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ABSTRACT

The aim of this paper is to analyze the link between natural capital and economic growth, in a Romer-type economy
characterized by dirty emissions in the production process, and to examine the conditions under which a sustainable
growth, which implies a decreasing level of dirty emissions, might be both feasible and optimal. This work is close to
Aghion-Howitt (1998)with some more general specifications, in particular regarding the structure of preferences and
the technological sector. We also deeply study the transitional dynamics of this economy towards the steady state, and
conclude that a determinate saddle path sustainable equilibrium can be reached even in presence of a long run positive
level of polluting emissions, thanks to a growing level of new home-made inventories, without whom some indetermi-
nacy problems are likely to emerge.

Keywords: local stability, sustainable growth, aghion-howitt model

1. Introduction

It is commonly believed that economic developmentmulti-sector models, where knowledge accumulation
might lead to overexploitation of natural resouree®l  might have the potential of lowering environmental
intensification of environmental damages, as fample  damages through an increase in technological psegre

the augment of carbon dioxide concentrations inahe
mosphere due to an increase in transportation cesvi
On the contrary, empirical evidence suggests thdt r
societies seek a less polluted environment to iliveso
they are more willing to invest in abatement tedbgies
and enforce environmental regulations. The logicaise-
guence must be that economic activity will thero désver
the dirtiness of any existing production technigujch
leaves the door open, for example, to those supgdtie
so-called Environmental Kuznets Curve hypothegis [1

During the last three decades, this counterposgion

[2,3,4,5]. Likewise, in the seminal paper of Aghiand
Howitt [6], to whom we will be referring to a&H from
now on, it is shown that an unlimited growth cadaad
be sustained when account is taken of both envieorah
resource use and innovation in abatement actiVifi&s.

Broadly speaking, the properties of endogenousitegh
change have been widely investigated in the egisticn-
nomic literature, with some indeterminacy probleamsl
Hopf bifurcating outcomes being of particular cancg].
On the contrary, we want to show in this paper thatin-
troduction of the environmental issue can drive eben-

couraged many economists to develop models in whicbhmy back to a unique, locally stable, equilibriuotugon,
economic growth depends on the extractive use ®f thwhere sustainability of consumption is finally reed.

environment. Inspired by the work of the Club ofniro
and its pessimistic view on the possibility to mttlng-
run growth under environmental constraints, thesel-m
els tried to depict the conflict between growth ahd
environment. Over time the variety of models grep-r
idly, differing not only with respect to the badfiame-
work adopted but also with respect to the type rofi-e

However, this occurs only if a specific sustaingpitule,
stating that consumption and natural capital graovthe
same rate, is to be followed, which is also coesiswith a
forward looking individual behavior and no myopiats-
ment of the adopted social policy. Therefore, thesid
question we want to address is whether a susteinmth
can be reached even if some dirty production pssses

ronmental resource being considered and the problemssumed here to be necessary for any economidyaatie
analyzed, mainly because each model has speciig-pr adopted.

erties that become useful for the analysis of eidpe-
cific economic concerns.

To this bulk of literature this paper devotes pantr
attention, aimed at developing a model closélh that

More recently, research on endogenous growth amd thconsiders pollution as a choice variable enterirgggiro-

environment turned more and more attention from tme
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duction function as a measure dftiness, whose exter-
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nal effects allow to increase the level of outpl®][ It
seems then to be interpreted as pollution is assacg
part of production and economic growth. Moving epst
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forward from AH, we also deeply concentrate on the ¥ indicates the research success parameter. Ldtens t

study of the transitional dynamics of the modet] ano-
vide the whole necessary and sufficient conditimnghe
existence of a feasible steady- state equilibriwath @s-
sociated with a positive long-run growth. Moreover
conclude that a determinate saddle path sustaieajoie
librium can be reached even in presence of a lamg r
positive level of polluting emissions, thanks tgrawing
level of new home-made inventories, without whomeo
indeterminacy problems are likely to emerge [11,12]

