Reduction of the Navier-Stokes
Equations

The reduction of the Navier-Stokes equations to partial
differential equation in three independent variables is
described. In this section analysis of compatibility of
regular partially invariant solutions with defect 1 and
rank 1 of the subalgebras
{0,,10,+0,.,0,, 10, +Xx3, +yd, +18,} is given. Note
that the generator t0, + X0, + Yo, +20, is not admitted
by the Navier-Stokes equations. The groups are taken
from the optimal system constructed for the gas dy-
namics equations [26].

The Navier-Stokes equations are used in the com-
ponent form:

U, +Uuu, +VUu, +WuU, =—p, +U, +U, +U,, ®)]

Vp UV, + W WY, = =Py +Vy, +V +V,, (6)

W, +UW, + VW), +WW, = =P, +W,, + W, +W,,, 7
u, +Vv, +w, =0. ®)

The dependent variables u,v,w and p are fun-
ctions of the space variables X,y,z and time t.
Invariants of the Lie group corresponding to subalgebra
generated by {0,.10, +0,.0,, 10, + X0, +yd, +120,
are
v, W, p,z/y

The representation of the regular partially invariant
solution is

There is still no complete classification of the subalgebras of the Lie
algebra L”® L . Classification of infinite—dimensional subalgebras
of this algebra was studied in [6].

3Short reviews devoted to invariant solutions of the Navier-Stokes
equations can be found in [14-16].

*Firstly the approach of partially invariant solutions to the Navier-
Stokes equations was applied in [17].
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v=V(s),w=W(s), p=P(s), )

where s=2z/y. For the function u=u(t,x,y,z) there
is no restrictions. Substituting the representation of
partially invariant solution (9) into the Navier-Stokes
Equations (5)-(8), we obtain

U, +uu, +Vu, +Wu, —(u, +uy +u,)=0, (10)

(W —sV)V'—sP")y— ((s +1)V 7 +2sV ):0, (11)
(W —sV)W'+P")y— ((s +1W"+2sW”)=o, (12)
yu, —(sV'+W")=0. (13)

Since V. and W only depend on s, Equations (11)

and (12) can be split with respectto V :
(W=sV)V'=sP'=0,(W—-sV)W'+P'=0, (14)
(s +1)V"+2sV"=0,(s* +1)W"+25W' =0. (15)
Solving Equation (15), we have
V =C; arctan(s)+C,,W =C, arctan(s)+C,.

Multiplying the first equation by S and combining it
with the second equation of (14), we obtain

(W =SV )(V'+sW') =0,

Let W—-sV =0, then C,=C,=C,=C,=0. This
means that V=0W =0 and hence P=C,. Sub-
stituting V. and W in Equation (13), we have u, =0.
It means that u depend on t,y,z or u=U(ts,y).
Equation (10) becomes

(U, =U)y=2sU, )y +(s* +1)U, +2sU, =0. (16)

Thus, there is a solution of the Navier-Stokes equ-
ations of the type

:U (tasay)avzoawzoa p:CS’

where the function U (t, S, y) satisfies Equation (16).

If V'+sW'=0, then V=C,,W =C,. In this case
P =C,. Note that the Galilei transformation applied to
V and W, also change s. Substituting V and W

in Equation (13), we have u, =0 or u=U(ts,y).
Equation (10) becomes

(U, —CU, -U,)y-2sU, )y +(s*+1)U
+((C,y+2)s-C,y)U, =0.

Thus, there is a solution of the Navier-Stokes equ-
ations of the type

SS

an

_U(tssay)9V:C2’W:C4’ p:C5’

where the function U (t,s,y) satisfies Equation (17).
These solutions are partially invariant solution with

AM



S. KHAMROD 127

respect to the group which are not admitted Lie algebra
{0,,10,+0,.0,, 18, +X3, +yd, +10,} .
5. Admitted Group of Equation (16)

In this section, the Lie group admitted by Equation (16)
is studied. It was obtained from the Navier-Stokes equ-
ations and gives rise to a partially invariant solutions of
the Navier-Stokes equations

((Uyy (t,s,y)-U,(ts, y)) y-2sU, (t,s, y)) y
+(s* +1)Ug (t,s,y)+2sU, =0

where the function U depends on t,s,y and s=z/y.
Assume that the generator has a representation of the
form

