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ABSTRACT

In this paper, we introduce the notion of ad-US spaces. Also we study the concepts of ad-convergence, sequentially
ad-compactness, sequentially ad-continunity and sequentially ad-sub-continuity and derive some of their properties.
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1. Introduction

In 1967, A. Wilansky [1] introduced and studied the
concept of US spaces. Also, the notion of ad-closed
sets of a topological space is discussed by R. Devi, V.
Kokilavani and P. Basker [2,3]. The concept of slightly
continuous functions is introduced and investigated by
Erdal Ekici et al. [4]. In this paper, we define that a se-
quence {xn in a space X is ad-converges to a point
xeX if ?xn} is eventually in every ad-open set con-
taining x . Using this concept, we define the ad-US
space, Sequentially-ad-continuous, Sequentially-Nearly-
aod-continuous, Sequentially-Sub-ad-continuous and Se-
quentially-adO-compact of a topological space (X,7).

2. Preliminaries

Throughout this paper, spaces X and Y always mean to-
pological spaces. Let X be a topological space and 4, a
subset of X. The closure of 4 and the interior of A4 are
denoted by c/(A4) and int(A), respectively. A subset
A is said to be regular open (resp. regular closed) if
A=int(cl(4)) (resp. A=cl(int(4)), the d-interior [5]
of a subset 4 of X is the union of all regular open sets of
X contained in A and is denoted by Int,(4). The subset
A is called J-open if 4 =1Int;(A), ie., asetis J-open if
it is the union of regular open sets. The complement of a
oJ-open set is called d-closed.

Alternatively, a set A< (X,z) is called d-closed if
A=cl;(A), where
cly(4)={x/xeUer=int(cl(4))N4#p}. The fa-

mily of all d-open (resp. J-closed) sets in X is denoted
by SO(X) (resp. SC(X)). A subset 4 of X
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is called a-open [6] if Acint(cl(int(A))) and the

complement of a a-open are called a-closed. The inter-
section of all a-closed sets containing A4 is called the
a-closure of 4 and is denoted by acl(A), Dually,
o-interior of 4 is defined to be the union of all a-open
sets contained in A4 and is denoted by aint(A4).

We recall the following definition used in sequel.

Definition 2.1. A subset A ofa space X is said to be

(a) An a-generalized closed [7] (og-closed) set if
acl(A)cU whenever AcU and U is a-open in
(X R T).

(b) An ad-closed [8] set if c¢l;(4)cU whenever
AcU and U isoag-openin (X,7).

The complement of a ad-closed set is said to be
ad-open. The intersection of all ad-closed sets of X
containing A is called ad-closure of 4 and is denoted by
b, (A). The union of all ad-open sets of X contained
in A is called ad-interior of 4 and is denoted by
ad

Int (A) M
3. a0-US Spaces

Definition 3.1. A sequence {x,} in a space X,
ao-converges to a point x € X if {x"} is eventually in
every ad-open set containing x .

Definition 3.2. A space X is said to be ad-US if
every sequence in X , ad-converges to a point of X .

Definition 3.3. A space X is said to be

(@) 7" if each pair of distinct points x and y in
X there exists an ad-open set U in X such that
xeU and y¢U and a ad-open set V' in X such
that yeV and xegl .

(b) T,/* if for each pair of distinct points x and y
in X there exists an ad-open sets U and V such
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that UNV =¢ and xeU, yel.

Theorem 3.4. Every ad-US-space is 7,/ .

Proof. Let X be an ad-US-space and x,y be two
distinct points of X . Consider the sequence {x,},
where x, =x forany ne N.Clearly
{x,} ad-converges to x . Since x#y and X is
a0-US, {xn} does not ad-converges to y, i.e., there
exists an ad-open set U containing x but not y .
Similarly, we obtain an ad-open set V containing y
butnot x.Thus, X is 7,"*.

Theorem 3.5. Every 7,“° -space is ad-US.

Proof. Let X be a 77 space and {x,} a se-
quence in X . Assume that {x,} ad-converges to two
distinct points x and y. Then {xn} is eventually in
every Ty then {x,} is eventually in two disjoint
ao-open sets. This is a contradiction. Therefore, X is
00-US.

Definition 3.6. A subset 4 of a space X is said to be

(a) Sequentially ao-closed if every sequence in A4
ad-converges to a point in A4,

(b) Sequentially adO-compact if every sequence in 4
has a subsequence which ad-converges to a point in 4.

Theorem 3.7. A space is a0-US if and only if the di-
agonal set A is a sequentially ad-closed subset of the
product space X x X .