The rest of the paper is organized as followselttien
2, we derive the formal structure of the modelhwar-
ticular attention to the set of preferences, theelleof
technology, and the introduction of pollution asracial
variable for the system to grow. In Section 3, waaen-
trate on the solution of the optimization probleamd
deeply investigate the stability properties of #ssoci-
ated steady state solution. The transitional dynaroif
this economy will provide some interesting resulted
policy suggestions on the way to drive an econologg

assume that technology be partly the result of en-
dogenous (home-made) R&D efforty,S, , whilst the

remaining part depends on some exogenous new owent
ries, whose spill-over effects can be synthesibedugh
a constantcatch-up parameter, ¢ [13]. We assume

AIA=¢+)8, >0, as long as eithepp or y and S,

are set positivé. Thus, technology can grow without
bound. We will show afterwards that, if we relae th
positiveness assumption op, the economy will face the

emergence of some undesired and indeterminateitequil
rium problems.

Moreover, although technology is not directly lidke
pollution here, we basically consider the discovefy
new goods, or new (i.e. less polluting) productmoc-
esses, as the implicit way societies follow to kiipae-
duce their dependence from environmental resources.
Basically, we are saying that each new inventory tiu
technological advance is also assumed to be clé¢haer

a sustainable growth path. A final section concludes, and the previous one. This is also consistent withetmgpiri-

a subsequent Appendix provides all the necessanfgr

2. A Moded with Dirtiness

Before we enter the algebraic version of the moulel,
ought to provide some detailed explanations reltidte
production function, the dynamics of the environimen
and the set of preferences used to characterizecie-
omy, whose properties we want to investigate inrts
of the paper.

Following Romer, 1990, le, represent the fixed
amount of skilled labour, which can be devoted ito- p
duction of the final good$,, or to improvement of tech-
nology, S.. Henceforth, we will normalize the problem
by assuming

§=5+S,=1 (1)

In particular, technologyA) is not fixed. It can be cre-
ated by engaging human capital in research, groosmeg
time according to

Y1t is assumed that technology does not depreciate
’Remember that in Romer, 1990, technology is assumbe made t
of an infinite set of designs for capital, whicler(implicty) enter th
production function in an additively separable memgiven by

Y =7 P (s, AP (LAPKY 9 F 0<a,p<1
where 17 represents the units of capital goods to produte unit o

any type of design. Here we assume, for simpliditat there is r
unskilled labour; that is all workers are suppogete specialized. L

us then considerL =S, to derive Fuation (3), and normalize 1

scale parameter to unity, for simplicitxy‘(J'ﬁ"1 = )1

®This production function exhibits constant retutasscale at a disag-
gregate level because each firm takess given. On the contrary
social planner can internalize this kind of extéitpadue to pollutiol
intensity, thus obtaining increasing returns.

Copyright © 2009 SciRes

cal evidence that developed societies seek a tdkgqul
environment to live in.

Note also that research activity is assumed to e h
man-capital-intensive and technology-intensive hwib
capital (K) and ordinary unskilled labourlL() engaged
in that activity. To produce the final good , however,

K does enter as an input along with human cap8al

and technology A .2 According to the assumptions made
in AH, the main feature of this economy is that produc-
tion is also affected by another variable indicgtie
intensity of pollution, z(t)D[O,l], such that higher values

of z yield more of the good but also more pollufion
Y=A"(1-S,) Kz ©)

We may also considez as a measure of dirtiness of
the existing production technique [10]. For examide
cus on cheese manufacturing. Only a fraction ofréve
milk processed gives rise to white cheese (or odiey
products), the remaining is called whey, a liquid
by-product, only partially recyclable, which constés
the greater part of the resulting pollution loalts other
words, we are assuming that production of outpisear
at the expenses of the environment, with some fdu
emissions being necessarily needed.

Moreover, it is assumed that the flow of pollutidh
is proportional to the level of production, andtttie use

of cleaner technologies (which means low value< pf
reduces the pollution/output rafidzormally,

P=Yz (4)
“The extractive use of the environment in productaam either b
modeled as an input to production or, like herea &y-product of pro-
duction; that is, pollution influences output iretitly.
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To clarify the utility of using both variableB,and z,
as two sides of the same coin (the damages torthie e
ronment), let us make another example that carrderd
from current industrially advanced economies. Babic
oil combustion is being needed either to feed thgire
of our cars or to stoke the furnaces of our firmish CO,
emissions being an unavoidable consequence. Referri
to our model it would imply that only a fraction thie oil
burnt (z) serves to produce final outpuY §, the rest

being pushed into the atmosphere as a resulting-emi

sions' burden. Nevertheless, it is indeed true rioatall
of these emissions are damaging, since carbon siegue
tion due to forests allows, for example, to redineetotal
pollution loads.