X =& (t,s,y,U)0, +&°(t,s,,U)0,
+& (t,s,y,U)0, +¢" (t.s,y,U) ;.
The second prolongation of the operator X is
XD =X+ ¢% (ts,y,U) 8, +¢% (Ls,y.U)d,,
+¢7 (t,s,y,U )ou, +¢7 (ts,y,U)ay,
+¢ (t,s,y,U )au, + ¢ (ts,y,U )auty
+¢7 (t,s,y,U )y, + &% (ts,y.U)ay,
+¢ sy U)o, -
The coefficients of the prolonged operator are defined
by formulae

¢"=D(¢")-U;D (&) i.j=123

é,Uil.iz _ Di2 (é’uil )_Ui,,jDiz (ﬁfxi ); i,j=12,3

D, :i+Uii+U
OX,; ou

jo— s 1 j=1,2,3.
U,

Here we used the notations X, =t,X, =s,X; =Yy and
for the derivatives

U, =D;(U),U; =D, (U)).

J
The determining equations are

XxPEl =o. (18)

[F=o]

All necessary calculations here were carried out on a
computer using the symbolic manipulation program
REDUCE.

The result of the calculations is the admitted Lie group
with the basis of the generators:
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s

X,=2t0,+yd, -Udq,,
X =£65 —syUdy,. X, =(s* +1)0, - syo,,
y (19)

X, =Eas—2tay+yuau,
y

X =480, +4tyo, —(4t+(s* +1)y* Uy,
X, =Udy, X,y =b(t,s, )0y,
where b(t,s,y) isan arbitrary solution of

((byy —b[)y—ZSbsy)y+(s2 +1)bsS +2sb, =0.

6. Optimal System of Subalgebras

The problem is to construct subalgebras of the algebra
L', which can be a source of invariant solutions of Equ-
ation (1). The classification of subalgebras can be done
relatively easy for small dimensions. The optimal system
of subalgebras of the Lie algebra spanned by the gene-
rators X,,---, X, are constructed here.

The table of commutators [Xi X J is

N XX, X, X, Xo X, X, X, X,
X, o 0 02X 2% 0 2X 4X 0
X, 1o 0 0 X X X% 0 2% 0
X, o 0 0 X% 0 X X 2% 0
X, |2 % X 0 X 0 X 2% 0
X, [2X, X, 0 X 0 X 0 0 0
X, |0 =X, X, 0 X 0 X, 0 0
X, [2X, 0 X, X, 0 X, 0 0 0
X, |-4X, 2X, 22X, 22X, 0 0 0 0 0
X, o o o o 0o 0 0o 0 0

Inner automorphisms [24] are constructed with the
help of the table of commutators.

To construct inner automorphisms, one has to solve
the Lie equations. For example, for the automorphism
A, one has the system of ordinary differential equations

dx _ ax _ [
da " da > da

and the initial values at a=0

& dx,

72 da 8"

X =X X =Xy X=Xy, X, =X,.

Therefore, the automorphism A only changes the
coordinates X;,X,,X; and X, by the formulae
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— 2 —
X =X —2aX, +4a, X, X, =X, —2aX;,

X, =X, —2a,X,, X, =X, —4a,X;.

The remaining coordinates are unchanged.

In the same way, one obtains the automorphisms

A (i=2,--9):
A X=X X, X=X —a,X,
X, =X, —28,%, Ko =X, +a,X; —a; X
A X =X +aX, X=X —agX,,
2
X —28,X, X =Xy F A%, —ayX
A X :Xleza“, X, = X,e™%, X, = x,e™,
- _ —-2a, _ —2a, —2a,
S =X€ T, X =Xe T, X =Xe !

A X =X cos(as)—
X, = X, sin(ay )+ X, cos

= X; cos(ag ) — X, sin

A

/\/—\A
Q
X

X, = X; sin (8 )+ X, cos
A X =X 28X, X=X+ aX,

X, =% +a,X, X=X —a X —ax

6.1. Decomposition of the Algebra I’

Before constructing an optimal system, let us study the
algebraic structure of the algebra L’ . The algebra L’ is
decomposed as | ® L*, where 1 ={X,, X, X, X;, Xy}
is an ideal and L' ={X,,X,,Xg, X} is a subalgebra.
According to the algorithm for constructing an optimal
system of the algebra L’, we use the two-step algorithm
developed in [21]. First, an optimal system of sub-
algebras of the algebra L' is obtained. The next step is
to glue the subalgebras from the optimal system of sub-
algebras of the algebra L' and the ideal | together.
Any subalgebra of a Lie algebra is completely defined
by its basis generators. Any vector of the basis is a linear
combination of the basis of generator of this Lie algebra.
Hence, the subalgebra is completely defined by co-
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efficients of these linear combinations. For example, let
L ={Y.Y,,--,Y,} be a k-dimensional subalgebra of
the algebra L’ . Operators Y;, (i=1,2,--,k) are
9
Y =D X, Xy, i =10 k.