Proof. Suppose that Xis an ad-US space and

{(xn,xn )} is a sequence in the diagonal A. It follows

that {xn} is a sequence in X . Since X is ad-US, the
sequence  {(x,,x, )} ad-converges to (x,x) which
clearly belongs to A. Therefore, A is a sequentially
ad-closed subset of X x X . Conversely, suppose that
the diagonal A is a sequentially ad-closed subset of
X x X . Assume that a sequence xn} is ad-converging
tox and y . Then it follows that é(xn,xn )} ad-converges
to (x, y). By hypothesis, since A is sequentially ad-
closed, we have (x,y)eA.Thus x=y. Therefore, X
is a0-US.

Theorem 3.8. If a space X is ad-US and a subset M
of X is sequentially @00 -compact, then M is sequen-
tially ad-closed.

Proof. Assume that {xn} is any sequence in M
which ad-converges to a point x e X . Since M is se-
quentially adO-compact, there exists a subsequence
{xnk} of {x,} ad-converges to meM . Since X is
a0-US, we have x=m . This shows that M is sequen-
tially ad-closed.

Theorem 3.9. The product space of an arbitrary family
of ad-US topological space is an ad-US topological
space.

Proof. Let {x,:A€A} be a family of ad-US topo-
logical spaces with the index set A. The product space of
{x,:4€A} is denoted by []X,. Let {x,(2)} be a
sequence in HX , - Suppose that
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{xn (ﬂ,)} ao-converges to two distinct points x and y
in J]X,. Then there exists a A, €A such that

x(4)#y(4). Then {x,(4)} is a sequence in X, .
Let ¥, be any ad-open in X, containing x(4).
Then V=V, ><1_L%X/1 is a ad-open set of []X,

containing x. Therefore, {x”(ﬂ)} is eventually in V.
Thus {xn(/io)} is eventually in V, and it ad-con-
verges to x(/4,). Similarly, the sequence {xn (4 )} ad-
converges to y(4,). This is a contradictionas X, ~isa
00-US space. Therefore, the product space HX L 1s

ao-US.

4. Sequentially ad0-Compact Preserving
Functions

Definition 4.1. A function f:X — Y issaidto be

(a) Sequentially-ad-continuous at x e X if the se-
quence { f(x, )} ad-converges to f(x) whenever a
sequence xn}aé—converges to x. If fis sequential-
ly ad-continuous at each x e X , then it is said to be
sequentially ad-continuous.

(b) Sequentially-Nearly-ad-continuous, if for each se-
quence {x,} in X that ad-converges to x e X , there
exists subsequence {xnk} of {x,} such that the

sequence { f (xnk )} ad-converges to { f (xn )} .

(c) Sequentially-Sub-ad-continuous if for each point
xeX and each sequence {x,} in ad-converging to,

there exists a subsequence {xnk} of {xn} and a point

y €Y such that the sequence { f (x”k )} od-converges to
y.
(d) Sequentially, adO-compact preserving if the im-
age f(M) of every sequentially adO-compact set M
of X isasequentially adO-compact subset of Y .

Theorem 4.2. Let f,: X —>Y and f,: X —>Y be
two sequentially ad-continuous functions. If Y is
ad-US, then the set E={xeX:f,(x)=/,(x)} is se-
quentially ad-closed.

Proof. Suppose that Y is ad-US and {xn} is any
sequence in E that f, -converges to xe€ X . Since f
and f, are sequentially ad-continuous functions, the
sequence { fi(x, )} (respectively, { £ (x, )}) converges
to f(x) (respectively, f,(x)). Since x,eE for
ecach neN and Y is ad-US, f(x)=/,(x) and
hence x e E . This shows that E is sequentially ad-
closed.

Lemma 4.3. Every function f:X — 7Y is sequen-
tially sub ad-US ad-US continuous if Y is sequentially
a00-compact.

Proof. Let {xn} be a sequence in X that ad-US
converges to x € X . It follows that { f (xn )} is a se-
quence in Y. Since Y is sequentially adO-compact,
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there exists a subsequence { f (x"k )} of { 7 (x, )} that

ad-converges to a point y €Y . Therefore f: X —>7Y
is sequentially sub ad-continuous.

Theorem 4.4. Every sequentially nearly ad-continuous
function is sequentially adO-compact preserving.

Proof. Let f: X — Y be a sequentially nearly oo-
continuous function and M be any sequentially adO-
compact subset of X . We will show that /(M) is a
sequentially adO-compact subset of Y . So, assume that
{»,} isanysequencein f(M).Then foreach neN,
there exists a point x, €M such that f(x,)=y,.
Now M is sequentially adO-compact, so there exists a
subsequence {xnk} of {x,} that ad-converges to a
point x e M . Since f is sequentially nearly ad-conti-
nuous, there exists a subsequence

{xnk (i )} of {xnk } such that { f (xnk (z))} ad-converges
to f (x) . Therefore, there exists a subsequence
{ Y, (i )} of { yn} that ad-converges to f (x) . This

implies that f (M) is a sequentially adO-compact set

of Y.