What distinguishes this economy from the one define
in AH is that we let pollution,P, depend also on the
parameter expressing research success in techcalogi
advances, y ; that is like assuming that the bigger

y-values the smaller the impact of dirty techniqoes
pollution, and then the cleaner the ecosystem.

On the other hand, the level of investment in pigjsi
capital is given by the usual functional fortd =Y —C.

2.1 Dynamics of the Environment

Commonly, the environmental sector can be repredent
by the dynamics of the stock of natural capitalilate
to the economy,E :

E=N(E)-P (5)

where N(E) determines the speed at which nature re-
generates, whileP measures the negative effect due to

polluting emissiorf. The former is constantly reduced not
only by economic activities, but also by non-anfiwo
genic processes, such that ecosystems have toedeant
of their regeneration capacity to the maintenarfcieir
own structuré.

If the capacity for regeneration exceeds the regquir
ments for maintenanceN(E) becomes positive N(E)
can therefore be interpreted as the difference dmtw
natural resource reproduction and resource usenén-
tenance [14] that determines nature's capacitgtover
from pollution and resource extraction [4,5].

Some authors [15] propose a linear representation (ﬁ

the regeneration function

N(E)=6E (6)

Conversely, a negative value gf reduces abatement programs,

finally increasing the amount of pollution realized

%We follow here the broad definition of natural dapigiven by Co-
stanza and Daly, 1992.

"Conventional wisdom holds that plants will purifyetair, helping t
reduce concentration of harmful gases. But, regeitthas been shov
that when temperatures exceed a threshold, trekotar plants em
chemicals that encourage toxic ozone productiore(®e, 2004).
8Although several criticisms have been raised agdine algebrai
simplicity of this specification (e.g., Rosendahl, 639it remains sti
widely used in the literature tiie field, as for example in our refere
model of Aghion and Howitt, 1998.
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where 8 denotes the constant rate of regeneration.
Following this approach, if we substitute both Equa

tions (4) and (6) into (5), we explicitly end upthwvi

E=0E-YZ 7)

which represents the environmental constraint toides

in the subsequent maximization problem.

2.2 The Set of Preferences

Let the preferences of the representative agenéerdep

either on the level of consumptiorg,, or the stock of

natural capital available to the economf, .’ The in-

tertemporal utility function is then given by

jo“’u (C,.E,)e"dt ®)

where p is the social discount rat&.

U (I is continuous, twice differentiable, and possesses
the following properties:U. >0, U, >0, U, <0.
Also suppose thatJ (J is concave with respect to its
two arguments:U . W —(Ug ) 201

Theoretically, sustainable development usually com-
prises two conditions. Firstly, a non-decreasinglleof
consumption or utility levels, and secondly a cansbr
improving state of the environment. Whether sustalia
development in this sense can be optimal, depemdiseo
functional form of the utility function [4}?

A specific utility function is assumed here to hake
following CES structure

up=EC
g

where g >0 represents the inverse of the intertemporal
elasticity of substitution.

This functional form guarantees that both and
E grow at the same rate, so that tR¥ E ratio is
constant in equilibrium [16F We show in the next

°One interpretation would be forests, which cdnité to welfare bot
as sources of timber and also as stocks which geaviany ecosyste
ervices to society (for example, carbon's seqatist;, preservation
io-diversity)

OFor simplicity, time subscripts will be omittedtine rest of the paper
HUConstraints to the optimization problem could, ésample, be intro-
duced by defining critical minimum levels for natlrcapital (Barbie
and Markandya, 1990) or by excluding decreasingyupaths (Pezze
1992). But as these restrictions usually ineolnequality constraint
they may complicate the optimization problem coesatly