a=1

Conditions for L to be a subalgebra are
[0, ] =20 =12k

For a classification of subalgebra, the coefficients C
have to be simplified by using the automorphism and
subalgebra conditions.

6.2. Classification of the Algebra L'

Let us classify the algebra L*={X,X,,X,,Xs}. The
table of commutators of the algebra L* is

Xj X

X . X, X, X,
X, 0 2X, 0 4X,
X, -2X, 0 0 2X,
X, 0 0 0 0
X, —4X, -2X, 0 0

Since the generator X, composes the center, the
optimal system of subalgebras of L' ={X,,X,, X, X,}
can be easily constructed by classifying the subalgebra
L’ ={X,,X,,X;} and gluing it with the center {X}.
The idea of construction is as follows.

Let a subalgebra L' of dimension r <4 be formed
by the operators

Yo =a, X, +a, X, +a, X, +3, X, 1=1---,r

where a;, (i=1,
stants.

For the classification of L' we need to study two
steps.

1) All coefficients a, are zero, a,=0(i=1,2,3,4),
it means that we will construct an optimal system of the
subalgebra L’ ={X,, X, X,}.

2) At least one of the coefficients of @; is not equal
to zero.

Let us study the first step, and construct an optimal
system of the subalgebra L’. For convenience, we will
denote the generators X, by i.

.,r;j=1,2,3,4) are arbitrary con-

6.2.1. One-Dimensional Subalgebras of the Algebra

L3
Let Y =X1+x,4+X,8 which forms a one-dimensional
subalgebra of the algebra L. The process of simpli-
fication of the coefficients of the operator Y is se-
parated into the following cases.
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Case 1. Assume that X; # 0. Then one can divide Y
by X,. Hence, without loss of generality one can con-
sider

Y =x1+x,4+Xx,8

By means of transformation A, it can transformed to
an operator with X, =0.

Case 1.1. Let x, # 0. By means of transformation A,,
one can transform it to £1+8, where ¢ =+1.

Case 1.2. Let X, =0, then the representative of the
class is the operator 8.

Case 2. Assume that
Y =x1+x,4.

Case 2.1. Let X, #0. Dividing the operator Y by
X,, one obtains Y =X,1+x,4. By using the automor-
phism A, the operator Y is transformedto X, .

Case 2.2. Let x,=0,then Y =1.

X, =0 . Then one has

6.2.2. Two-Dimensional Subalgebras of the Algebra
L3
Let a subalgebra be formed by the operators
Y, =a,1+8,4+8,8,i=1,2

where a;,

(i=1,2; j=1,2,3) are arbitrary constants.

. all a]2 a13 .
Note that the rank of the matrix is
a21 a22 a23

equal to two.

Case 1. Assume that a; #0. We can divide Y, by
a;. Hence, by subtracting the operator (a,/a;)Y,
from Y,, one can assume a, =0 and a; +aj;, #0.

Using the automorphisms A, the operator Y, is trans-
formed to Y, =a;,1+8. The subalgebra condition gives

[a,1+8,a,1+a,8]|=a(a,1+8)+B(a,1+a,8)

where « and g are arbitrary constants. Calculating
the left hand side and comparing the coefficients on the
left hand side with coefficients on the right hand side,
one has

2a,,a,1-4a,4—-2a,8=(aa, + fa, )1+ fa,4+a8.
Therefore
23,8, =aa,, + pa,, —4a, = pa,,,—2a, =a.

Further consideration depends on values of the coeffi-
cients a,,,a,,a,.If a,, =0, then a,, =0 which is a
contradiction to the condition aZ +aj, #0 . Hence,
a,, #0 . One can assume that a,, =1 . Therefore
a=-2,f=-4a,,and a,=-a.

Case 1.1. If a, #0, then using the automorphism
A, , the operators Y, and Y, are transformed to
Y, =8-1, Y, =4+1.