Theorem 4.5. Every sequentially adO-compact pre-
serving function is sequentially sub-ad-continuous.

Proof. Suppose that f:X —Y is a sequentially
ao0 -compact preserving function. Let x be any point
of X and {x,} a sequence that ad-converges to x.
We denote the set {x,:neN} by A4 and put
M = AU{x}. Since {x,}ad-converges to x, M is
sequentially adO-compact. By hypothesis, [ is se-
quentially adO-compact subset of Y. Now in f (M)

there exists a subsequence { f (xnk )} of { 7 (x, )} that

ad-converges to a point y e f(M). This implies that
f sequentially sub-ad-continuous.

Theorem 4.6. A function f:X — Y is sequentially
a6 0 -compact preserving if and only if
fIM:M — f(M) is sequentially sub-ad-continuous
for each sequentially adO-compact set M of X.

Proof. Necessity: Suppose that f: X — 7Y is a se-
quentially adO-compact preserving function. Then
f (M ) is sequentially adO-compact in Y for each
sequentially adO-compact subset M of X . There-
fore, by Theorem 3.5 f/M:M — f(M) is sequen-
tially sub-ad-continuous.

Sufficiency: Let M be any sequentially adO-compact
set of X. We will show that f (M ) is sequentially
adO-compact subset of Y . Let { yn} be any sequence
in f(M). Then for each ne N, there exists a point
x,€M such that f(x,)=y,. Since {xn} is a se-
quence in the sequentially adO-compact set M there
exists a subsequence {xnk of {xn} that ad-con-
verges to a point in M . By hypothesis
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fIM:M — f(M) is sequentially sub-ad-continuous,
hence there exists a subsequence { ynk} of {y,} that
od-converges to y € f{M). This implies that f{M) is se-
quentially adO-compactin Y .

Corollary 4.7. If a function f:X —Y is sequen-
tially sub-ad-continuous and f (M) is sequentially
ao-closed in Y for each sequentially adO-compact set
M of X, then f is sequentially adO-compact preserv-
ing.

Proof. It will be sufficient to show that
fIM:M — f(M) is sequentially sub-ad-continuous
for each sequentially adO-compact set M of X and
by Lemma 3.3. We have already done. So, let {xn} be
any sequence in M that ad-converges to a point
xeM . Then, since f is sequentially sub-ad-conti-
nuous there exists a subsequence {xnk} of {xn} and

a point ye€Y such that { f (xnk )} aod-converges to y.

Since { f (xnk )} is a sequence in the sequentially ad-

closed set f(M) of Y, we obtain ye f(M). This
implies that f/M:M — f (M ) is sequentially sub
od-continuous.

5. Slightly aé-Continuous Functions

Definition 5.1. A function f:X — Y is said to be
slightly ad-continuous if for each x € X and for each

veCO(Y,f(x)), there exists U eadO(X,x) such

that f(U)<V, where CO(Y,f(x)) is the family of
clopen sets containing f{x) in a space Y .

Definition 5.2. Let (D,S) be a directed set A net
{x,:4eD} in X is said to be ad-convergent to a
point xe X if {x,} is eventually in each
Ue aé’O(X , x) .

Theorem 5.3. For a function f:X — Y, the follow-
ing are equivalent:

(a) f 1isslightly ad-continuous.

(b) f'(v)easO(X) foreach VeCO(Y).

(¢) f'(v)is ad-cl-open for each V e CO(Y).

(d) for each xe X and for each net {xl}xeu in
X.

Proof. (a) = (b) .Let V' e CO(Y) and let
xe f'(V),then (x)eV . Since f is slightly ad-con-
tinuous, thereisa U € a50(X ,x) such that
(U)cy. Thus £ (U)= {U:xe (V) . that is
/7 (U) is aunion of ad-open sets. Hence
1 (U)easo(X).

(b) = (c) .Let Ve CO(Y) , then (Y—V) € CO(X) .

By hypothesis /' (Y-V)=X-f""(V)eadO(X).

Thus f7'(U) is ad-closed.
(c)=(d). Let {x,},_ be a net in X ad-con-

AeD
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vergingto x andlet Ve CO(Y,f(x)) . There is thus a

UeasO(X,x) suchthat (U)cV . Thereisthusa
Ay €D suchthat A, <A implies x; eU since
{x,} .op 1saod-convergentto x. Thus

f(xl)ef(U)chor all 4. Thus {f(x;“)}/ieD is ao-

convergent to £ (x).