\While AH deal (to simplify the analysis) with a lagthmic, thus
separable, utility function, we prefer to introduc@on-separable func-
tion instead (as in Musu, 1995hat allows to compare consumpt
and enviromental quality as two substitutes, according tnégjéaste
towards them. Nonetheless, it will be shown thahkassumptions ci
be finally reconciled

¥We show that an improvement in natural capital oaduictive t
growth only if we assume that consumption and réteapital ar
substitutes, which impliegce<<0. Therefore, households will be will-
ing to postpone part of their consumption oppoitasionly if the ex-
pected stock of natural capital is improved
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section that this assumption is rich of powerfuhse-
guences. In particular, for growth to be balangedill
allow us to both derive (in equilibrium) a constant
lower-bound level of dirty emissions, and a constan
level of the pollution/output ratio either.

3. The Social Planner M aximization Problem

We assume that the social planner has to maxirhize t
following discounted CES utility function,

J’ ® (CE)I_J _1e-pt
o 1-o0
subject to the following constraints:

K=A%(1-S,)'Kz-C

A= (¢ + VSA)A

E=60E-A"(1-S,) Ko
and given initial positive values:

A0)=A KO=K, E@O=E,
The current value Hamiltonian is given by

1-0
—(CE)_J_1+/I[A"(1— SA)"Kl"’z—C]+

dt

H

+ o~ A (-8, K2 |+ Sl(p+ys,) Al

where A, x4 and J denote the costate variables as-

sociated with the accumulation of physical capiteltu-
ral capital and knowledge capital, respectivély.

Solution to this optimal control problem implieseth
following necessary first order conditidns

C9E" =)
A=ul+y)z
/]O,Aa (1_ SA)Q—lKl—aZ_/Ja,Aa(l_ SA)O—lKl—aZ‘]_+y - Z9}IA

accompanied by the equation of motion for eachatest
variable, that can be obtained with a bit of matatcal
manipulation:

AV Vrnofi_ Ve
= (1+yJ(l @A’ (1-S, ) Kz+p
E:p—H—E(1+y)zy

M E

9

—=p—(¢+

3 (¢+y)

and the transversality conditions for a free teahstate,
whose specification is provided in the Appendixatth
jointly constitute the so-called canonical system.

Questions of interest include: how does pollutitfec

“Appendix A derives the optimality conditions, whiadil be diccusse:
in the rest of this section

*Necessary condition for a maximum can be checkesiuulying the sic
of all principal minors of the Hessian matrix foetcontrol vaables of th
problem, whose determinant is formed by the foll@ysigns

Copyright © 2009 SciRes
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the growth rate of this economy in the steady 8tated
particularly, what is the optimal level of dirtire®s The
basic feature of such a steady state implies that:

Remark 1 Along a sustainable balanced growth path (BGP):
1) The marginal rate of substitution betweén and E is

constant, MRS, ; =&£<0.

— o~(r+d)

2) Both C and E grow at a constant rateg =5~ .
3) The degree of dirtinessz , is constant.
4) The BGP is non-degenerate and the growth rate of
the economy is positive.
In particular, from FOC's we can easily derive fible

lowing Bernoulli's differential equation foe ,
yz+@=e(l+y)z”

where ¢ =y +¢ -6 . More interestingly, a stable steady

state occurs when

Remark 2 The rate of new technological advances is
lower than the speed at which nature regenergte<)(),
and the level of dirty emissions converges to atipes
minimum threshold,Z (stable equilibrium).

If we concentrate on the stable solution, evolwign
path for z(t) follows consequently.

As depicted in Figure 1, when approaching the stead
state the level of dirtines() lowers, but never collapses

1
to zero, Z = [L]V . It can be interpreted as an econ-

£ (1+y)
omy that moves along a long run sustainable pathkih

Zt

Figure 1. Evolution of dirty emissions

a(y)

/

Figure2. The BGP growth rate
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to a positive value of dirty emissions, unless wen@ a
stop in the economic development. This is consistéth
the behavior of an advanced economy where, detipgte
presence of a high demand for environmental pratect
and a rise in technological innovations, it cannogted