Case 1.2. If a, =0, then the operators Y, and Y,
are Y, =8,Y,=4.
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Case 2. Assume that a;=0. If a, #0, then by
exchanging Y, and Y,, this becomes the previous case.
Hence, one can take a,, =0. Therefore, the operators
are Y, =a,1+a,4,Y, =a, 1+a,4. Because the rank of

the matrix
(al 1 alZ j
a2 1 a22

is equal to 2, then by taking linear combinations of the
operators Y, and Y, they can be transformedto Y, =1
and Y, =4.

6.2.3. Three-Dimensional Subalgebras of the Algebra
L3
Let a subalgebra be formed by these operators
Y, =a,1+8,4+8,8,i=12,3

where a;, (i=1,2,3; j=1,2,3) are arbitrary constants.
Since the rank of the matrix

al 1 al 2 al 3
a2 1 a22 a23
a3 1 a32 a33

is equal to three, the basis if this subalgebra can be taken
as

Y, =1Y,=4Y, =8.

6.2.4. Optimal System of Subalgebras of the Algebra
L’={1,4,8}

The result of classifying the algebra L’ ={1,4,8} is the

following:

Dimension
1 2 3
1 1,4 1,4,8
4 4,8
8 1-8,1+4

€1+8

where ¢=+=1.

6.3. Optimal System of Subalgebras of the
Algebra I'={1,4,68}

Let us consider the second step where at least one of the
coefficients &, is not equal to zero. Without loss of
generality one can assume that

Y,=6+a,1+a,4+4a,8
Y, =a,1+a,4+4a,8,i=2,---,r,r<4.
Using the conditions for L' to be a subalgebra, one
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obtains
(V.Y =6+ B1+y4+0,8; i, j=12.4.

Because L = {1,4,8} is a subalgebra and the gene-
rator 6 forms the center, then

(V.Y |=B1+ 7344648 i j=12.4

Comparing the coefficients, one obtains
a; =0;, j=12,---,4. Because of these results and since
the algebra L’ ={1,4,8} has already been classified,
therefore this allows simplifying the process of con-
structing the optimal system of the algebra L*. This
process construct by using the result of the optimal sy-
stem of algebra L’: we have to classify each optimal
system of subalgebras of L’ together with the generator
Y,=6+a,1+a,4+4a,8. Here we give one example of
this process. Other elements of the optimal system of the
algebra L' are constructed in the similar way.

Let us consider the subalgebra {1—-8,1+4}. For con-
structing three-dimensional subalgebras of the algebra
L, one considers

Y,=6+a,1+a,4+4,8Y,=1-8)Y, =1+4.

Since Y, can be written as:

Y, =6+(a,—a,+a,)l+a,(1+4)+a,(8-1),

by forming a linear combination with Y, and Y,, the
operator Y, can be taken in the form Y, =6+8,,1. The
subalgebra conditions gives

[6+a,1,1-8]=—4a,4
=a(6+a,1)+4(1-8)+y(1+4)
where «, f and y are arbitrary constants. Comparing
the coefficients on the left side with the coefficients on
the right side, one obtains
a=0,8=0,y=0,a,=0.
Thus, one obtains that Y, =6, and the subalgebra is
{6,1-8,1+4}.
The result of calculation is an optimal system of
subalgebras of the algebra L' ={1,4,6,8} which is

Dimension

1 2 3 4
1 1,4 1,4,6 1,4,6,8
4 4,6 1,4,8
6 4,8 4,6,8
8 1,6+ p4 6,1+4,1-8

1+6 8,6+ 54

gl+8 cl+8,6

446 1+4,1-8

8+6

el+6+8
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where [ is an arbitrary real parameter and ¢ ==+1.

6.4. Optimal System of Subalgebras of the
Algebra I’

After constructing an optimal system of subalgebras of
the algebra L', the next step is the construction of an
optimal system of subalgebras of the algebra

L’ ={1,2,3,4,5,6,7,8,9}, by gluing subalgebras from
the optimal system of subalgebras of the algebra L* and
the ideal | ={2,3,5,7,9} together.