(d)=(a) Suppose that f is not slightly ad-con-
tinuous at a point x € X , then there exists a
Ve CO(Y,f(x)) such that f(U) does not contained
in ¥ foreach UeadO(X,x).So
FUNY-V)#e and thus UNf(Y-V)#e for
cach U € adO(X,x), since adO(X,x) is directed by
set inclusion C, there exists a selection function x,
from a§O(X,x) into X for each Ueaé’O(X,x).
Thus {x,}, € @6O(X,x) is a net in X ad-converg-
ing to x. Since X, eUN/" (Y-V)=U-/"(V) and
) f(xu)eV,foreach U,
{f(x )}U € ad0(X,x) isnot eventually in

Ve CO(Y,f(x)) , which is a contradiction. Hence (a)
holds.

Theorem 54. If f:X > 7Y is slightly ad-continu-
ous and g:Y —>Z is slightly continuous, then their
composition go f is slightly ad-continuous.

Proof. Let VeCO(Z), then g ' (V)eCO(Y) .
Since f is slightly ad-continuous,
f'l(g_l (V))=(g0f)_1(V)ea50(X). Thus go f is
Slightly ad-continuous.

Theorem 5.5. The following are equivalent for a func-
tion f: X —>7Y:

(a) f is slightly ad-continuous,

(b) for each xe X and for each V e CO(Y,f(x)),

there exists ad-cl-openset U suchthat f(U)cU,
(c) for each closed set F of Y, f'(F) is as-

closed,
@ f cl A)) aﬁc,(f(A)) foreach A< X and

(
(e) cl( 1(B)) B)) foreach BcY.
Proof. a):( Let xeX and
Veco(Y,f(x)) by Theorem 4.3. 7' (V) is clopen.
Put U=/"(V),then xeU and f(U)cV.
(b)=>(c) is obvious.
(c)=(d) since @b, (f(4)) is the smallest ad-

closed set containing f(4), hence by (c), we have

().
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)caﬁ( ( 1(B)))caz@,(B). Hence

aécl B))

(a) Let Ve CO(Y) . then (Y—V) € CO(X) ,
), we have
cd(f(Y=V))cf(ad,(Y-V))=r"(Y-V), since
every closed set is ad-closed, thus
FH(Y=-V)=X-7"(V) is closed and thus ad-closed,
thus /7' (V)eadO(X) and f is slightly ad-conti-
nuous.

Theorem 56. If f:X —>7Y is a slightly ad-conti-
nuous injection and Y isclopen 7;,then X is
]—{#aé' )

Proof. Suppose that Y is clopen 7. For any distinct
points x and y in X, there exist V,W eCO(Y)
such that f(x)eV,f(y)eV,f(x)eW and
f(y)eW .Since f is slightly ad-continuous,

S (V) and f7'(W) are ad-open subsets of X such

that xe /' (V),ye /" (V),xe f (W) and
ye f(W). This shows that X is 7,

Theorem 5.7. If f:X —>7Y is a slightly ad-conti-
nuogs surjection and Y isclopen 7,,then X is
]—vz#zz )

Proof. For any pair of distinct points x and y in
X , there exist disjoint clopen sets U and V' in Y
such that f(x)eU and f(y)eV . Since fis slightly
ad-continuous, f'(U) and f7'(V) are ad-open in
X containing x and y respectively. Therefore
S U)N S (V)=¢ because UNV =g . This shows

that X is 7,%.

Definition 5.8. A space is called ad-regular if for each
ao-closed set F and each point x ¢ F', there exist dis-
jointopensets U and V suchthat FcU and
xel.

Definition 5.9. A space is said to be ad-normal if for
every pair of disjoint ad-closed subsets F; and F, of
X, there exist disjoint open sets U and V such that
F,cU and F,cV.

Theorem 5.10. If f'is slightly ad-continuous injective
open function from an ad-regular space X onto a space
then Y is clopen regular.

Proof. Let F be clopen setin Y and be y¢ F, take
y=f(x). Since fis slightly ad-continuous, f~'(F) is
a ad-closed set, take G=f"'(F), we have x2G .
Since X is ad-regular, there exist disjoint open sets U
and 7 such that GcU and €V . We obtain that
F=f(G)<:f(U) and y=f(x)ef(V) such that
AU) and f(V) are disjoint open sets. This shows that Y
is clopen regular.
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Theorem 5.11. If f is slightly ad-continuous in-
jective open function from a ad-normal space X onto a
space Y ,then Y isc/-open normal.

Proof. Let F; and F, be disjoint c/-open subsets of
Y Since f is slightly ad-continuous, f~'(F;) and
f7'(F,) are ad-closed sets. Take U = f'(F,) and

V=f"(F). We have U(W =¢. Since X is ad-
regular, there exist disjoint open sets 4 and B such that
Uc A and V < B.We obtain that

F =f(U)cf(A) and F, =f(V)Cf(B) such that
f(A) and f(B) are disjoint open sets. Thus, Y is c/-
open normal.
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