51
e T L
J’=|o -ont Zom
(=) pa-opd-(2)% arpd-(2)mE

nonetheless a substitution amongst pollutants, &hos Studying the behavior of this economy while converg

pressure on the ecosystem is far away from disaipgea

ing to the steady state needs particular attenéspge-

This economy seems to mimic one where, to achieveially if we want to control for the presence ofdesired

balanced growth, pollution grows at the same |efel
output. However, we conclude that this economy befa
in a sustainable way only if natural capital gromere
than technological sector. To summarize, it cathbaght
as a simple parable to explain why rich econontlespite
their preferences towards clean air, and the pceseha
technological sector that permits to substituteuispin
production, still achieve high levels of outputotigh as-
sociated with higher levels of emissiorSd,, for exam-

ple) to the atmosphere of the environment they live
3.1 The Reduced M odel

We can reduce the dimension of the canonical sygteem
so far through the following convenient variablestiiution

C
— =X
K
Y
—=m
K
C
— 7V =
E q

and consequently end up with a new system in ttiee
mensions, x, m, and q:

X = gfx—(]'_—ajmq+(,B’—1)mx+x2
o
. , 1
m=7m-90om"+—nQq
Lo

4= fq—[%jm%+ WL+ y)q? + Bl-0)mg

where
f=1-0)8-p
o
(v |(i=a
ﬁ_(le[ o j
_b+ray(g+y)
yd-a)
J:M
1+y

The associated Jacobian matrix at the steady (sxdte

m”, q") is then

% since the eigenvalues df are the solutions of its characteristic equa-
tion

Copyright © 2009 SciRes

outcomes due to the rise of indeterminacy problehas.
this end, we apply the neat Routh-Hurwitz criteriorthe
structure of eigenvalues associated Witrand easily verify

that trJ”>0, and DetJ”<O0. In this case, the sequence of
signs becomes-( +, ?,-), the only possibility is thus two

positive and one negative eigenvalues. The intetieady
state is therefore determinate, or saddle pattestab

This is quite a piece of news when dealing with a
Romer-type economy, whose uniqueness of the equi-
librium trajectory, largely studied in several pegpe
showed the need for some parameters of the model to
belong to a particular defined set. For exampleadas
et al. [17] study the stability properties of a sociddmp
ner version of the Romer model and several modifica
tions of it, including the complementarity of diféant
intermediate goods introduced by Benhaéilal. [18],
and find the emergence of Hopf bifurcation pointsl a
stable periodic solutions [19,20].

More recently, Slobodyan [9] reconsiders a slightly
simpler version of Benhabibt al. [18], and derives the
restrictions on the parameter values necessaryptairo
an interior steady state solution. He shows thgbfHbd-
furcation leading from determinate steady state t@m-
pletely stable one does not exist, but that indeitzate
steady state can become absolutely unstable (éxp)os
through Hopf bifurcation.

In this light, we ought to make a deep investigatioy
relaxing the assumption made upon the researctessicc
parameter, y, and show that in case we allow it to be-
come negative, some indeterminacy problems majlyfina
arise, and thus complicate the possibility to at@isus-
tainable equilibrium solution either. The next smttis
devoted to this end.

3.2 A Numerical Analysis

Without any loss of generality, and for the sakesiof-
plicity, in this section we analyze a simpler versiof
the model set above, where we constrairr 1. It is in-
deed like moving back to thd&H model, where the struc-
ture of preferences implies a logarithmic utilijn€tion.

Firstly, let us consider the casg>0, then the Jaco-
bian matrix easily reduces to

X" -ox" 0
J"=]0 -om’ Zm"

m 2 5]

s
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with

trJ’=2p>0
c__pm o ®
Det) =——— + Box~ <0
ﬂXD [q B ]

the system is still characterized by a two-chanigsign
(-, +, ?,7), which implies the local stability of the steady
state solution.

In particular, stability of systeng| needs
x"=p+om’
1 O ]
n+—q =om
B
|a+ - plx>+mig”=0

which implies, solving form”, the following quadratic
equation

G(m)=am® -bm”-c=0

where

- —(n_ _yA-a)Q+ay)(2+ay)
a= poli-(B-n@+y)] L)
b= (ay? +6?)(2+a'y)+ o1+ ay) - yli-a)]

(L+y)
c=plo+6+ay?)

and given a>0, and ¢ >0, this allows us to understand

1+y

why there is only one possible positive solution o’
in steady state, and the system is therefore lpstdble,
whatever the sign ot , as shown in Figure 3.