As it was seen for the algebra L', the process of
constructing an optimal system of subalgebras of the
algebra L’ by gluing the algebra L' and the ideal |
consists of the following steps. In the first step, the
vectors

Y, = Z

i={2,3,5,7,9}

= z c. X

i+k ijoY]
j={2.3,5,7,9}

X+ 2, X, (i=12,k),

j={1,4,6,8}

i=1,2,-,5),
( )

are composed. Here the vectors

J={1Z4;6,s}b” X

are basis elements from one of the k-dimensional
subalgebras L* of the optimal system of the algebra L.
In matrix form, this step can be explained by the con-
struction of the matrix

23579 1468
A B
C 0

where the matrices A, B and C consist of the coefficients

3,014,

(i = 1525“.7k; j = 293555799; a = ]‘549658; ﬂ = 1’2"-‘95)'
In this step, the matrix A4 is arbitrary. The rank of the

matrix
A B
CcC 0

is equal to k+s and this is the dimension of the
subalgebra of the algebra L’ . The matrix C is chosen to
be the simplest by taking linear combinations of it co-
lumns and has to take all possible values of the given
rank S. Note also that the matrix 4 can be simplified with
the help of the matrix C.

The next step is the process of checking the subalgebra
conditions and checking linear dependence of commu-
tators on the basis generators of the subalgebra.

In this manuscript, we study only two-dimensional
subalgebras of the algebra L’, because the two-dimen-
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sional subalgebras allow obtaining invariant solutions
which reduce the initial system of partial differential
equations to a system of ordinary differential equations.

Let us give an example for constructing two-dimen-
sional subalgebras, using the subalgebra {£1+8}. The
maximum possible dimension of a subalgebra of the
algebra L' after gluing a subalgebra to the ideal | is
two. In this case, the matrix Cis a 1x5 matrix, the rank
of which is equal to one:

By virtue of the automorphism A :

X, = X, cos(@, ) — X, sin(a ),
X, = X, sin (@ )+ X, cos(ay ),
X; = X; cos(ay ) — X, sin(a ),
X, = Xs sin (@ )+ X; cos(a, ).

We can consider three cases:
1) ¢;,+¢5, %0,
2 2 2 2
2) €, +Cy =0,C5+Cy; #0,
2 2 2 2
3) ¢, +Cy; =0,C5+C5; =0,C,y #0.
Case 1. By using the automorphism A, one can
assume C,, =1,C, =0. In this case, by means of linear

combinations and by the automorphisms A,, A, A, A,
the table of coefficients is transformed to

2 3 5 7 9 1 4 6 8
0 0 0 0 a, & 0 0 1
1 0 Cys C, Cy 0 0 0 0

The subalgebra conditions give

[61+8+a,,9,2+C)5+C) 7+Cy9]
=2£C,52+2¢C,,3-25
=a(el+8+a,9)+B(2+C,55+C,;,7+Cy9),

where the coefficients ¢ and S are arbitrary con-
stants. Comparing the coefficients, one obtains

a=0,=22,6=-1,C,; =0,Cy =0, Cys =%£1.

Therefore, in this case the subalgebra is
{-1+8+a,9,2+¢5} .

Case 2. Since €3, +C5, =0, or C,, =0,C,; =0. Be-
cause of C),+C3, #0, by virtue of the automorphism
A, one can take C,;=1,C,;, =0. By means of linear
combinations and by the automorphisms A,, A, A, A,

Copyright © 2013 SciRes.

the coefficients are transformed to

2 3 5 7 9 1 4 6 8
0 0 0 0 a, 3 0 0 1
0 0 1 0 Cy 0 0 0 0

The subalgebra condition gives
[61+8+a,9,5+C,9]=2¢2
=a(el+8+a,9)+B(5+Cy9),

where the coefficients o« and S are arbitrary con-
stants. Comparing the coefficients, one obtains

a=0,8=0,=0.

This is a contradiction to ¢ # 0 . Therefore, there
exists no subalgebra in this case.

Case 3. Assume that ¢, +ci, =0,c5, +C;, =0 and
Cy#0, or ¢, =0, C;3=0, C,x=0, C,,=0. Since
Cy # 0, without loss of generality one can choose
C, =1. By taking linear combinations and by virtue of
the automorphism A,, A, A, A, the table of coefficients
can be transformed to

2 3 5 7 9 1 4 6 8
0 0 0 0 0 £ 0 0 1
0 0 0 0 1 0 0 0 0

The subalgebra conditions give
[61+8,9]=0=a(e1+8)+B3(9),
which is satisfied with
a=0,4=0.

Therefore, the subalgebra is {£1+8,9}. Other ele-
ments of the optimal system of the algebra L’ are
constructed in the similar way.