On the contrary, if we allow the research success p
rameter (i.e. the degree of pollution abatemeiat)fatl

GIOMAI BELLA

presence of two positive solutions f@(m”) =0, and

thus consequently signal the emergence of a mialtipl
of equilibria.

To conclude, the new home-made inventories become
a key indicator to achieve a long run sustainahlalie-
rium. On the one hand, in fact, we have shown sthet
as long as an increase in the stock of knowledgeak
ized, i.e. y is positive, the economy converges to a sad-

dle path stable steady state. On the other handn e
home-made research sector experiences a decreasing
level of new inventories, which means a negativieiera

for y, the economy is likely to manifest some indeter-

minacy problems. In this case, a multiplicity ofuéipria

is therefore possible to arise, and consequentigigee a
situation where the economy might be trapped iovaet
equilibrium solution. Other non-economic factorse ar
thus possibly acting as a means for equilibria iféed
along the transition path towards the steady state.

4. Concluding Remarks

A clear connection between growth and the qualitthe
environment is complex. Some elements of environ-
mental quality appear to improve with growth; other
worsen; still others exhibit deterioration followday
amelioration. Despite this evidence, most studesidg
with the impact of environmental policy on growth
ignore the adverse effect of pollution on produityiv
The state of the environment may worsen with tifne i
concentrations of pollutants accumulate or if consu
tastes shift towards pollution-intensive goods. Dipe
posite does occur if technological innovations make
abatement less costly or if increasing awarenessesa
an autonomous shift in public demands for environ-
mental safeguards. To this end, only if technolabic
progress has to provide the means to reducing the
over-exploitation of natural resources, a sustdmab
growth can be possible.

below zero, y<0, then some unexpected economic |, bridge the existing gap we set up a model ctose

outcomes may arise. In particular, whenevef <y <-1,
we conclude that eithem,b<0 or ¢>0, whose
graphic representation in Figure 4 clearly shows th

G(m")

Figure 3. Unique equilibrium

Copyright © 2009 SciRes

Aghion and Howitt [6] and examine the problem o$-su
tainable growth in presence of dirty (i.e. pollgjn

G(m)

Figure 4. Multiple equilibria
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production processes. We show that under certaidico [7]
tions a sustainable growth is always attainable fiain
difference with respect to our analysis regardsdsfni-

tion of a non-separable utility function (where tb@bn-  [8]
sumption and the environment are seen as two substi
tutes), and a particular technological sector whusth
home-made and outsourcing research activities ane ¢ [g]

sidered.
Particular attention has been devoted to the tianal

dynamics of the model around the steady state,eniner  [10]
role of home-made research has turned out as aédey

vice for stability and uniqueness of equilibriuniigmns.
Indeed, if the home-made research parameter is@tlo [11]

to be negative, some indeterminacy problems asaisd,
multiple equilibria are likely to emerge. In thiter case,
some non-economic factors become crucial in tha-sol 1)
tion of our decision making problem. This is cotesis to

how real economies nowadays behave, whenever their
different cultural backgrounds impinge on the apgto
used to tackle the problem of a sustainable aliocaif
the available natural resources amongst generafidra
is also likely to influence the development pathtltdse
economies towards the steady state, and eventiiafy
the systems into an unavoidable low equilibriunelev

(13]

(14]
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Appendix A

The current value Hamiltonian for the maximization
problem is given by

1-0
—(CEl)_J_lu[A” @-s,) Kl‘”z—c]+

+ y[&E -A"(1-S,) Kl'”zl+y]+ (¢ + 18 A]

H

c

1)

where A, u and J denote the costate variables as-

sociated with the accumulation of physical capitetu-
ral capital and knowledge capital, respectively.
First order conditions can be written as:

MHe _
la a_cc—
M, =CYE"?-1=0 = C7YE"“ =) (2)
oC
oH: _
ch_ afq_ al-a _ afq_ a1 l-a,y —
a—-/\A (1-S,) K - u@+y)A"(1-S,) K2 =0
z
3)
that is simply
A= u+py)z (4)
oHe _
1l.c lOSA - OJ:
ch — a a-1,1-a a a-1
=-AaA’(1- S, ) 'Kz + puaA® (1- S,)
0S,

Kl_azl+y+z9yA=O

5)
or rather, using (A.3a) it becomes
uyaA? (1-S, ) T KET A = 9A (6)
Equation of motion for each costate variable i®giby
; oH
A=—EX+A1 7
TP 7
oH
L-_OHc 8
A== T Hp (8)
: oH
F=——=+7 9
TP )

and we can simply derive, by means of the condition
obtained above:

—(%/J(l—a)A"(l— S, K“z+p

(10)

SYEVHR b S

oS F K8, 4
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by substituting out condition (A.4a) into the laW ro-
tion of 4, it follows

§=p—(¢+y) (11)

whereas, taking logs in (A.2) and differentiatings have

A

C

SR (1—0)% (12)
From condition (A.6) derives
f1=-C"°E™ - 6+ up (13)
or, alternatively,
Ao Ve _gip (14)
U U

given that 222 =C*?E™? =U_ . But substituting out//
in the RHS, by means of (A.3a), we obtain

B-Be ez -0+p 1s)
Since A =U., from FOC, we have
Ao Zeqrpz -0+p (16)

C

and finally, since equilibrium requires th%g—=%, it
follows

L= p-6-Z 2 (17)
« Arrow sufficiency theorem holds since the maxi-
mized Hamiltonian, evaluated along the optimal cant
variables, is concave in all the state variableswa can
simply check through the sing of the minors of ltessian
matrix, whose determinant implies the followinggsn
0 +
|H|=/0 - 0
+ 0

(18)

- hence, [H,|<0, |H,|>0, and [H,|<0 iff A>1,
that is the number of designs must necessarilyrbater
that one.

« Transversality conditions for a free terminal state
hold for all shadow prices, and are given by

lim AKe™™ = Ne¥2%Kede™® = JKe BRIt =

tooo

lim LEe ™ = I Eete” = IEe ® A =0 (19)

lim SAe @ = &P ? M pgla® = gALI Nt =

to oo

«Where A, i, 9, and K, E, A, are the

shadow prices and the state-values on the balanced
growth path;
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* Moreover, for free timet, we need to show that
limH =0, which is always verified due to convergence

t o0

towards zero of both the discounted utility funotio
!imU (0™ =0, and all the multipliers, as proved above.

where

Transitional dynamics of the problem can be studied

by applying the Routh-Hurwitz criterion to the ante
mous system

X:EX—(l_TijH/?-l)WHZ
m:nm—d'm2+ﬁ—];7rm

. 1-20\mg? 2

g= fq—(7j7+(l+ »a°+pA-o0)mq

and the associated Jacobian matrix, evaluated adlong
steady state

=X +l)nt
35 =(B-)X -(E2)q
I =-(E2)m

g

J; =0

J5, =-am
Oo_ 1 *
Al

«2
q

o_ 1_20)"{
J31 - ( o X*z

3= p-0)q - (o)

3= A+ g —(e2e)me

X

which implies consequently

VTRRUERR T
3= I I

‘]3Dl ‘]3Dz ‘]3Da and

m*

trg' =2M4 +20+y)q >0
X

2
X*

Det" =[x* +(1—0’j qu H_5(1+ e +5(1—20]
o ) X

o
(1—20’) ma’[(p-1 wix —[179 )
o ) x* | po A
X

m*

which implies also

Jri

g
2

(1—20] mq’[( p-1 i -1
o 2 |\ Bo Lo
m

[q*+(1_J]m*%*zl{[d'(UV)“{l_aﬂ \ _(1—2;7
o X o Lo

since it is always verifiable that

E < 5(14. y) +(1__Uj
Lo o
or rather

la@-a)y? + @+ po>0
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. _5(1—0'jm <0
g

ag

-0 *2
_jm <

Jis o2}

o)

(1—0] o (1—20] mq”’

mq + 3 -

o Lo X
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