The list of two-dimensional subalgebras of the optimal
system of the algebra L’ is presented in Table 1.

7. Invariant Solutions of Equation (1)

Invariant solutions of Equation (1) are presented in this
section. Analysis of invariant solutions is presented in
details for two examples.

7.1. Subalgebra 7: {5,4+ a9}
The basis of this subalgebra is

X, =20, —syua,,
y
X, +aX, =2td, +yd, +(a~1)Ud,.

Let a function
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Table 1. Two-dimensional subalgebras of the optimal sys-
tem of the algebra I’ .

N Generator N Generator

1 2,3 11 1, 2+a4+6+ /9
2 2,7 12 8, ad+6+p9

3 5,7 13 8, ad4+5+6+ /9
4 2, 3+&7 14 4+a9, 6+p9
5 1, 4+a9 15 6+a9, e1+8+ /9
6 2, 4+a9 16 2+7, 3+5+a7
7 5, 4+a9 17 2+a9, 1+p87+a9
8 8, 4+a9 18 5+a9, p3+8+a9
9 1, 2+4+a9 19 2+e5, -1+8+a9
10 1, ad+6+ 9 20 1-8+2a9, 1+4+a9

f=f(tsyU)

be an invariant of the generator X . This means that
2t
7 f, —syuf, =0.

The general solution of this equation is

()
f =F(t,y,U),U =Ue * .

After substituting it into the equation
(X, +aX,) f =0, one obtains the equation
2tF, + YF, +(a—1)UF; =0.
The characteristic system of the last equation is
d_dy_ U
2ty

(a-1)U
Thus the universal invariant of this subalgebras con-

sists of invariants

()

y2 Uv=. U =Ue #
Tay 5 =ue .

Hence, a representation of the invariant solution is

()

U=y“le * g(q)

with arbitrary functions #(q) and q=y’ Jt . After sub-
stituting this representation into Equation (1), one obtains
the ordinary differential equation

89°¢"+20(q+4a-2)¢' +(2a” —6a —q+4)$ =0.

The general solution of the last equation is

9 2a-3 _ _
e e 23]

ASS

4 44 4
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474 4
ker functions and C,,C, are arbitrary constants.

where W, (% ! qJ,WZ (ﬁ,%,%j are Whitta-

7.2. Subalgebra 16: {2+7,3+5+ a7}

The basis of this subalgebra consists of the generators

X, + X, :(”yztsjas 210, +yUa,,

s+(1+as)2t
X+ Xs+aX, =| ——— |0,
y
—(1+2at)o, +(a—s)yua,.
In order to find an invariant solution, one needs to find
a universal invariant of this subalgebra. Let a function
f=f(tsyU)
be an invariant of the generator X, + X,. This means
that

(ﬂ] -2t + yU, =0.

y

The characteristic system of the last equation is
yds dy dU dt

(1+2ts) 2t yU 0

The general solution of this equation is

2
f= F(t, y,U), §=y(2ts+1),U e,
After substituting it into the equation
(X;+Xs+aX,;)f=0
one obtains the equation
2t(1+2at -4t ) F; + §UF; =0.

The characteristic system of this equation is
4 A &
2(1+2at-4) gU 0

Hence, the universal invariant of this subalgebras

consists of invariants

~ 9 2

~ +2at-4t2 A x
tUe 02 g _y(2ts +1),U =Ue*.
A representation of the invariant solution of this sub-
algebra has the following form
(y(2ts+1))? N
a(1+2at-47) 4 ( )

U=e

with an arbitrary function ¢@(t). After substituting the
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representation of the invariant solution into Equation (1),
the functions ¢(t) has to satisfy the equation

(1+2at -4t )4 +(a —4t) = 0.

The general solution of the last equation is

¢ =C/\1+2at -4t

where C is constant.

The two examples showed that there are solutions of
the Navier-Stokes equations, which are partially invariant
with respect to not admitted Lie algebra
to, + X0, +yo, +120, .

8. Conclusion

The algorithm of obtaining an optimal system of sub-
algebras was applied to the reduction of the Navier-
Stokes equations. Some exact invariant solutions corre-
sponding to the optimal system are presented. Examples
given in the manuscript showed that this algorithm can
be applied to groups, which are not admitted. These
possibilities extend an area of using group analysis for
constructing exact solutions.
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